On Euler systems and Nekovai—Selmer complexes

DoMINIK BuLLACH DaAviD BURNS

We develop a theory of Euler and Kolyvagin systems relative to the Nekovar—
Selmer complexes of p-adic representations over local complete Gorenstein rings.
This is simultaneously finer, and requires weaker hypotheses, than the theory of
Kolyvagin systems developed by Mazur and Rubin over discrete valuation rings
and then by Sakamoto, Sano and the second author over Gorenstein rings. To
illustrate its advantages, we prove new cases of Kato’s generalised Iwasawa main
conjecture for Z,(1) and the p-adic Tate modules of rational elliptic curves, as well
as of the Quillen-Lichtenbaum conjecture, and we also strengthen existing results
on the Birch-Swinnerton-Dyer conjecture for CM elliptic curves.
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1. Introduction

Background and main results The notion of ‘Euler systems’ was introduced by Kolyvagin in
[65] as a means of axiomatising parallel earlier work of his on the Selmer groups of modular
elliptic curves [64] and of Thaine on the class groups of real abelian fields [105]. The general
theory was then further developed by Rubin [92], by Kato [59], by Perrin-Riou [87] and by
Mazur and Rubin [74, 75], and has by now become well-established as an effective method for
studying the Selmer groups of p-adic Galois representations. In particular, it has led to spectac-
ular advances concerning the Birch and Swinnerton-Dyer conjecture and other important cases
of the ‘Tamagawa number conjecture’ of Bloch and Kato [5] concerning motivic L-functions —
for examples, see [92] and [60] and, more recently, [68], [63], [70], and [97].

In this article, we focus attention on the class of ‘refined’ special value conjectures for motives
with extra symmetries. We recall these conjectures range from very concrete examples such
as the ‘refined conjecture of BSD-type’ of Mazur and Tate [77] for the modular symbols of
rational elliptic curves to the unifying, and highly abstract, ‘generalised Iwasawa main conjec-
ture’ of Kato [57, 58| (or, equivalently, the commutative-coefficient case of the subsequently
formulated ‘equivariant Tamagawa number conjecture’ [18]) that is stated in terms of the
Knudsen—Mumford determinants of complexes arising from the p-adic realisations of motives.
We further recall that, even granting the existence of an appropriate Euler system, evidence for
these refined conjectures remains, in general, both rather limited and also often conditional on
difficult-to-verify hypotheses such as the vanishing of Iwasawa p-invariants or order-of-vanishing
conditions on p-adic L-functions.

With these things in mind, the main aim of the present article is to render Euler systems
directly applicable to the study of refined special value conjectures by systematically incorpor-
ating complexes into the foundations of the theory. In the course of doing so, we shall also be
able to weaken some of the hypotheses that have become standard in this area.

Broadly speaking, the main achievement of this article will therefore be the development of a
working theory of Euler systems that are valued in (exterior power biduals of) the cohomology
groups of the Selmer complexes introduced by Nekovar in [80] rather than in Galois cohomology
groups themselves. Unsurprisingly, the idea of incorporating Selmer complexes into the theory
of Euler systems originates with Nekovaf himself, with the explicit question of [80, §0.19.3]
being motivated by the observation that formulating Iwasawa main conjectures in the setting
of Selmer complexes, as pioneered in [57], can explain the trivial zeros of p-adic L-functions.
There are, however, two key obstacles that need to be overcome in order for this to be properly
achieved in our context.

Firstly, previous approaches rely heavily on the assumption that the Kolyvagin systems being
considered do not become trivial upon reduction to the residual representation. For represent-
ations over discrete valuation rings, a conjecture of Kolyvagin suggests that this is indeed a
mild restriction for the Kolyvagin systems related (via an Euler system) to L-values (cf. [28]
and the references therein). However, in our more general setting the presence of ‘trivial zeros
mod p’ will often force residual triviality even for Kolyvagin systems arising from L-series, and
so we must overcome the associated technical difficulties. At the same time, this possibility
of residual triviality also means that the ‘core rank’ of Mazur and Rubin of a given Selmer
structure can be strictly negative, and in any such case one cannot expect the existence of
the ‘core vertices’ that are pivotal to their approach. To resolve this problem, we combine the
Cebotarev density theorem with the Artin—Verdier duality theorem to prove the existence of a
weaker, relative, version of core vertex that we refer to as a ‘relative core vertex’.

Secondly, when working over a general Gorenstein ring the relevant Selmer groups may not be
free at a relative core vertex or even, under our weaker hypotheses, at a core vertex (should
one exist) and this notably complicates the necessary analysis. To deal with this problem, we
are therefore forced to keep careful track of certain ‘error terms’ that occur naturally when
one attempts to extend the recent work of Sakamoto, Sano and the second author [26, 25],



or the related work of Kataoka [55] and Kataoka—Sano [56], to the setting of Nekovai—Selmer
complexes, with the ultimate aim of providing ‘bounds’ for these error terms in the limit.
Whilst the main advances in the general theory that we obtain are therefore somewhat technical
in nature (see, for example, Theorems 4.20, 5.27 and 6.38), they have significant advantages
over previous results in this area. In the first instance, they are finer since their conclusions
concern the determinants of Selmer complexes rather than either the Fitting or characteristic
ideals of Selmer groups, thereby directly allowing us, for example, to remove the ‘i = 0’ hy-
potheses from arguments related to Kato’s conjectures. In addition, they are broader in that
they consider Euler systems relative to a general class of Nekovafr structures and hence, for
example, incorporate arguments such as those of Kings—Loeffler—Zerbes in [63, § 12] concerning
Kolyvagin systems with Greenberg local conditions. Moreover, our theory is developed for
general local complete Gorenstein rings with finite residue fields of characteristic p, and so is
applicable to the study of Kato’s conjecture in both the ‘Galois-equivariant case’ discussed
below and also relative to deformation rings, as studied by Fouquet in [42, 43].

For all of these reasons, our results can be combined with known techniques to give, even in
classical settings, stronger versions of well-known results.

Selected arithmetic consequences To illustrate the latter point concretely, we shall first use
our approach in the setting of Kato’s Fuler system of zeta elements to prove results such as
the following. This result is a direct consequence of (the more general) Corollary 9.6 and
Remark 9.8 and, before stating it, we recall that Kato’s generalised Iwasawa main conjecture
asserts an equality of lattices and so is equivalent to the validity of two inclusions.

Theorem. Let E be a rational elliptic curve and K a finite abelian extension of Q for which
the Hasse-Weil L-function L(E/K,s) does not vanish at s = 1. Fix a prime p > 3 such that

e the action of Gal(Q°/Q) on the p-adic Tate module of E contains SLa(Zy), and

o cither K contains no root of unity of order p or E has potentially good reduction at p.

Then the pair (W(E/K)(1), Z,[Gal(K/Q)]) validates one inclusion in Kato’s generalised Twas-
awa main conjecture. Further, this case of the conjecture is valid in full if, in addition, K/Q
is a p-extension and E has good ordinary reduction at p.

We note that this result, in particular, avoids any hypotheses relating to ‘trivial zeros mod p’
(such as p being ‘non-anomalous’ in the terminology of Mazur [72]) that have been used in
previous work in this area (see, for example, the discussion in [25, §6.4.1]). For this reason, it
leads to concrete new evidence in support of the precise conjecture of Birch and Swinnerton-
Dyer (see Corollary 9.9). In addition, in the companion article [14] of Honnor and the first
author, the above result plays a pivotal role in the verification of a large part of the conjectures
of Mazur and Tate [77] on modular symbols mentioned earlier.

As a further application, we consider the multiplicative group over a number field k. In this
setting, our approach leads to evidence for Kato’s conjecture that is conditional only on a con-
jectural integrality property of the Rubin—Stark Euler system (see Theorems 10.3 and 10.14).
In particular, if k£ is an imaginary quadratic field, then the latter system is the (integral) Euler
system of elliptic units and this allows us to prove the following unconditional result (which
follows immediately from Theorem 10.4 and Corollary 10.5).

Theorem. Let K be a finitely abelian extension of an imaginary quadratic field k. Then for
every prime p > 3 and integer j > 1, Kato’s generalised Twasawa main conjecture is valid for
(h°(Spec K)(1 — j), Zp[Gal(K/Q)]).

This theorem completes earlier partial results of Bley [3, 4], of Johnston-Leung and Kings [53],
and of Hofer and the first author [13]. It also implies a variety of more explicit conjectures
for abelian extensions of imaginary quadratic fields, ranging from the ‘Rubin—Stark conjecture’
from [91] to the ‘refined class number formula’ conjecture of Mazur—Rubin [76] and Sano [99]



and several conjectures in classical Galois module theory (see [17] for more details regarding
these connections). At the same time, the above result leads to the verification of the Quillen—
Lichtenbaum conjecture in a new family of cases (see Remark 10.8) and combines with the
general strategy described by Kato in [58, Ch. I, §3.3] (see also [11]) to obtain the following
‘equivariant’ refinement of the main result of Burungale and Flach [30] relating to the Birch
and Swinnerton-Dyer conjecture for CM elliptic curves (see Corollary 10.12).

Theorem. Let E be an elliptic curve defined over a number field F' containing an imagin-
ary quadratic field k. Assume E has complexr multiplication by the ring of integers of k and
F(Eiors)/k is abelian, and write B for the Weil restriction of E to k. Then, for any finite
abelian extension K of k with L(B/K,1) # 0, and every prime p > 3, Kato’s generalised
Twasawa main conjecture is valid for the pair (h*(B/K)(1), (Endk(B) ®z Z,)[Gal(K/k)]).

At this point, it seems worth remarking that, whilst the above applications involve classical
(rank-one) Euler systems, their proofs still involve a refined version of the higher-rank theory of
Stark systems introduced by Mazur and Rubin and we are not aware of an approach that would
avoid these higher-rank aspects. For example, the (rank-one) proof strategy used by Rubin
[92] or Mazur—Rubin [74] relies in an essential way on algebraic results such as the structure
theorem for Iwasawa modules that are not available for the more general coefficient rings that
we must work with.

Finally we remark that, as mentioned earlier, Euler systems related to special values of L-series
are now known to exist in a variety of other important settings and in each of these cases our
theory will have applications. We aim to return to this in future work.

Overview of contents For clarity of exposition, we have divided this article in two parts. In
Part I, we extend previous work of Mazur and Rubin [74, 75] and of Sakamoto et al. [26, 25] in
order to develop a general theory of Euler, Kolyvagin and Stark systems for Nekovai—Selmer
complexes relative to a morphism R — R of local complete Gorenstein rings. In Part II
(comprising §8 to §10), we then illustrate this general theory by presenting some concrete
arithmetic applications, including those discussed above. In fact, a reader who is mainly
interested to know how our techniques apply to arithmetic problems may prefer to simply read
§4, for a discussion of key concepts and hypotheses and the statement of Theorem 4.20, and
then directly pass to Part II.

In a little more detail, then, the main contents of this article is as follows. In §2 we review
the families of rings that arise in the development of our theory and then establish necessary
technical results concerning Matlis duals, exterior biduals, Fitting ideals, and resolutions and
determinants of complexes. In §3 we review Selmer structures both in the sense of Nekovar,
which we refer to as Nekovar(—Selmer) structures, and of Mazur and Rubin, which we refer to as
Mazur—Rubin(-Selmer) structures, and establish some useful relations between the cohomology
groups of the Selmer complex of a Nekovar structure and the Selmer groups of an associated
Mazur—Rubin structure and its dual. We also study dual Nekovar structures, describe relations
between Selmer complexes that follow from the Artin—Verdier duality theorem, and construct
a family of perfect Selmer complexes that plays a vital role in our theory. In §4, we introduce
a notion of Euler systems relative to Nekovar structures, discuss the hypotheses under which
our theory can be developed and then state our main technical result (Theorem 4.20) con-
cerning relations between the values of an Euler system for a given Nekovai structure and the
determinant of its associated Selmer complex. The following two sections then comprise the
technical heart of our article as we extend previous arguments relating to Kolyvagin systems
for p-adic representations over finite self-injective rings. Firstly, in §5, as a replacement for
the ‘modified Selmer structures’ of Mazur and Rubin that play a key role in the theory of [26,
25] we study the Selmer complexes of a natural family of ‘modified Nekovai structures’, and
also prove the existence of a ‘Kolyvagin derivative homomorphism’ in the setting of Euler and
Kolyvagin systems relative to Nekovar structures. Then, in § 6, we prove the existence in our



setting of relative core vertices and investigate the extent to which they can be used to control
the value at the unit modulus of a Kolyvagin system relative to a Nekovar structure. In §7
we combine the main results of §5 and §6 with an algebraic construction of Stark systems
and a delicate limit argument to prove Theorem 4.20. Partly with future applications in mind,
in an appendix to Part I we also present an axiomatic treatment of the theory of algebraic
Stark systems. Then, as a first step towards arithmetic applications, in §8 we explain how to
apply Theorem 4.20 for certain ‘modified, relaxed’ Nekovar structures in order to study the
general case of Kato’s generalised Iwasawa main conjecture. Finally, in §9 and § 10 we present
applications of this strategy and, in particular, prove all results stated in the introduction by
relying on the Euler systems of Kato’s zeta elements and elliptic units.
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Part |I. The general theory

In this first part of the article we develop a general theory of Euler and Kolyvagin systems for
Nekovar—Selmer complexes over local complete Gorenstein rings. Arithmetic consequences of
this theory will be discussed in the second part of the article (starting in §8).

2. Algebraic preliminaries

This section establishes some general algebraic results that are essential to theory developed in
later sections. Throughout, we fix a commutative Noetherian ring R. For each natural number
n, we write Spec”(R) and Spec="(R) for the sets of prime ideals of R that are of height n and
of height at most n respectively.

We endow the linear dual M* := Hompg(M, R) of an R-module M with the structure of an
R-module by setting (z - f)(m) =x - f(m).

We frequently use (without explicit comment) that inverse limits over systems indexed by the
natural numbers are exact on the category of finitely generated Z,-modules.

Throughout the article we also use the following convenient notations: we set INp := IN U {0}
and, for n € IN, write [n] for the ordered set {i € N : i < n}.

2.1. Hypotheses on rings
2.1.1. Gy-rings
We first introduce the categories of rings for which most of our theory will be developed.

(2.1) Definition. Let R be a commutative Noetherian ring. For n € Ny one says that
o R has property (G,) if Ry is Gorenstein for all p € Spec="(R);
o R has property (Sy) if depth(Ry) > inf(n, ht(p)) for all p € Spec(R);
o R is a ‘Gn-ring’ if it has both of the properties (Gn—1) and (Sy).

(2.2) Remark. (i) Condition (S,) is often referred to as ‘Serre’s condition’.



(ii) Gjp-rings were first studied by Ischebeck [51] and Reiten and Fossum [89]. Ga-rings are
also studied by Vasconcelos [106, 107] who refers to them as ‘quasi-normal rings’.

(iii) A ring is Cohen-Macaulay if and only if it satisfies (S,,) for all n € INy, and Gorenstein
if it satisfies (G,,) for all n € INy. Since every Gorenstein ring is Cohen—Macaulay, this
also shows that Gorenstein rings satisfy both (S,) and (G,,) for all n € INy.

Our first result shows that the class of GG,,-rings is closed under a variety of natural operations.
In particular, it implies (equivariant) Iwasawa algebras and group rings of finite abelian groups
with coefficients in Z or Z,, are G,-rings (in fact, Gorenstein rings).

(2.3) Lemma. If R is a G,-ring for some n € Ny, then the following claims are valid:
(i) The polynomial ring R[t] for an indeterminate t is a Gy -ring.
(i) The ring of formal power series R[t] is a Gy-ring.

(i1i) The group ring R[G] for a finite abelian group G is a G,-ring.

Proof. Claim (i) is proved in [89, Cor. (a) after Prop. 1] and (ii) is [89, Cor. after Prop. 3]. To
prove (iii) we apply [89, Prop. 1 (ii)]: to see that the fibres of R — R[G] are n-Gorenstein it
suffices to note that, for any field F, the ring F[G] is Gorenstein (this follows from [34, Cor. 8]
which shows that injdimp) (F[G]) = injdimp(F) = 0). O

An R-module M is said to be ‘pseudo-null’ if M, vanishes for all p € Spec=!(R). The following
observations about this notion will be useful.

(2.4) Lemma (Sakamoto). Fiz an Sa-ring R and an R-module M.
(i) If M is pseudo-null, then M* and Exth(M, R) both vanish.

(i) If R is also a Go-ring, and N1 and N are finitely generated submodules of M with
(N1)p C (N2)p for all p € Spec='(R), then the natural map (N1)** — (N2)** is injective.

Proof. Claim (i) is proved in [95, Lem. B.11] and (ii) follows from the proof of [95, Lem. C.13].
In fact, since (ii) is slightly more general than the statement given in loc. cit., we reproduce
the argument here. By assumption, the module (N7 + N2)/Ns is pseudo-null and so, by (i), the
natural map (N7 + N2)* — N3 is bijective. Hence, by [95, Lem. C.1] (with = 1), the natural
map (N1)*™* — (N1 + N2)** = (Na)** is injective, as claimed. O

2.1.2. Complete Gorenstein rings

In this section we fix a prime number p and Noetherian ring R that satisfy the following
condition.

R is a local complete Gorenstein ring with finite residue field of characteristic p. (2.5)

We write d for the dimension of R, m for its maximal ideal and k for its residue field R/m. We
also fix a decreasing filtration

aO::mQalgaQQ... (2.6)

of ideals of R such that, for every n, the ring R,, := R/a,, is Gorenstein of dimension zero (or
equivalently, finite and self-injective) and the natural map R — @n(R/ a,) is bijective.

(2.7) Remark. The condition (2.5) ensures that R is Cohen-Macauley and so one can fix a
regular sequence {7;}ic(q in m with \/(z1,...,74) = m. One then obtains a filtration (2.6)
of the required sort by setting a,, = (z7,...,zj) for all n > 1. Indeed, {} };c[q is a regular
sequence, y/a, = m, the quotient R/a, is Gorenstein (cf. [7, Prop. 3.1.19 (b)]) of dimension zero
and the map R — lglnR/ a, is bijective since R is complete, Noetherian, and local. Further,
this filtration is universal in the sense that if {a], },ew is any other filtration as in (2.6), then
for every n there exists m € IN with a,, C a,. (This is true since R/a], being zero-dimensional



implies R/p is zero-dimensional for any associated prime p C R of R/a), and hence that R/p
is field; it follows that m is the only associated prime of R/a/, and hence that a], is m-primary,
as required.) The following special instances of the filtration (2.6) will also be of importance
to us.

(i) R is finite, local and self-injective: for every n > 1 one can set a,, = (0) so R,, = R.

(ii) R is a Zpy-order that is local and Gorenstein: one can set a, = (p") for n > 1, so
R, = R/p"R.

(iii) d > 1 and R is the completed group ring Z,[G] of an abelian pro-p compact p-adic Lie
group G of rank d — 1. Fix a base {U,, },>1 of open neighbourhoods of the identity of G
with U,41 C U, for all n. Then, for each n > 1, one can take a,, to be the kernel of the
canonical (surjective) projection map from R = Z,[G] to R, = (Z,/p"Zy)|G/Uy)].

We fix an injective envelope Er(k) of the R-module k (as defined in [7, Def. 3.2.3]) and define
the ‘Matlis dual’ of an R-module M by setting

M"Y = Hompg(M, Ep(k))

(regarded as an R-module in the obvious way). We recall that Er(k), and hence also M" for
any given module M, is unique up to isomorphism. In addition, the injectivity Er(k) implies
that the assignment M +— M"Y induces a contravariant exact functor on R-modules and, if M
is either a finitely generated or Artinian R-module, then Matlis duality asserts that the natural
map M — M"Y is bijective (cf. [7, Th. 3.2.13]).

Finally, we record a useful description of Fr(k) in terms of the filtration (2.6) (this result is
essentially well-known but, for lack of a good reference, we include a proof).

(2.8) Lemma. The following claims are valid.

(i) For every n one can take Eg, (k) = R, and also fix an isomorphism of R,-modules
R, = Homp (R, Er(k)) = Er(k)[a,)].

(ii) The isomorphisms in (i) induce an identification T,) = T* and also an injective homo-
morphism Ry, = Er(k)[a,] C Er(k)[ant+1] = Rpt1 of R-modules. The module Er(k) is
isomorphic to the inductive limit hﬂne]NR” with respect to the latter morphisms.

(iii) Let M be a finitely generated Ry1-module. Then any choice of injection R, < Rp4+1 as
in (ii) induces an isomorphism (Mlay])* = M*/a, M*.

Proof. At the outset we recall that, for any ring R, an extension N C M of R-modules is called
‘essential’ if U NN # (0) for every non-zero R-submodule U C M. By [7, Prop. 3.2.2] one can
then characterise injective R-modules I as those R-modules that have no essential extensions
I C M with I # M, and Ex(N) is then, by its definition, a maximal essential extension of N.
The first assertion of (i) is proved in [7, Th. 3.2.10] and to prove the rest of (i) it is enough
to construct an isomorphism of R-modules Eg, (k) = Egr(k)[a,]. To prove this, we note
that k C FEa(k)[a,] is an essential extension of R,-modules (since k C Eg(k) is an essential
extension of R-modules) and so Eg(k)[a,] identifies with a submodule of Eg, (k). In particular,
Er(k)[ay] is finite and so it is enough to show |Eg(k)[ay]| > |ER, (k)|. But this is clear since
k C Eg, (k) is an essential extension of R-modules and so Eg, (k) identifies with a submodule
of Er(k)[ay]. This proves (i).

The first isomorphism in (ii) is obtained via the following composite

T,) = Hompg(T,, Er(k)) = Homg(T},, ®r Ry, Er(k))
= Hompg, (T),, Homp(R,, Er(k))) = Homg, (T),, R,) = T,,.

where the first isomorphism is induced by Tensor-Hom adjunction and the second by the
isomorphism in (i). The second assertion of (ii) is clear and to prove the final assertion we note
that hﬂng]NR” is an essential extension of k. Indeed, let x € hﬂn R, then x € R,, for some

€N
n and since R, is an essential extension of k, it follows that (R,z)Nk # 0, as required. Now let



Er(k) be a maximal essential extension of k that contains hﬂne]NR”' Then any element m of
Er(k) is annihilated by some ideal a,,: indeed, it is enough to show Anng(m) is m-primary, and
this follows from the inclusion of sets of associated primes Assp(R/Anng(m)) C Assp(Egr(k) =
{m}, where the last equality is by [7, Lem. 3.2.7 (a)]. Now, one has Er(k)[a,] = R,, by (i) and
so we deduce that m belongs to hﬂne]NR"‘ It follows that h%lnnelNRn is a maximal essential
extension of k, as required to prove (ii).

To prove (iii), we may fix an injective presentation 0 — M — R?A?_li_l A RE?_TI for suitable
integers [,m > 0 and an (m x[)-matrix A = (a;j);; because R, 1 is injective as an R,,y1-module.

Since taking a,-torsion defines a left-exact functor, dualising leads to an exact sequence
At *
(Rnt1lan))®™ === (Rn+1[an])®l — (M[a,])* —— 0,

where A" = (aji)ij is the transpose of A. Write o: R,, — R4 for the fixed embedding, which
restricts to an isomorphism R, = R,i1[a,] because R, and R,i1[a,] = Homg, (R, Ryq1)
have the same length as R, 1-modules. The R,,;1-linearity of o then implies that the diagram

(Rt [aa])®™ 2 (Rypi1 [an]) ®
gﬁBmTz U*LEBl\Lz

LAt
ROm 2, RYI

At
is commutative. Since the cokernel of R{™ A R®' is canonically isomorphic to M*/a, M*,
we deduce that o~ 5% induces an isomorphism (M[a,])* = M*/a, M*, as required. O

In connection with Lemma 2.8 the following general observation will be useful.

(2.9) Lemma. Let R be a Noetherian local ring with mazimal ideal M. For every non-zero
element x in an R-module I’ there is an element r € R such that r - x is both non-zero and

belongs to FIM] :={y € F|a-m=0 for alla € M}.

Proof. Since R is Artinian, the descending chain of R-modules Rx D M-x D --- D Mz D,
becomes stationary and so there exists i € INg such that M! -z = M.z, By Nakayama’s
lemma, this implies M! -z = 0. Let | be the smallest non-negative integer with this property.
Then, since z # 0 (by assumption), [ > 1 and, by the minimality of /, M'~! -z is non-zero and
contained in F[M]. We may thus take r to be any element of M!~1\ M’ O

(2.10) Remark. Fix an element r as in Lemma 2.9 with ' = Rand x = 1. If Ris a
zero-dimensional Gorenstein local ring, the ideal R[M] is a one-dimensional k-vector space by

Lemma 2.8 (i) and so, in particular, principal. The assignment 1 +— r therefore induces an
isomorphism of R-modules k = R/ M = R[M].

See Lemma 2.32 below for a general result on base change over inverse limit rings.

2.2. Fitting ideals

In this section we fix a commutative unital ring R and a finitely-presented R-module M. We
then fix (as we may) a resolution of M

RE™ L R 5 M — 0
in which m > n. For each i € Ny, the i-th ‘Fitting ideal’ Fitt% (M) of M is defined to be the
ideal of R generated by the (n — i) x (n — i)-minors of any matrix representing ¢ (where we
use the convention that the determinant of an empty matrix is 1).
It is easily checked that the above definition is independent of the chosen resolution, that
Fitth (M) C Fitty (M) if i < j and that Fittl (M) = R if i > n (cf. [84, §3.1, Th. 1, Th. 2]).
In the following result we record several further properties of these ideals, most of which are



well-known, that we shall rely on throughout this article. (A more detailed discussion, and
further properties, of Fitting ideals can be found, for example, in each of [84, §3.1], [78, App.]
and [35, §20.2].)

(2.11) Lemma. The following claims are valid for all finitely-presented R-modules M and N
and all © and j in Ng.
(i) If f: M — N is a surjective map of R-modules, then Fitth (M) C Fitth (N).
(i) If 0 = N — M — M/N — 0 is a short exact sequence of R-modules, then one has
Fitt% (N) - Fitt) (M/N) C Fitt;;” (M).
(iii) One has Fittn (M © N) = > 0= Fitt% (M) - Fitt, “(N). In particular, if N is a non-zero
free R-module of rank r, then Fitt% (M) = Fitt)y" (M & N).
() If f: R — R’ is a morphism of rings, then M @r R’ is a finitely-presented R'-module
and Fitth, (M @r R') is equal to the ideal of R’ generated by f(Fitt% (M)).
(v) (Buchsbaum—Eisenbud) If j < i, then Fitt%(M) annihilates /\;2 M. In particular, M is
itself annihilated by Fitt% (M).

Proof. We fix a free presentation R®™ % R — M — 0 and note that we have an exact
sequence 0 — ker m — ker(f om) — ker f — 0. We can therefore construct a free presentation

REm+m) £ pen JT N4 0 in which ¢’ restricts to ¢ on R¥™. This implies (i) and the
proof of (ii) is similar (see [84, §3.1, Ex. 2, solution on p. 90] for the details). The first equality
in (iii) is proved in [84, §3.1, Ex. 3, solution on p. 92] and the second assertion follows as a
consequence upon replacing ¢ by 7 + r in the first equality and noting that Fitt%(N ) is equal
to (0) if j < r and to R if j > r. Claim (iv) follows directly from the definitions upon noting
(—) ®r R’ is a right-exact functor and hence that tensoring a free presentation of M with R’
gives a free presentation of M @ R’'.

The second assertion of (v) is classical and proved in [84, §3.1, Th. 5]. It is also an immediate
consequence of the first assertion with ¢« = 1 and j = 0. To prove the first assertion of (v),
we note that the general result of [8, Cor. 1.3] proves Fitt, (M) annihilates A% ' M. (Note
the different convention for Fitting ideals: in loc. cit. the authors write Fj, (M) for Fitt%_l(M )
in our notation.) The claimed result then follows from the existence of a surjective map
(N M) @r ( =’ M) - Nz M. Since this result is perhaps not so well-known for the
convenience of the reader we include its proof. Fix a free presentation R®™ H RO 5 M — 0
of M with n > j+ 1. For every s > 0 we define the map

s J J+s
%) (/\RR@m) QR /\RR@” — /\R RO (21 A Axs) @y = (1) A Ap(as) Ay.
The starting point is then the exact seq
i+1

j 1) j+1
RE™ g \L RO Fs NI REN —y \' M 0,

which reduces us to proving that, for every A € Fitt%(M) and b=0b1 A---Nbsy1 € /\‘;;rl R®™,
one has that Ab belongs to the image of the map (1),

Let e1,...,e,—j—1 € R®" be basis vectors such that {b1,...,bj11,€1,..., en,(jﬂ)} is a linearly
independent set. Setting e := e; A -+ A ey—j_1, one then has that e*(e A b) = b. Now, any
choice of isomorphism A% R®" = R induces an identification

im (A RO™) @r ) RO LN \s, R¥" = R) = Fitt] (M)

and so, in particular, Fittgz(M ) annihilates the cokernel of o(®=7). That is, A - (e A b) can be
written in the form >, (@) A+ - A@(@i(n—j)) Ay for suitable z;, € RE™ and y; € N\ RE™
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with p € [k] and [ € [n — j]. It follows that
Ab=e*(A-(end)) =€ (Zl o(zp) A A cp(xl(n_j)) A y)

- Zle[k]zpe[n_j] + (P(xlp) Ae* ((,0(:(}11 VANEERIVAN (p(;(;lp) Ao A (P(xlj) A yl)

belongs to the image of ¢V, as required. O

€[k]

Finally, we establish a technical result about inverse limits of Fitting ideals that we need in later
arguments. Claim (i) of this result extends the result [46, Th. 2.1] of Greither and Kurihara
and (ii) extends an idea of Popescu and Yin from [88].
(2.12) Proposition. Let (R, p;)ien be a projective system of rings, and set R = ?LniemRi-
Let (M;, fi)iew be a projective system of R;-modules with surjective transition maps f;, and
write M for the associated R-module T&nie]NMi. Assume that M is finitely presented and that,
i addition, either of the following conditions are satisfied:
(i) Each ring R; (resp. module M;) is a compact Hausdorff space and the transition maps
pi (resp. fi) are continuous, and there exists a natural number s such that, for alli € N,
the kernel of M @ R; — M; is generated by s elements over R;.
(i) R satisfies condition (2.5), and R; = R/a; as in §2.1.2.
Then, for every integer r > 0, one has Fitt, (M) = m, Fitty. (M;), where the limit is taken
with respect to the maps Fitty, , (Miy1) — Fitt, (M;) induced by the restriction of p;.

Proof. We first assume that the conditions in (i) are satisfied. Since each map f;: M1 — M;
induces a surjection M;11 ®r,,, R; — M;, standard functorial properties of Fitting ideals
implies that there is an inclusion

pi(FittTRi+1 (M/L+1)) = FittrfRi(Ml'Jrl ®Ri+1 Rl) - Fitt%i (Ml)
In a similar way, since the second assertion of (i) implies that the natural map M @gx R; — M;
is surjective, one has 0;(Fittp(M)) = Fitty (M ®@r R;) C Fittp (M;), with 6; the nat-
ural projection map R — R;. By taking the limit over ¢, we therefore obtain an inclusion

Fitth, (M) C lim, - Fittr, (M;), and so we must prove the reverse inclusion.
To do this, we use the fact M is finitely presented to fix an exact sequence of R-modules

R —— R y M > 0

for suitable natural numbers ¢; and t. Now, each of the composite maps R!2 — M — M;,
where the second arrow is the natural projection, factors through R — REQ. The assumption
that the transition maps f;: M;.1 — M; are surjective (j > 4) implies that M — M; is
surjective, hence we obtain a surjective map R? — M;. Setting K; = ker(R§2 — M;), we
obtain an exact commutative diagram

Rl;l R? » M Qr R;
! I ! (2.13)
K; R > M,.

The Snake Lemma, applied to the above diagram, then combines with condition (iii) to imply
that K; can be generated by at most ¢; 4+ s elements.

Since M; is Hausdorff, K; is a closed subspace of a compact Hausdorff space, hence is itself
compact Hausdorff. The associated first derived limit therefore vanishes and so, passing to the
limit of the bottom sequences in (2.13), we obtain the exact sequence

P— . t \
0 — K :=lim _ K; — R s M 0.

Using this sequence, Fittl; (M) can then be computed as follows: For every subset J C [to]
of cardinality to — 7, we now write m;: R2 — R for the projection (z1,...,2,) — (¥;)jes.
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For each v = (vy,...,v,) € K", we then write m;(v) for the (r x r)-matrix with columns
wy(v1),...,m7(vy). Then Fittlh (M) is the ideal of R generated by all det(7;(v)) with v ranging
over K" and J ranging over all subsets of [t2] of cardinality r.

We now give a similar description of Fittg, (M;) for every i € IN. We write m;: REQ — R
for the projection onto coordinates in J, and, for every v = (v1,...,v,) € K, write mz;(v) for
the matrix with columns 7;;(v1),...,7i(v.). By definition, Fitt (M;) is then the ideal of R;
generated by all determinants of such matrices 7 ;(v).

Since K; can be generated by ¢y + s elements and the determinant is multilinear, any matrix
of the form above can be written as a sum of N = (t3 + s)27" determinants with columns
from 7;(K;). If we set W; = @ ,;(K7)Y, then we therefore have that Fitty. (M;) is equal to
the image of the map

(I)Z‘:Wi:@J(KZ-n)N—}Ri, U]J J]HZ Z det 7TJ ’UJ]))
where J runs over all subsets of {1,...,t2} of cardinality to — r.
We now claim that yﬂlielN im ®; is equal to the image of the map ®: @iemwi — R induced
by (®;);en. To show this, we suppose to be given an element z = (x;);en of @z‘@N im ®;. For

every ¢ € IN, we write U; := @;1(%) for the full preimage of z; under ®; and note that each
of the transition maps p; ;j: W; — W; takes U; to U; for j > i. Since Wj; is finitely generated
over the finite ring R, it is again compact Hausdorff. As the preimage of a closed set under
a continuous map, each Uj is then a closed subset of a compact Hausdorff, hence compact
Hausdorff. Now, p; ; is continuous and so p; j(U;) is a compact subset of W;, which implies
that it must be closed. In addition, the ascending chain given by the p; j(U;) has the finite
intersection property because each preimage U; is non-empty. It follows that the intersection
V; = ﬂjzlﬁi,j(Uj) is non-empty because W; is compact. We now inductively construct a
preimage (w;)ieN € T&lie]NWi of x with each w; in V;. For the induction base, we take w; to
be any element of V7. Now fix ¢ > 1 and suppose that w; is already constructed. We then
define U} == U; N ﬁ;].l(wi) for all j > 1 and note that each U’ is non-empty because w; belongs
to V;. Similar to before, it follows that the descending chain (p;+1,j(U}))j>i+1 has the finite
intersection property, and hence that V/, , = ﬂj>l 11Pit1j (U]') is non-empty. Any element
wiy1 of Vi, will then both belong to V; and have the property that p;i1;(wit1) = w;, as
required. This concludes the induction step.

We have thereby proved that any element x of r&lie]N im®; = @iew Fitty (M;) can be lifted
to en element of lim, _ - W; = lim__ D, (KN =@, (K")N. It follows that  is a finite sum of
determinants of matrices of the form 7;(v) with v € K" and hence, by the explicit description
given above, belongs to Fittz (M). This proves the claimed equality under condition (i).

In the remainder of the argument, we therefore assume the validity of condition (ii) and we
argue by induction on d = dimR. Since each projection map M — M, is surjective, each R,-
module M, is finite and hence compact Hausdorff. The above argument therefore combines
with Remark 2.16 below to prove the claim if d < 1. In the following we thus assume d > 1.
Following Remark 2.7, we obtain a filtration (2.6) of R by setting b, = (27,...,2]), and we
now first justify that we may assume a, = b,. To do this we recall, as noted in Remark
2.7, one can define f: IN — IN such that by, C a, for all n € IN. In particular, each M, is
a R/byn)-module and it suffices to prove that Hm FlttR/bf( )(Mn) =lim _ Fittg (M)
Since the surjection R/by,,) - Rn = R/a, maps FlttR/bf(n)(Mn) onto Fitty (M), we have
an exact sequence

0 —— an/bsp) —— Fitt;z/bf(n) (Mp) + (an/bg(ny) — Fittg (My) —— 0, (2.14)

in which all involved modules are finite. Now, taking the limit of the surjections a, —
a,/bfn) gives a surjection Hm _an — l'glnem(an/ b¢(n)), and this shows the vanishing of
l'glnem(an/ b)) because fm _ap = (Nhew & vanishes by the assumption that the nat-
ural map R — @nelNR/ a, is bijective. In a similar fashion, one shows that the nat-
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ural map lim Fitt%/bf(n)(Mn) — h&lneN(Fit‘c’fz/bﬂn)(Mn) + (an/bg(ny)) is an isomorph-
ism. Passing to the limit over the exact sequences (2.14) now shows that the natural map
Hm Fitt%/bf(n) (M,,) — Hm Fittyp (M,) is bijective, as claimed.

In the remainder of this argument we therefore assume that a, = b, = («7,...,2}}), and we

also set aj, := (z¥,...,2% ;). Now, one has
Fittg (M) = lim  _ Fittr n) (MOA(A/(2g))) = lim Jim - Fitte o ony (Mn®r(R/(24)))-
Here the first equality follows from the above argument (under condition (i)) and the second

equality holds by our induction hypothesis. Since M,, = @neN(Mm ®r (R/(x}))) for all
m € IN, we may use the induction hypothesis again to deduce that

Now, the image of Fittf\/a;n(Mm) in Ry, is equal to Fittyp (M,,) by Lemma 2.11 (iv), so we
have an exact sequence

0 —— ap/ay, — Fitty o (M) + (a/ay,) — Fitty (M) —— 0. (2.15)

Moreover, a,/a;, is generated by z]}' and so there exists a surjective map z’A — a,,/a;,.
Taking the limit over m then gives, because the involved modules are finitely generated R-
modules and hence compact Hausdorff, a surjection @mem(mg@R) — @mem(am/ a,). In
addition, the Krull intersection theorem implies that the limit I'mee]N(a:glR) = men(@]'R)
vanishes, and so the same is also true for @mem(am /al.). A similar argument shows that
I'meew((Fitt%/a;n(Mm) + (am/ay,))/ Fitty o (M,,)) vanishes. Taking the limit (over m) of
the exact sequence (2.15) (in which all involved modules are compact Hausdorff) shows that

@meﬂ\] Fitt%m (Mm) = yﬂlme]N(FittrR/u;n (Mm) + (am/a;n)) = yﬂlme]N FittTR/a;n (Mm)¢

as required to complete the proof. ]

(2.16) Remark. The second condition in Proposition 2.12 (i) is automatically valid if R is
local Noetherian and Anng (M) contains an R-regular sequence of length dim(R) — 1. (In
particular, the condition is satisfied if dimR < 1 or if dim(R) = 2 and M is R-torsion.)
To justify this, we note that the diagram (2.13) implies it is enough to prove the minimal
number of R;-generators of K; is bounded independently of 7. If {mi}ie[d—l} is an R-regular

sequence in Anng (M), then (z1,...,24-1) ~7€§2 C K;. It therefore suffices to bound the

minimal number of R;-generators of K;/(z1,... ,xd_l)R:fQ. The latter is now a submodule of
R /(x1,...,24-1)R?, and hence a subquotient of (R/(z1, . ..,z4-1))". Since {Ti}iclg—1) is an
R-regular sequence, R/(x1,...,24-1) is a local Noetherian ring of Krull dimension one and so

the claim follows from the fact that the minimal number of generators of any ideal of such a
ring can be bounded by a constant that only depends on the ring (see, for example, [102]).

2.3. Exterior biduals

For any r € INg, we write A\ M for the r-fold exterior power of an R-module M. The r-th
‘exterior bidual’ of M is then defined by setting

T T % *
ﬂR M= (AR M ) '
This construction is motivated by the approach of Rubin in [91, § 1.2] and is extensively studied

in the literature (cf. [27, App. A], [95, App. B]). In this section, we establish several properties
of these modules that will be useful in subsequent arguments.
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2.3.1. Rank reduction

If s € INg is such that s < r, and f is an element of A} M*, then the assignment a — [g —
a(f A g)] induces a ‘rank reduction’ map (\p M — [ ° M which, by abuse of notation, we
continue to denote by f.

(2.17) Lemma. Let R be a Ga-ring and suppose to be given, for some s € N, an exact sequence

(fi)iels]

0 N M R? A 0

of finitely generated R-modules. Then the following claims are valid.

(i) For any natural number r, there exists an exact sequence
0 (VN —— (M Ly ™y (2.18)
R R icls]! IR ' '
Here the first map is induced by the inclusion N — M, and the second is the diagonal
map induced by the maps fi: (M — ﬂ?{l M for each i € [s].
(i) If s < r, then the map N fi: NrM — g ° M factors through the map (i ° N —
Ng °M in (2.18). In particular, there exists an induced map

N fi: ﬂR M — ﬂR_ N. (2.19)

Proof. Claim (i) requires a slight variation of the proof of [95, Lem. B.12] and so, for cla-
rification, we shall provide full details. Thus, by dualising the tautological exact sequence
0—+N—-M— M/N — 0, and setting Y := im{M* — N*}, one obtains an exact sequence

0 —— (M/N)* > M* > Y 0. (2.20)

This in turn implies the existence of an exact sequence
* r—1 " r " r
(M/N) ®R/\R M ——s /\RM — /\RY —— 0
(see [26, Lem. 2.5] for details) and, upon dualising again, this gives an exact sequence
r % T " r—1 £\ *
0—— (AY) —— (M — (M/N)er \, M) (2.21)

We now first claim that ( Nz Y)* =~ Nz N. To this end, we note that the cokernel of the
inclusion Y C N* identifies with a submodule of Ext},(M/N, R) = Ext%(Z, R), hence is pseudo-
null because for every p € Spec!(R) the localisation Ry has injective dimension at most one
by condition (G1) on R. It follows that both kernel and cokernel of the natural map AR Y —
N N* are pseudo-null, which, by Lemma 2.4 (i), implies that the dual map ;N = (AR Y)”
is an isomorphism, as claimed.

We now set C' := coker{(R*)* — (M/N)*} and observe that applying the right-exact functor
(=) ®r N5 ' M* to the exact sequence 0 — (R®)* — X* — C' — 0 gives an exact sequence

S\ % r—1 x " r—1 " r—1 .
By or \, M"—— (M/N)er \, M*—— Cor/\, M"——0. (222)

To investigate the last term in this sequence, we note that C naturally identifies with a sub-
module of Exth(Z, R). It follows from condition (Gp) on R that the latter , and hence also C,
is a torsion R-module. By dualising (2.22) we therefore obtain an injection

(M/NY @R N\, M) (B @r \) M7

Now, (R*)* is a free R-module and so tensoring with (R*)* commutes with taking duals. This
combines with the isomorphism (R*)** = R to give an isomorphism

r—1 * r—1
(B er )\, M) =R or(), M
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By composing the last two displayed maps, we may then deduce the exact sequence (2.18)
claimed in (i) from the exact sequence (2.21) upon recalling the isomorphism ( A} Y)* =NgN.
By the exactness of (2.18) it suffices to prove, for each i € [s], that the composite homomorphism
fi o (Ajepg f5) vanishes in order to verify (ii). For this, it is enough to note that, for each

a € g M, the element (f; o (Ajersfi))(a) = ((Ajegs)fj) A fi) (a) vanishes since f; A f; = 0. O

(2.23) Remark. R is a G;-ring if and only if, for each finitely generated R-module M, the
kernel of the canonical map M — M™** is the R-torsion submodule of M. Indeed, (S7) is
equivalent to asserting each prime in Speczl(R) contains a nonzero divisor, and hence that R

has no embedded primes, and so the claimed equivalence follows from [106, Th. A.1].

The next result extends [26, Prop. 2.4]. Before stating it, we recall that an R-module M is
called ‘torsion-less’ if the natural map M — M™* is injective (cf. Bass [1, §3]).

(2.24) Corollary. Let R be a Go-ring and r > 1 an integer. If N is an R-submodule of a
finitely generated R-module M with the property that M /N is torsion-less, then one has

ﬂ;N: {aeerM | f(a) € N*™* for all f € /\;ﬁlM*}.

Proof. Choose a surjection R®® — (M/N)*. Since M/N is assumed to be torsion-less, taking
duals gives an injection M/N < (M/N)** — R%. We may therefore apply the argument of
Lemma 2.17 (a) to the exact sequence 0 — N — M — R®S to deduce the exact sequence (see
the exact sequence (2.21))

0—— ﬂ;N — ﬂ;M —— ((M/N)* ®g /\;1 M), (2.25)

In order to show that an element a of (\; M belongs to (| N it is therefore sufficient to
prove that a(m A f) = 0 for all m € (M/N)* and f € /\;{1 M*. By definition, f(a) is the
map = — a(z A f), so a(m A f) = f(a)(m). Now suppose that f(a) belongs to N**, then
the exact sequence (2.25) for r = 1 shows that f(a) belongs to the kernel of the natural map
M** — (M/N)** and so f(a)(m) must vanish, as required. O

(2.26) Lemma. Let R be a self-injective ring, and M a finitely generated R-module. For any
integer r > 0 and a € (\z M one has im(a) = Anng(Anng(a)).

Proof. By definition, we have im(a) = {a(f) | f € AR M*}. As R is self-injective, the map
/\RM* — (ﬂRM)*, fe={m—m(f)}

is an isomorphism, and so im(a) = {p(a) | ¢ € (N M)*}. Now, R being self-injective also
implies that any ¢ € (Ra)* can be lifted to an element of (" M)*, whence im(a) = {¢(a) |
¢ € (Ra)*}. Since Ra = R/Anng(a), the claim now follows from the isomorphism

Hompg(R/Anng(a), R) — Anng(Anng(a)), f+— f(1). O
(2.27) Remark. A Noetherian ring R is self-injective if and only if, for every ideal I, one has
Anng(Anng(I)) = I (cf. [67, Th. 15.1)).
2.3.2. Reduced rings

In this subsection we assume to be given a reduced Noetherian ring R. In this case the total
ring of fractions Q of R is a finite product of fields and is therefore a semisimple, semilocal
ring. This fact is used in the following result to interpret exterior biduals in terms of lattices
considered by Rubin in [91, §1.2].
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(2.28) Lemma. If M is a finitely generated R-module, then, for any integer r > 0, the map
&y induces an isomorphism

{a € Q®R/\;M | f(a) € R for all f € /\;M*} iﬂ;M

Proof. This argument closely follows that of [27, Prop. A.8] (which deals only with Gorenstein
orders). Firstly, by applying the functor Homg (A% M*, —) to the tautological exact sequence
0—R— Q— Q/R — 0 one deduces that ﬂ% M identifies with the kernel of the natural map
Homg (A\x M*, Q) — Homg (AR M*, Q/R). In addition, since Q is semi-simple, the finitely
generated Q-module Q®xr M is projective and so there exists a natural composite isomorphism

Q®r /\;M = /\;(Q Qr M) = ﬂrg(Q@R M) = HomR(/\rRM*’ Q).

where the first isomorphism is clear, the second is §TQ®R s and the third is induced by tensor-
hom adjunction. The claimed equality is therefore true since an element a belongs to the kernel
of the natural map Q ®g Ax M — Homg ( A% M*, Q/R) if and only if one has f(a) € R for
every f e N M*. O

2.4. Complexes, resolutions, and determinants

In the sequel, for a (commutative) noetherian ring A, we write D(A) for the derived category of
A-modules. We also write D~ (A) and DP®f(A) for the full triangulated subcategories of D(A)
comprising complexes that are respectively bounded above and ‘perfect’ (that is, isomorphic
in D(A) to a bounded complex of finitely generated projective A-modules).

Each object C' of DPf(A) has an associated Euler characteristic x(C) in the Grothendieck
group Ky(A) of finitely generated projective A-modules. If A is local, then a finitely generated
projective module is free and so the A-rank map P + rkj (P) induces an isomorphism of Ky(A)
with Z. In such cases, we regard xa(C) as an integer (so that the class of C'in Ky(A) is equal
t0 xa(C) - [A]).

We write DP™50(A) for the full triangulated subcategory of DP®f(A) represented by complexes
C for which xA(C) = 0. Let a and b be integers with a < b and let D*(A) denote either D(A),
DPer(A) or DPEO(A). Then we write Dty (A), D (A) and Dr }(A) for the subcategories of
D*(A) that respectively comprise complexes C' for which H*(C) = (0) if either i < a or i > b,
HY(C) = (0) if i < a and H(C) = (0) if i > b.

In the rest of this section, we fix a ring R = 1'&](1%]N R, as in §2.1.2 (so that, in particular, R

is Noetherian and local) and describe two useful constructions of complexes in DP*'f(R).

2.4.1. Limit complexes

The following result is essentially well-known.

(2.29) Lemma. We fix integers a and b with a < b and, for every natural number n, assume
to be given data of the following form

(a) an object Cy, of Dﬁiz}f(Rn);

(b) an isomorphism 6, : R, ®Hén+1 Cn+1 = Cy in D(Ry,).
Then there exists a bounded complex @n C,, of finitely generated free R-modules that is unique
up to isomorphism in DP{(R) and has the following properties:

(i) Qinn Cpn)t = (0) unless a < i < b;

(ii) for every m, there exists an isomorphism R, ®% (lim Cn) = Cyy in D(Ry,);

(iii) for every i, the induced composite map
Hi(l'&nnCn) - l‘&nnHi(Rn % (IanCm)) = I&HnHZ(Cﬁ

is bijective.
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Further, if Ry, @% C belongs to DP*H0(R,,) for any given m, then h&lnCn belongs to DP*™O0(R).

Proof. The conditions (a) and (b) implies that the general argument of [48, XV, p. 472 to the
end] applies to realise each C), by a bounded complex C" of ﬁmtely generated R,-modules with
C” = (0) if either i < a or i > b, Cl free for all ¢ # a and C’“ of finite prOJectlve dimension,
and each isomorphism 6,, by an isomorphism of complexes 6,,: R,, ® Roy1 Opi1 & C’ in such a
way that the following condition is satsified. If (C’;L, én) is any other family of complexes and
isomorphisms that satisfy the same conditions, then there exists a family (¢, : C’;l — C’,'L)n of
isomorphisms of complexes of R,-modules with the property that, for every n, there exists a
commutative diagram of morphisms of complexes of R,-modules

o\ o1, oo (2.30)
! |

"0
in which the first and second vertical morphism are respectively induced by 6,, and 0,.
We next claim that each R,-module C? is projective, and hence free. To see this, we note that
for each p € Spec(R;,), one has depthp, (Rnyp) = dim(R,p) = 0 (as Ry, is Cohen-Macaulay), so
pdg, , (C*gp) = 0 (by the Auslander-Buchsbaum formula) and hence C’,‘f’p is a free R, p-module.

It follows that C*;; is a locally free R,-module and hence projective, as claimed.

The limit C' = @néﬁ with respect to the morphisms C® i1l — B QR oo 1 = C* induced
by 0,, is then a bounded complex of R-modules that is unique up to isomorphism in D(R)
(as a consequence of the diagrams (2.30)) and for which there exists for every n a natural
isomorphism R, ®r C = C’;L of complexes of R,,-modules.

We now claim that each term C! = IL C’l is a finitely generated free R-module, and hence

that C belongs to DPf(R). To see this, we note each R, module C’Z is finitely generated
and free and that each projection map C' i1 = Bn ®pr,, Chq & fl is surjective and has
kernel (a,/ap.1)C% 41~ Thus, since a,/a,1 is contained in Jac(R,11), Nakayama’s Lemma
implies that each limit C* = @HCZL is finitely generated and free over R = @an with
rkp(C") = rkg,, (Cp,) for any choice of m.

Next we note that each group H*(C),) is finite and hence, since inverse systems of finite groups
satisfy the Mittag—Leffler condition, the first derived limit L 1)H {(Cy,) vanishes. From the
exact sequences 0 — L(I)Hifl(C ) = HY(C) — Jim H(C,) — 0 we then deduce that the
natural maps H*(C) — lim H WCOp) = lim H {(Cy) are bljectlve as claimed in (c).

It thus only remains to show that yg(C) = 0 if xg,, (Rm ®@% C) = 0 for any given m. But this

is true, since, by the argument above, each R-module C? is free of rank rkRm(éfn), whilst, as
R, is Cohen-Macauley, the Bass Cancellation Theorem [113, Th. 1.2.3 (b)] combines with the
vanishing of xg,, (Rm ®@r C) = Xg,,(Cy,) to imply that >, ,(—1)'rkg,, (C},) = 0. O

We next record relations between the cohomology modules of complexes C), as in Lemma 2.29.

(2.31) Lemma. Fiz integers a and b with a < b and, for every natural number n, assume the
pair (Cy, 0y,) satisfies (a) and (b) in Lemma 2.29. Then the following claims are valid.
(i) Any choice of R,i1-linear injection j,: Ry, < Rn,y1 of rings as in Lemma 2.8 induces
an isomorphism H*(Cypy1)[an+1] = HY(C).
(ii) Each map 0,41 induces an isomorphism H®(Cpi1) ®r, ., Rn = H°(C).
Proof. We have seen in the proof of Lemma 2.29 that Qn+1 can be represented by a bounded

complex C® of finitely generated free R, 1-modules C! that are zero if i ¢ [a,b] and with
differentials 9., ; : Cr b il 1. In particular, H*(Cypy1) identifies with the kernel of 07,

n
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and so we may construct a commutative diagram of the form

a

e .
0 ——— H*(Cpy1)[tnt1] ——— Chipilony] ————— Cofj

\ T
O I Ha(cn+1 ®%n+1 Rn) B— C n+1 ®Rn+1 R i) Ca+1 ®Rn+1 Rn’

where the first row is exact because (—)[a,41] is a left-exact functor, the two vertical isomorph-
isms are induced by our choice of identification j,: R, = Rn+1[an+1] and the second square
commutes because j, is R,y1-linear. Since 6, identifies C}, with ce il QL Bt , Rn, the dashed
arrow in the above diagram gives the isomorphism required to establish clalm (i).

As for claim (ii), we note that H® (Cn+1) identifies with the cokernel of 8%, because C! 4
vanishes for i > b. Now, C,, = C*® b QL Fonir R, via 0, and so H'(C,,) can similarly be identified
with the cokernel of the map C’n+1 @R, By — CYL @R, ,, Ry induced by 8%, ;. Given this, (ii)
follows upon noting these two cokernels agree since (—) ®g,,, R, is a right-exact functor. [

We finally prove a useful technical result concerning Tor-groups.

(2.32) Lemma. Let f: R — S be a morphism of rings satisfying (2.5), and assume that f
arises as the limit of commutative diagrams of finite rings of the form

fn+1

Ryt1 —— Snt
1l 1
R, — " 5,

Let (My)nen be a projective system of R,-modules and set M = @ne]N M,
(i) For every n € IN such that M4+, is finitely presented as an R,41-module, the maps f,
and M,4+1 — M, induce a natural map
R, n
Tor; ™ (Mp41, Snt1) — Torf™ (M, Sy),
where we regard each Sy as an Ry,-module via f,. Further, if fo41 and f, are surjective

and the natural map My 11 ®Rr, ., Ry — My is bijective, then the cokernel of the above
map is isomorphic to the cokernel of the natural map

R, Sn,
Tor} "™ (My41, Rn) = Tor{" ™ (My41 ®R,.; Snt1, Sn)- (2.33)
(ii) If all transition maps M,11 — M, are surjective, and M is finitely presented as an
R-module, then there exists a canonical isomorphism

1.&nan]N TOI'l " (Mn’ S”) = TOI‘{%(M, S)v
where the limit is defined with respect to the maps in (i).

Proof. At the outset we note that if R — S is a morphism of commutative Noetherian rings
and C' is a perfect complex of R-modules, then one has a spectral sequence

By = Tor®,(HY(C),8) = B = HH(C ok 8).
If C is acyclic outside degrees zero and one, this spectral sequence degenerates on its second
page to give an exact sequence

TorX (HY(C),S) — H°(C)®r & — H°(C @% S) — TorX(H'(C),S) — 0. (2.34)

Choose an R, 1-free presentation P? il Pl i1 — Mpy1 — 0 of My, yq, which we regard as a

perfect complex Poy1 = [P0, = PL,;] in D(Rp41), where P_. | is placed in degree zero. We

then obtain a commutative diagram of the form

H(Pos1) @R,y Snt — H(Pogy @, Sng1) — Tory™* (M 41, Spyr)

l |

HO(PnJrl ®%n+1 Rn) R, Sn — HO(PnJrl ®%n+l S") — Tor{%" (Mn+1 SO Rpi1 Ry, Sn)'
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Here the first two vertical arrows are the natural maps, the first row is (2.34) applied with C' =
P,+1, R = Rp41, and S = S, 41, and the second row is (2.34) applied with C = P, ®]IL%n+1 R,,
R = R,, and § = S,,. Since the first square commutes, the dashed arrow now exists due
to exactness of the rows, and we define the map in claim (i) to be the composite of this
dashed arrow with the natural map Tor{%”(MnH ®Rp1 By Sn) — Torfz"(Mm Syp) induced by
Mn+1 ®Rn+1 Rn — Mn

To complete the proof of (i), we assume that the maps f,+1 and f,, are surjective and the map
Mp11 ®R, ., Rn — My is bijective. In this case, the above diagram simplifies to give an exact
commutative diagram

HO(Pn+1) . HO(Pn+1 ®Hén+1 Snt1) —— Tor?nﬂ (Mp41, Sn1)

l l !

H(Ppy1 @5, Ry) —— H(Poy1 ®F,,, Sn) ———— Tor{™ (M, Sy)

l }

R, Sn
TOl"l 1 (Mn-i-l; Rn) EN TOl"l +1 (Mn—i-l ®Rn+1 Sn+17 Sn)

Here the exactness of the first two columns follows from an application of (2.34) with C' = P, 41,
R = Rp41, and § = .5, respectively C' = P, ®]]L% Sn+1, R = Sph+1, and S = 5, and « is the
natural map in (2.33). The final assertion of (i) is therefore obtained by applying the Snake
Lemma to this diagram.

To prove (ii), we fix an R-free presentation P — P! — M — 0 and regard it as a complex
P = [P° - P'Yin D(R). Taking Pyt1 = P ®% R,11 and M, 11 = M ®p R,41 in the first
diagram above and passing to the limit over n leads to an exact sequence (because all appearing
modules are assumed to be finite) that forms the first row of the diagram

lim H(P®R,) — lim  H(P®%S,) — lim . Tory™ (My, Sn) — 0

I I

HP) —— 5 H(P @} S) —— Torl'(M,S) —— 0.

Here the second row is (2.34) applied with C = P, R = R, and § = S, and the isomorphisms
are by Lemma 2.29. As a consequence, we deduce that the dashed arrow is an isomorphism.
For every n € IN, we now write K, for the kernel of the map M ®r R, — M, (which is
surjective because the system (M, )ncn is assumed to have surjective transition maps). Since
all appearing modules in the exact sequence

Torf" (K, S,) — Torl"(M ®g R,,S,) — Tori"(M,,S,) —— K, ®r, Sn

are finite, passing to the limit over n yields an exact sequence. To prove the isomorphism
claimed in (ii), it is therefore enough to show lim - Tor) "(Ky, Sy) and @neN(Kn ®Rr,, Sn)
both vanish. To do this, we note that the limit over the maps M ®grR,, — M, is an isomorphism
(because M is finitely presented and each R, is finite), and hence that l'mnelN K,, vanishes.
We now fix m € IN, write g, for the map K,, — K,, for every n > m, and consider the group
of universal norms U, == (),,>,,, fn(Kp) in Ky,. Since each K, is finite, Uy, coincides with the
image of yﬂlneﬂ\l K, — K, (cf. [12, Lem. 3.10]), which implies that U,, = (0). By finiteness
of K,,, there is then N > m such that fy is the zero map. It follows that also the maps
TorfN(KN, Sn) — Tor{%m (K, Sm) and Ky ®pry SN — Ky, ®R,, Sm induced by gn are both
zero. As m was chosen arbitrary, this proves the required vanishing of l'&lne]N Tor|" (Kp, Sn)

and lim _ (K, ®p, Sp), thereby concluding the proof of (ii). O

— GIN(
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2.4.2. Quadratic resolutions

The class of complexes considered in the next result plays an important role in later arguments.

(2.35) Lemma. Let C' be an object of Df’eﬁf(R) such that, for all n, R, ®% C belongs to

Dﬁ)ea (Ry). Then the following claims are valid.

(i) The integer a == X, (R, ®% C) is independent of n.

(i) C is isomorphic in DP*"'(R) to a complex of finitely generated free R-modules Py % P,
in which Py occurs in degree 0 and one has xr(C) = rkr(FPy) — rkr(P1) = a.

(iii) LetY be a free R-module quotient of H'(C). Then the composite map 7: Py — cok(¢) =
HY(C) =Y induced by (ii) induces an isomorphism of R-modules Py = ker(r) @Y. In
particular, the R-module ker(r) is free of rank tkr(Py) — rkr(Y').

Proof. Claim (i) is clear, and we then define a complex

G {CEB R®a[—1], ifa >0,

C @ R®D[0], ifa<0.
This complex belongs to Dﬁelr]f(R) and, for all n, R,, ®% C belongs to Dﬁ)faf(Rn). It is also clear
that the validity of (ii) and (iii) for C' implies their validity for C. Hence, after replacing C' by
C if necessary, in the rest of the argument we assume a = 0.
We first consider the case that R is finite and self-injective. Then, after fixing a surjective
map of R-modules 7: P — H!'(C), with P finitely generated and free, the argument of [27,
Prop. A.11 (i)] proves the existence of a finitely generated R-module P’ of finite projective

dimension such that C is isomorphic to P’ % P and the induced map P — cok(¢) = H'(C)
coincides with 7. Since the vanishing of xz(C') combines with the argument of Lemma 2.29 to
imply P’ is isomorphic to P, the claimed result is therefore true in this case.

To deal now with the general case, we fix a surjective map of R-modules 7: P — H'(C), with P
finitely generated and free and note that, as Y is free, the composite 7/ of 7 with the projection
H'(C) — Y induces an isomorphism P = ker(7') @ Y. For each n, we set P, == R,, ®p P and
Cy = R, ®% C and note H'(C,,) & R, ®p H(C) since H'(C) = (0) for all i > 1. With 7,
denoting the surjective map P,, — H'(C,) induced by 7, we can then combine the argument
in the first paragraph with that of Lemma 2.29 to fix a resolution P, ¢—"> P, of C,, so that
the induced map P, — cok(¢,) = H'(C,) is 7, and the isomorphism R, ®Hén+1 Cpy1 2 C, in
D(R,,) is induced by the identification R, ®g, ., Pny1 = R, ®r P = P,. Setting ¢ = @ébm

one can then check that the complex P 2 Pis isomorphic in D(R) to C in such a way that
the induced map P — cok(¢) = H'(C) coincides with 7 = fm 7,. One then easily verifies

that the complex P ﬂ P has all of the required properties. ]
In the following two results, we record some useful consequences of the quadratic resolutions
constructed in Lemma 2.35(i).

In both of these results, we fix data C' and Y as in the last result, we write X for the kernel of
the (given) surjective homomorphism H'(C) — Y and we set

r=ryc = rkR(Y) + XR(C).
(2.36) Lemma. Fiz i€ Ny such that i+ r > 0. Then one has
Fitt’d"(H' (RHompg(C, R)[—1])) = Fitt}(X)
and hence, if R is self-injective, Fitt'" (H(C)*) = Fitt}(X).

Proof. By using Lemma 2.11 (iii), it is easily checked that the stated claims are valid if and
only if they are valid after replacing C by the complex C' used in the proof of Lemma 2.35.

20



In particular, since XR(é) = 0, in the sequel we shall assume xr(C) = 0, and hence that
r =rkp(Y).

Now, since Y is free, there exists a (non-canonical) isomorphism of R-modules H'(C) = X @Y
and so, by using Lemma 2.11 (iii) again, one finds that Fitt%(X) = Fitt}]"(H'(C)). It therefore
suffices to prove that Fitt%(Hl(RHomR(C, R)[-1))) = Fitt%(Hl(C’)) for each j > 0.

To do this we note that, since xg(C) = 0, Lemma 2.35 (ii) implies that we can fix a resolution
of C of the form P % P, with the first term placed in degree 0. We set n := rkg(P) and
write A for the (n x n)-matrix representing ¢ with respect to a fixed choice of basis B for P.
Then Fitt},(H'(C)) can be computed as the ideal of R that is generated by the collection of
(n—7) % (n—j)-minors of A. We write b*: P — R for the ‘dual’ of b € B and define a basis of P*
by B* := {b* | b € B}. With respect to this choice of basis, the dual ¢*: P* — P* is represented

by the transpose A* of A. The complex RHompg(C, R)[—1] is represented by P* s P* 5o that
coker(¢*) = H'(RHompg(C, R)[—1]), hence we deduce that Fitt%,(H!(RHompg(C, R)[—1])) is
equal to the ideal of R generated by the (n — j) x (n — j)-minors of +(A"). Since the sets of
minors of A and A® are in bijective correspondence, this proves Fittiz(H L(RHomg(C, R)[-1]))
is equal to Fittg%(H L(C)), and hence completes the proof of the first claim.

The second claim is then true since if R is self-injective, then Hompg(—, R) is an exact functor
and so H'(RHompg(C, R)[-1]) = H(C)*. O

(2.37) Lemma. Set ry :=rkgr(Y). Then, if r > 0, the following claims are valid.

(i) Each choice of ordered basis be of the (free) R-module Y gives rise to a canonical homo-
morphism of R-modules V¢, : Detp(C) — (g H(C).

(i1) Let R — R’ be a surjective homomorphism of rings, with R as in §2.1.2. Then C' :=
R ®]IL% C satisfies the conditions of Lemma 2.35 with R replaced by R'. In addition,
Y= R ®rY is a free R'-module quotient of H'(C') = R' @ H*(C) of rank ry, the
image b, of the basis be in (i) is an ordered R'-basis of Y' and there exists a canonical
commutative diagram of R-module homomorphisms

Detp(C) — s () HY(C)

l’rc,R/ lﬂ%WC,R’
19 /N,
Detp (C) ——2* ﬂ;/ HO(C).

Here 7 g is the canonical composite Detp(C') — R’ ®g Detr(C) = Detr/(C') and the
map (\gmeo,r s defined in the course of the proof below.

Proof. Set a :== xgr(C). Then, since r = ry +a > 0, the argument of Lemma 2.35 (ii) implies we

can fix a natural number n > r such that C has a resolution P*® of the form R®" ﬂ RO gy,
Then rkp(R®(™") @ Y) = n — a and we consider the composite homomorphism of R-modules

VUpep,: Detr(P®) = (/\; R®™) ®p (/\:G(R@(”’T) 2Y))"
S (NGB e (N, B en (N, Y)
= AL e ey
5 (Y B1o(0).
Here the first isomorphism is clear and the second is induced by the isomorphism ( AR Y)" —

R that evaluates elements on A!ZYb; and the canonical isomorphism (Af "R =~
N "(R®M=m))* In addition, the map ¥y is defined by the condition that, for all a € A\ R®"
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and f; € (R®(™=7))* one has
95 (a @k Niepn-n fi) = (1) (Aigpu—r (fi 0 0)) (a) € /\R R®™.

In particular, writing {Bi}ie[n—r] for the standard ordered basis of R®(™~") the fact that
im(dy) C N HY(C) follows by applying Lemma 2.17 (b) to the exact sequence

(B:O‘:b)ie[n—r]
0— H(C) —» R —=1 R
( ) @ie[n—r]

that is induced by the fixed identification H°(C') = ker(¢) (after noting that im(¢) is contained
in the direct summand R®("~7) of R®("=") g Y).
To prove that this construction only depends on the pair (C, bs), and hence complete the proof

of (i), we now fix an alternative representative P* for C' of the form R®" 2, ROW 1) gy
and use it to construct a map U, p, Just as above. We can then fix a quasi-isomorphism

g°: P* — P* of complexes of R-modules with the property that H9(6*) and H'(6*) induce
the identity maps on H°(C) and H'(C). Then, if necessary after replacing P® by its direct
sum with a complex R®™ 1, ROM for a suitable natural number m, we can assume that
the maps 0 and #' are both surjective (without changing Detg(P®)). Writing ker(6*) for

the complex ker(6°) 2 ker(0'), we thereby obtain a short exact sequence of complexes of R-

modules 0 — ker(6*) — P* ®, p* — 0. This sequence implies firstly that ker(6®) is acyclic
and then, by taking determinants, induces an isomorphism of R-modules

v: Detp(P*) 2 Detg(ker(6®)) @ Detg(P*) 2 Det(P*)

that is independent of the choice of 6°. By an easy diagram chase, one then checks that
9 Bobe = Upe p, © . This equality implies that the above construction gives a well-defined map
Detr(C) — N H°(C) that only depends on C and the choice of basis b, as required.

To prove (ii), we note that C’ is represented by the complex R'® P®. Given this representative,
all assertions of (ii) are clear except for the commutative diagram. To construct this diagram,
we note Lemma 2.17 (a) implies the existence of an exact commutative diagram of R-modules

0— ﬂ;HO(C) — /\;P — P®R/\;1P

; ! L
0— () HC) — N\ P — Pag\ P

Here we set P = R®" =2 R " @Y and P .= R’ ®p P and the solid vertical arrows are the
natural projection maps. In particular, since the square in this diagram commutes, there
exists a dashed arrow that makes the entire diagram commutative. It is easily checked that
this dashed arrow is independent of the choice of representative P® of C' and we denote it
by Nz7me,r- Given this explicit construction of (\z7me g, and those of the maps ¥Upep, and
Upigppe b, in (i), it is then a straightforward exercise to check that the diagram given in (ii)
commutes, as required. ]

(2.38) Remark. For data C, b, and 7y (= |be|) as in Lemma 2.37, the map J¢p, has the
following further properties.

(i) For any ordered basis bs of Y, define a matrix U = Us. b, in GLy, (R) by the condition be =

U - be. Then /\iE[Ty]Ei = det(U) - /\z‘e[ry}bi and hence, by directly comparing the explicit
construction of 95 and J¢p, in Lemma 2.37 (i), one verifies that J; = det(U) - dcp, -

(ii) If both R is reduced and xr(C) = 0, then an alternative description of the map ¥¢, is
presented in [27, Prop. A.11].
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3. Selmer structures, complexes, and modules

3.1. Galois cohomology

In this preliminary section we recall the definition, and basic properties, of some relevant Galois
cohomology complexes.

3.1.1. Definitions and conventions

Let R be a local complete Gorenstein ring with finite residue field of characteristic p as in
condition (2.5). (The constructions in this section can more generally be made for a ring that
satisfies the weaker condition (x) in [44, § 1.4] but since it is sufficient for our purposes to work
under assumption (2.5), we shall do so in order to streamline exposition.)
Let (a,)nen be the descending filtration of finite-index ideals of R from (2.6), which has the
property that the natural map R — @nem(R/ a,) is an isomorphism. The discrete topology
on the finite rings R/a, then naturally induces a topology on R. More generally, for any
finitely presented R-module M we have an isomorphism M — l.&lneﬂ\f(M /a, M) that allows
us to endow M with the inverse limit topology induced by the discrete topology on the finite
modules M /a, M
Let G be a topological group and let M be an R[G]-module. Following Nekovar [80, Def. 3.3.4]
we call an R[G]-module M ‘ind-admissible’ if it is equal to the union ye o () NV with 7 (M)
the set of all R[G]-submodules N C M which are finitely presented as an R-module and on
which the action of G is continuous. For every ind-admissible R[G]-module M, we then define
the (inhomogenous) continuous cochains of degree ¢ > 0 as

(G, M) = lim  Maps (G¥ N),

Nes (M)

and write €°*(G, M) for the associated complex of (inhomogenous) continuous cochains (see,
for example, [82, Ch. I, §2] for the definition of the differential for this complex). We write
RI'(G, M) for the object of D(R) defined by the complex €*(G, M).
If F' denotes a perfect field with algebraic closure F¢ and absolute Galois group Gp =
Gal(F°/F), then we set

cont

RI'(F, M) := R['(Gp, M).
We also fix a number field k and an algebraic closure k¢ of k. If F' is an extension of k in k€,
we write IIp for the set of all places of F' and II3 and IT%, for the subsets of IIy comprising
places that are respectively archimedean and p-adic. We set H% ={q e lI¥ : F; = R} and
% = {q € ¥ : F; = C} (so ¥ = NRUIE), and will often work under the following
additional assumption on the pair (k,p).
If p = 2, then IIX = @. (3.1)

Denote by Syam (M) C IIp the subset of all places for which (a choice of) the inertia subgroup
acts non-trivially on the Gp-module M, and set

S(M) =TI U I U Spam (M).
If S C Il is a subset that contains Syam (M), then M is naturally acted upon by Grg =
Gal(Fs/F) with Fg the maximal extension of F' unramified outside Sr, and we define

RF(Oﬂs, M) = RP(GRS, M)
This notation is motivated by the fact that RI'(F, M) and RI'(OF s, M) coincide with the étale
cohomology complexes RI'((Spec F')g, M) and RI'((Spec O s)st, M) if M defines an étale sheaf
on the étale site of Spec F' (resp. of Spec Op g).
In each degree i, we set H (A, M) :== H*(R['(A, M)) if A denotes either F or Opg.
We furthermore define

€ (Grg, M) = cone(‘f (Grs, M) 5 €D _ %" (G, ))[—1],
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where ¢ denotes the natural restriction map, and write RI'.(Opg, M) for the corresponding
object of D(R) (which coincides with the complex of compact-support étale cohomology if M
defines an étale sheaf on Spec O g). In particular, in D(R) one has an exact triangle

RT(Or.s, M) = RI(Ops, M) = @, RI(Fy, M) — . (3.2)

In each degree i, we set H:.(Op g, M) := H/(R['(Ops, M)).
For a place q € IIr \ 113, we write k4 for its residue field and define a complex in D(R)

R,Ff(FCIa M) = R'F(K:qa MGal(F;/FC}Jr))’

where F&‘r denotes the maximal unramified extension of Fy in Fqc. Then there exists a natural
composite ‘inflation” morphism in D(R)

iarg: RO p(Fy, M) — RD(Fy, MGG/ E) 5 RD(Fy, M).

3.1.2. Properties

The case that A is a projective R-module is of particular interest to us and we make much use
of the following general result. For a finitely generated projective R-module P we write [P]g for
its class in Ko(R). We also fix an injective hull Er(k) of k and write (—)" := Hompg(—, Er(k))
for the Matlis dual functor.

(3.3) Lemma. Assume R satisfies condition (2.5), let F' be a number field, and let A be a
finite-rank free R-module endowed with a continuous action of Gg such that S(A) is finite. If
S C I is a finite set that contains S(A), then the following claims are valid.

(i) RI['¢:(OFpg,A) belongs to DE%E?’O(R).

(ii) If 9 € Tlp \ (I UTIL), then RT(Fy, A) belongs to Diyy*(R).

(i) If q € 11}, then RT(Fy, A) belongs to Dﬁfgﬁ(R) and xr(RL(Fy, A)) = —[Fy : Q] - [A]r.

(iv) If a € Tp \ S(A), then RT((Fy, A) belongs to Dy °(R).

(v) If (3.1) is valid, then RI'(OF,g, A) belongs to Dﬁf;ﬁ(R) and RI'(Fy, A) belongs to D[%ejgﬁ(R)
for each q € 11%.
In the remainder of the result, we let ® denote any one of the functors that sends A to
RI'.(OFs, A), to RI'(Fy, A) for q € Ilp \II¥, to RT'f(Fy, A) for q € Ilp \ S(A), or, if (3.1) is
valid, either to RI'(OFp,g, A) or to RI'(Fy, A) for q € 11 .

(vi) For any morphism R — R’ of rings satisfying (2.5), there exists a natural isomorphism
d(A) % R~ d(A®pR) in D(R).
(vii) For any morphism R — R’ of finite rings satisfying (2.5), there exists a natural iso-
morphism RHompg(R', ®(AY)) = ®(Hompg(R', AY)) in D(R').
(viii) Lemma 2.29 gives rise to a well-defined object Hm ®(A/a,A) of D(R) for which there
exists a natural isomorphism ®(A) — hm ®(A/a,A) in D(R).

Proof. Claims (i) — (vi) follow directly from the general results established by Flach in [39, §4
and §5] and by Fukaya and Kato in [44, Prop. 1.6.5].

We next prove claim (vii). Under the conditions of (vii), the functor ® satisfies the assumptions
of [39, Prop. 3.1] with the algebra 2 in loc. cit. taken to be Z,[Autz, (A)]. It follows that there
exists a bounded complex P* of finitely generated projective %-modules such that ®(A) =
RHomg(P*, A) in D(R). By construction, RHomg(P®, A) is a complex of finitely generated
projective (hence also injective because R is self-injective) R-modules and so by definition
RHomp(R', ®(A)) = RHomp(R',RHomgyg(P*, A)) in D(R'). To prove (vii), it is therefore
enough to construct an isomorphism in D(R’)

RHompg(R',RHomg(P°®, A)) — RHomg(P*, Homg(R', A)). (3.4)
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For this, we note that for any finitely generated projective #-module P, there exists a natural
isomorphism of R’-modules
Hompg (R, Homz(P, A)) = Homg(P,Homg(R', A)), f— (ar (b f(b)(a))).

The map (3.4) is then induced by this isomorphism in every degree.

Finally, to prove (viii), we note that the family of complexes (®(A/a,A))y satisfies the condi-
tions (a) and (b) of Lemma 2.29. Condition (a) is satisfied as a consequence of the respective
result of (i) — (v) and the existence of the required isomorphisms in (b) follows from (vi)
with (R — R/, A) taken to be the pairs (R/a,+1 — R/an, A/a,+1A). The construction of
Lemma 2.29 therefore gives a complex @new(l)(A/ a,A) in D(R). In addition, since ®(A)

belongs to DP*'f(R), we may fix a bounded complex P*® of finitely generated projective R-
modules that is isomorphic to ®(A) in D(R). Then, for each n, the isomorphism in (vi)
applied to R — R/a,, implies that (R/a,) ® g P*® is isomorphic to ®(A/a,A) in D(R/a,). One
therefore obtains a composite isomorphism in D(R)
(A) 2 P* = lim (R/an) ©r P*) = lim ©(A/a, A),
nelN nelN

in which the second isomorphism results from the fact each R-module P? is finitely generated
projective and the third is a consequence of the uniqueness assertion in Lemma 2.29. O

To recall the relevant duality theorems for Galois cohomology, we write RI'rate(Fy, A) for the
standard complex computing Tate cohomology of A over G, for q € H%, and then define an

object lﬁ‘c(OF,s, A) of D(R) by the triangle

—~ As(A
RT.(Or.s, A) — RT(Opg, A) 254, D, RTruelFo, 4) =

with Ag(A) the natural localisation morphism.

(3.5) Proposition. If R satisfies (2.5) and A is a finitely generated free R-module, then the
following claims are valid.

(i) For each q € IIp \ 11, there are canonical isomorphisms in D(R)

RHompg(RI'(Fy, A*(1)), R)[—2] = RI'(Fy, A) = RHomR(RP(Fq,AV(l), R)), Er(k))[—2].
(i) There exist canonical isomorphisms in D(R)
RHomp(RT(Ops, A*(1)), R)[-3] = RT(OF.s, A) = RHomp(RT(Ops, A¥ (1)), Er(k))[-3].

Proof. Since R is assumed to be Gorenstein, it is its own dualising module (cf. [7, Th. 3.3.7 (a)]).
Given this fact, the isomorphisms in (i) and (ii) are respectively proved in [80, Th. 5.2.6 and
§5.7.5] (see also [18, §5.1, Lem. 12b)] for the first isomorphism in (ii)). O

3.2. Selmer structures of Nekovar and of Mazur—Rubin

Throughout this section, we fix a ring R satisfying (2.5) and an ind-admissible R|[G}|-module
A for which S(A) is finite.

3.2.1. Nekovar—Selmer structures

(3.6) Definition. A ‘Nekovdr(-Selmer) structure’ % on A comprises
o a finite set S(.F) of places of k that contains S(A), and
e for each q € Iy, a morphism in D(R)

0
RF?(kq’ A) ﬂ Rr(kqa A),

with RL 7z (kq, A) = RIf(kq, A) and 074 = taq for all q € I \ S(F). We write
R, 7(kq, A) for the mapping cone of 0. 4 and in each degree i set

H (g, A) = H'(RT 5 (kq, A)) and H} 5 (kq, A) = H' (RT3 (kg, A)).
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(3.7) Definition. The ‘Selmer complex’ associated to a Nekovdr structure % on A is the object
RI' 2z (k, A) of D(R) that is defined (up to isomorphism) via the existence of an exact triangle

L ,(6
R (k. 4) = RT(Op s, 4) @ @), R (kys 4) Lo s 6y RI(ky, 4) —

(3.8)

S(F) qeS(F)

i which vz s the diagonal localisation map. In each degree i we set
HY%(k,A) = H'(RT »(k, A)).
We also say that .F is ‘perfect’ if RT #(k, A) belongs to DP°™(R).

(3.9) Remark. The definition of RI"#(k, A) given in Definition 3.7 specifies it only up to non-
unique isomorphism in D(R). However, in all examples that are relevant to this article, the
structure .% is given by data on the level of complexes so that the associated Selmer complex
can be explicitly defined via a mapping cone construction.

The Octahedral axiom implies that the exact triangle (3.8) is equivalent to an exact triangle

RI#(k, A) — RT(Of 5(5), A) —2 @qes(ﬁ)RP/ 7 (kq, A) — - (3.10)

in D(R) in which Lfg( 7) is induced by tg(#). The following notion allows us to extend this
observation.

(3.11) Definition. Let % and F#' be Nekovdr structures on A. Then F' ‘refines’ F, written
F' < F, if for each q € Iy, there exists a morphism jgz' 7 q: RL z1(kq, A) — RI z(kq, A)
in D(R) with the following properties: 0z q = 0740 jz 74 and, if q §é S(FYUS(F), then
Jz.7.q the identity morphism RI ¢(kq, A) = RTf(kq, A). If F' refines F, then for each q € IIj,
we write RT .7/ (kq, A) for the mapping cone of the given morphism ](gw’f*’ .

(3.12) Lemma. The following claims are valid for any Nekovdr structure F on A.
(1) If S is any finite subset of I, with S(F) C S, then there exists an exact triangle in D(R)

R 7 (k, A) = RD(Oy.s, A) & @quRrg:(k;q, 4y Loz, @quRF(kq, A) 5

in which vg is the diagonal localisation map
(i) Let F' be a refinement of F. Then there exists a canonical exact triangle in D(R)

RI# (k, A) = RT#(k, A) — P sesiuss) U770 (o A) =

(iii) If A is a finite-rank free R-module, then F is perfect if and only if, for every q in S(F),
the compler RT 7 (kq, A) belongs to DP™(R). If this is the case, then in Ko(R) one has

Xr(RUz(k, A)) =3 o Xr(RD (kg 4)).

(i) If either i < 0 ori > 3, then Hz(k, A) = Dyes(s )H’ (kq, A). The same equality is valid
fori =3 if A is a finitely generated free R-module and there exists a place qo € SL@)\H,;R
for which H*(0.% 4,) is bijective.

) and CF (A) for the respective direct
A) and RI'z(kq, A). We then recall

Proof. For a finite subset ¥ of II;, we write Cx(A), C g(
( 0
" C S, there exists a canonical ‘inflation-

sums over q € ¥ of the complexes RI'(kq, 4),R
that, for any finite subsets S’ and S with S(4) C S
restriction’ exact triangle in D(R)

S’() (S’S’( ))

RT(Of 57, A) === RI(Op 5, 4) & C, ¢ (A) T Cover(A) = (3.13)

in which Lig, g is the canonical localisation morphism.
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To prove (i) we assume S’ = S(.%) and consider the following diagram in D(R)
RI(Op,5, A) ® C% (A) — (RT(Op.5,A) @ CS\S, (A)) ® CL(A) — Ca\gr(A) —.
Jug,(eg,m) J((Ls,uq,A)q»(ag,q)q)
Cs(A) Cs(A) Co\s(A) —

Here the upper row is the exact triangle induced by (3.13) and the lower row is the canonical
exact triangle. In addition, because Cé\s,(A) = Cg'\s,(A) (since S” = S(F)), the central
vertical map agrees with (s, (0.7 ¢))q) where q runs over S, and the diagram commutes. The
Octahedral axiom therefore implies that the mapping fibres of the first and second vertical
morphisms are canonically isomorphic in D(R) and this implies (i).

To prove (ii) we set S := S(F') U S(F) and consider the following diagram in D(R)

! 6
RT 5/ (k, A) —— RI(O).5, A) & CZ' (A) %

J(id,@g/,g,q) )
Rz (k, A) —— RT(O.5, A) @ cﬂ(A)

Here the two rows are the exact triangles obtained from (i) and the square commutes by choice
of the morphisms j#/ # 4. In particular, the Octahedral axiom implies both that the diagram
can be completed to give a morphism of exact triangles and hence that there exists an exact
triangle as stated in (ii).

We note next that the exact triangle (3.2) defining RI'¢(Oy g, A) combines with the exact
triangle in (i) (with S = S(.%)) to imply, via the Octahedral axiom, the existence of an exact
triangle in D(R)

RI.(Oks,A) — R #(k, A) — @quRF 7(kq, A) — . (3.14)

Given this triangle, claim (iii) and the first assertion of (iv) both follow directly from the result
of Lemma 3.3 (i). To prove the second assertion of (iv) we note that the long exact cohomology
sequence of the last displayed triangle gives an exact sequence

@qesHi%;(kqu) L H2(Op,g,A) = H5(k, A) — GB H (kg, A) = H,(O,s,A) = (0).
It is therefore enough to show that the stated hypothesis 1mphes v is surjective. This is true,

since the compatibility of local and global duality (as respectively expressed by the second
isomorphisms in Proposition 3.5 (i) and (ii)) identifies the composite map

H ( (g,qo)

HQ(kQOaA) H2 kcloa @ HQ klb —>H3(Ok7S7A)
with the Matlis-dual of the inclusion map HO(Okvs, AV( )) = HO(kq,, AV(1)). Since the latter
map is injective, its Matlis duals is surjective, as claimed. ]

(3.15) Example. (Greenberg—Nekovar structures) Fix a finite subset S of II with S(A) C S
and assume to be given, for g € S, an ind-admissible R[G}, ]-module A, for which there exists
a morphism j,: Ay — A of R[Gy, |-modules. Then one obtains a Nekovéi structure .# =
F((Aq, Jq)qes) with S(F) := S by setting RI' #(kq, A) := RI'(kq, Aq) and 07 4 := RI'(ky, jq) for
every q € S. This approach is discussed more fully in [80, §7.8], and the following examples
will play a key role in subsequent arguments.

(i) The ‘relaxed’ Nekovafl structure .Fq = Fre1(A,S) for A and S. One has S(F) = S
and, for each q € S, sets

(R ., (k3. A), 0,.q) = (RT (kg 4),1d).

Hence RT'z,_ (k, A) = RI'(Ok,s, A) and so Lemma 3.3 (v) implies that ., is perfect if A
is a free R-module of finite rank and (3.1) is satisfied.
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(ii) The ‘canonical’ Nekovai structure Fean = Fean(A,S) for A and S refines F(A4, S).
One has S(Fcan) = S and for q € S sets

(RTf(kq, A),taq), ifqe S\ (I UIL)

RT 7., (kq, A), 0. =
(RE 5 (s A),050n) {(Rf(kq,A),id), if g € II;° U,

In particular, if A is a free R-module of finite rank, then Lemma 3.12 (iii) combines with
Lemma 3.3 (ii) and (iv) to imply Fcan is perfect if and only if, for each q € II}°, the
Gk,-module A is cohomologically-trivial and the R-module H O(kq,A) is projective and,
for each q € S(A) \ (I° UIIY), the complex RT'¢(kq, A) belongs to DP(R).

(iii) The ‘strict’ Nekoval structure Fg, = (A, S) for A and S refines Fcan(A,S), and
hence also %1(A4, S). One has S(Zg,;) = S and for q € S sets

(erf‘m (kqv A)v Q@Str,q) = (O’ 0) '

One therefore has RI'z,, (k, A) = RI.(Os,A) and so Lemma 3.3 (i) implies Z, is
perfect if A is a free R-module of finite rank.

The approach of Example 3.15 does not encompass all Nekovar structures of arithmetic interest.
For instance, if S is a finite subset of II; with S(A) C S, then the specification for each
q € S of a projective R-submodule Xy of H'(kq, A) determines a perfect Nekovéi structure
F = F((Xq)q) with S(F) = S and, for each q € S, RI' #(kq, A) = Xy[—1] and 07 4 the unique
morphism Xq[—1] = RI'(kq, A) in D(R) for which H'(05 4) is the inclusion X C H!(kq, A). In
particular, this construction incorporates the ‘perfect Selmer structures’ introduced in [24, § 2]
in order to formulate refined versions of the Birch and Swinnerton-Dyer conjecture for abelian
varieties over number fields.

There are also several natural ways in which a given Nekovar structure .# on A gives rise to
further structures. In § 3.3 we will discuss natural notions of ‘dual’ Nekovai structure. To end
this section, we record several other constructions that are also important for our approach.

(3.16) Example. (X-modifications) Let ¥ be a finite subset of II;,. Then the ‘X-modification’
Fs, and ‘Y-comodification’ .#> of .Z are the Nekovaf structures on A that are specified as
follows: S(Zs) = S(F*) = S(F)UY; for q € S(.F), one has

(RF@‘E (quA)7 9,9‘2,11) = (erz(kq7A)7eﬂE,q) = (RF,B’?(kq?A)?Q?,q%
for q € ¥\ S(.#), one has
(RT 7 (g, A), 0.7 q) = (0,0) and (RL g=(kq, A),02x 4) = (RT(kq, 4),id).

If ¥ = @, then %y, = .F> = .%. In general, Fy refines .Z and Lemma 3.12 (ii) gives an exact
triangle in D(R)

Rz, (k, A) = RT#(k, A) — @q RTf (kq, A) — - (3.17)

eS\S(F)
In addition, by comparing the exact triangles in Lemma 3.12 (i) for .# and .#> (and with S
taken to be S(.#) U X in both cases), one finds that local Tate duality (Theorem 3.5 (i)) for
each q € ¥\ S(F) gives rise to an exact triangle in D(R)
RT 7 (k, A) = RT = (k, A) — @qez\s(g)m(zﬁq, AY(1)V[-2] — -

These two displayed exact triangles combine with Lemma 3.3 (ii) to imply that .% is perfect
if and only if %y, and .Z> are both perfect. As a concrete example, if .# is the relaxed
structure Fe = Frel(A, S) from Example 3.15 (i), then one has RI'z_ (k, A) = RI'(Oy 5, A).
In particular, if ¥N.S = &, then the exact triangle (3.17) implies that RT'z,_, ; (k, A) coincides
with the ‘¥-modified étale cohomology’ complexes RI's;(Oy, g, A) used in [26] and [27]. In the
case A = Z,(1) such constructions were first used by Gross [47] and Rubin [91] in the context
of Stark’s conjectures (see also [92, Ch. IX, §5]).
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(3.18) Example. (Induced structures)

(i) If¢e: A" — Ais a homomorphism of continuous R[G]-modules, then .# induces a Nekovar
structure *(.%) on A’ as follows. One has S(v*(.%)) := S(%); for q € S(.F) one defines
RT-(#)(kq, A) via the exact triangle in D(R)

RE () (kigy A) = RT (g, A') & RT 5 (g, A) So 1070l g 4y,
and takes 0,x(#) 4 to be the morphism induced by the first morphism in this triangle.

When the map ¢ is clear from context, we will write .% 4/ in place of .*(.%).

(i) If j: A — A’is a homomorphism of continuous R[G]-modules, then .% induces a Nekovaf
structure j.(%) on A’ as follows. One has S(j.(%)) = S(F); for q € S(F), one defines
RT;, (#)(kq, A') to be RT z (kq, A) and 0, (#) 4 to be the composite RT'(kq, j) 087 4. When
the map ¢ is clear from context, we will write %4/ in place of j.(F).

(iii) Fix a morphism of rings R — R’ satisfying (2.5). Assume A is a finitely generated free
R-module and that condition (3.1) is valid. Then, for every place q € I, there exists a
natural isomorphism RI'(kq, A) ®% R’ = RI'(kq, A®g R') in D(R') (cf. Lemma 3.3 (vi))
and so one can specify a Nekovai structure .# @z R’ on A @ R’ as follows. One has
S(F @r R') = S(F); for q € S(F), one sets

R 7, r (kgy A®p R') = RT #(kq, A) @% R’
and takes 0 zg,r g to be the following composite morphism in D(R')

RT o, (ko A 05 B) 22525 Rk A) @ R = RT(ky, A 05 R).

(iv) Assume the same conditions as in (iii) and fix finite subsets S and ¥ of II; with S(A) C S
and SNY = @. Then, for the structures defined in Examples 3.15 and 3.16, Lemma 3.3 (vi)
implies that the corresponding induced structures .Fq(4, S)s ®r R, Zra(A, S)” @r R/,
Fstr(A,S)y ®r R’ and Fy: (A, S)* @r R respectively identify with Z.q(A @ R, S)s,
3}61(14 ®r R, S) str(A ®r R S)z and g‘\str(A ®r R, S)Z.

For the induced structures defined in the last example, one has the following useful ‘control
theorems’ for Selmer complexes.

(3.19) Proposition. Assume condition (3.1) is valid, and let F be a Nekovdr structure on a
finitely generated free R-module A. Then the following claims are valid.
(i) For every morphism R — R’ of rings satisfying (2.5) one has a natural isomorphism
Rl 7 (k,A) @k " 2 Rl 54, r (k, A®Rr R') in D(R).
(ii) Let R be a finite ring satisfying (2.5) and I C R an ideal. Then one has a natural
isomorphism RHompg(R/I, Rl #(k, A)) = Rl z, , (k, A[I]) in D(R/I).
(iii) Assume F is perfect and, for n € N, set A, = A ®gr (R/ay) and F, =% Qg (R/a,).
Then Lemma 2.29 defines an objectim _ RT'z, (k, Ay) of DP{(R) that is naturally iso-
morphic to RI' z(k, A). Hence, in each degree i, one has H%(k, A) = @nem HY (k, Ap).

Proof. The mapping cone of a morphism in D(R’) is unique up to ismorphism. Hence, given
the explicit definition of each complex RI' zg,r/ (kq, A ®r R’) and morphism 64 FPR the
isomorphism in (i) results directly by comparing the triangles (3.14) for the structures .# and
Fagpr and taking account of the isomorphisms in Lemma 3.3 (vi).

The isomorphism in (ii) is obtained by a similar application of Lemma 3.3 (vii) with R’ = R/I.
To prove (iii), the fact .# is perfect allows us to fix a bounded complex P*® of finitely generated
projective R-modules that is isomorphic in D(R) to RI'#(k, A). We then fix integers a and b
with a < b and such that P! = (0) if either 4 < a or i > b. Then by applying the isomorphism
n (i) to the morphism R — R/a,, respectively R/an,+1 — R/a,, we deduce RI'z, (k, A/a,A)

belongs to DE;Z{(R/ an), respectively there exists an isomorphism RT gz, ., (k, Ani1) ®% Janir
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R/a, 2RIz, (k, A,) in D(R/ay,). The hypotheses of Lemma 2.29 are therefore satisfied in this
case so that lim _ Rz, (k, Ay) is well-defined and isomorphic in D(R) to RI'#(k, A) = P*® by
the uniqueness assertion of the latter result. This isomorphism then induces an identification
H(k, A) = hm o Hf% (k, A,) in each degree i since all modules P7/a,, and H; (k, Ay) are
finite and inverse limits are exact on the category of finite abelian groups. O

(3.20) Remark. The isomorphisms in Proposition 3.19 (i) and (ii) respectively give rise to

convergent spectral sequences
Ey) = Torf,(H(k,A),R)) = EM =g

“/A®RR/ (

E;’j = EXt%(R/I, Hé‘(kyA)) = EY= H«;—j{l](k’ Alll).

k,A@R R/),

In particular, if H_Oy(k, A) vanishes, then the latter spectral sequence induces an isomorphism
HY(k,A)[I) = HS  (k, A[I]). This observation is the natural analogue for Nekovar structures

A[T]

of the result of [26, Cor. 3.8].

3.2.2. Mazur—Rubin—Selmer structures

For each place q € 11, \ II3°, we now set
H(kq, A) = H"(RTf(kq, A)) = ker(H (kq, A) — H' (K}, A)).

(3.21) Definition. A ‘Mazur—Rubin(-Selmer) structure’ F on A comprises
e a finite set S(F) of places of k that contains S(A), and
o for each q € I, an R-submodule

H}:(kq’A) - Hl(kCI>A)
of H'(kq, A), with Hx(kq, A) == H}(kzq,A) for all q € I, \ S(F).

A Mazur—Rubin structure F' on A ‘refines’ F, written F' < F, if S(F) C S(F') and for each
q € Iy, one has HL (kq, A) C Hyx(kq, A).

The link between these structures and Nekovar structures is as follows.

(3.22) Lemma. The following claims are valid.

(i) A Nekovar structure F on A induces a canonical Mazur—Rubin structure h(F) on A. If
F' is a Nekovdr structure that refines 7, then h(F') refines h(F).

(ii) Let F be a Mazur—Rubin structure on A. Then there exists a Nekovdr structure F on A
for which h(F) = F, S(F) = S(F) and R g (kq, A) = Hx(kq, A)[—1] for all q € S(F).
These conditions determine F uniquely if and only if Exth(Hx(kq, A), H(kq, A)) = (0)
for all q in S(F).

Proof. Fix a NekovaF structure .# on A. Then one obtains a well-defined Mazur—Rubin struc-
ture h(.#) by setting

S(MF)) = S(F) and Hy z) (kg A) = im(H' (07 4)) for all q € I,

With this definition, it is also immediately clear that h(Z") < h(F) if F' < .Z, as required to
prove (i).
To prove (ii), we use for each q in S(F) the convergent cohomological spectral sequence

By =[], Bxth(H (H kg, A)[=1])), H*'(RT (kq, A)))
= HPY(RHomp(Hk(kq, A)[—1], RT (kq, A)))
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from [109, III, 4.6.10]. Since Hx(kq, A)[—1] is acyclic outside degree 1, this spectral sequence
converges to give a short exact sequence

0 = Bxth(H(ky, A), HO(ke, A)) — Hom (g (Hx(ky, A)[~ 1], RD(ky, A))

1
OO, Homp (HY (ky, A), H (g, A)) — 0.

We may therefore choose a morphism ¢q: Hi(kq, A)[—1] — RI'(kq, 4) in D(R) for which
H'(¢q) is the inclusion H%(kq, A) — H'(kq, A). In particular, if we define .7 to be the Nekovar
structure with S(#) = S(F) and, for each q € S(F), both RI'5(kq, A) = Hx(kq, A)[—1]
and 0z, = 04, then it is clear h(#) = F. It is also clear from the displayed exact se-

quence that, given F, a Nekovai structure with these conditions is unique if and only if
Exth(Hx(kq, A), H(kq, A)) vanishes for all q in S(F). O

(3.23) Example. Fix a finite subset S of II; with S(A) C S.

(i) The relaxed Selmer structure Fre] = Frel(4,5) for A and S defined in [25, Exam. 2.4]
is equal to h(Zel(A4,S)). In particular, S(F.) = S and H}rel(kq,A) = H'(kq, A) for
ges.

(ii) The canonical Selmer structure Fean = Fean(A, S) for A and S defined in [74, Def. 3.2.1]
is equal to h(Fcan(A4,5)). In particular, S(Fean) = S and

Hl(ks, A if S\ (TI° U T2
H]l: (kq,A): f( q> )) 1 qe \( k k)?
H'(kq, A), ifqe Il UIL.
(iii) If R is a Z,-order, then the unramified Selmer structure F, = Fur(A4,S) for A and S is
a refinement of Fean(A) defined in [76, Def. 5.1]. One has S(Fy,) = S and for q € S sets
Hy  (kq, A), if ge S\ I,
(mL CorL/kq(Hl(LvA)))Sata lfq € Hpa
where in the intersection L runs over all finite unramified extensions of kg, and we write
X2t for the saturation of a subgroup X of H!(kq, A). In particular, if R is a discrete
valuation ring, then [76, Cor. 5.3] shows that Fy,(A) coincides with Fean(A) if and only
if H%(kq, AV (1)) is finite for every q € II%.
(iv) Let A’ be a submodule, respectively quotient, of the R[Gj]-module A. Then, by [74,

Exam. 1.3.3 and 2.17], a Mazur-Rubin structure F on A induces the Mazur-Rubin struc-
ture F4 on A’ with S(Fa/) :== S(F) and, for each q € S(F),

Hy,, (g, A') = ker(H' (kq, A") = H/z(kq, A),

Hy (kq, A) = {

respectively

Hy (g, A') = im(Hz(kq, A) = H' (kq, A")).
If .7 is a Nekovér structure on A such that h(.%#) = F, then, in the respective notation
of Example 3.18 (i) and (ii), one has in both cases Fa = h(.Z /).

(3.24) Remark. If A" is a quotient of the R[Gk]-module A then, for the following sorts of
reasons, care is needed in the use of induced structures in the sense of Example 3.23 (iv).

(i) Whilst, in some cases, the induced structure Fean(A)s coincides with Fean(A'), it is in
general strictly finer (cf. [92, Lem. 3.5], [74, Prop. 6.2.6]).

(ii) Let R — R’ be a surjective morphism of rings satisfying (2.5), and write A’ for the
corresponding quotient A ®g R’ of A. Assume A is a free R-module, let .7 be a Nekovar
structure on A and recall the Nekovai structure . @ R’ on A’ defined (under condition
(3.1)) in Example 3.18 (iii). Then one has h(F)a < h(F ®r R’) and, in general, this
refinement is strict. For example, in contrast to the situation for Nekovar structures
themselves (cf. Example 3.15 (iv)), the latter refinement is usually strict in the case that
Z is a relaxed Nekovar structure.
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To each Mazur—Rubin structure one associates a Selmer module as follows.

(3.25) Definition. Let F be a Mazur—Rubin structure on A. For q € I, we write H/l]_-(kq,A)
for the quotient module H' (kq, A)/Hx(kq, A). The Selmer module Hyx-(k, A) of F is then defined

to be the kernel of the natural localisation map
(OkS]:)v —>@ H/]—‘ kChA)

If S is any finite subset of IT; with S(F) C S, then the argument of Lemma 3.12 (i) implies
H }(k:, A) is also equal to the kernel of the localisation map

As(F): H' (Ors,A) = @D H} p(kq, A).
qes

To describe the link between the Selmer complex of a Nekoval structure .# on A and the
Selmer module of the Mazur-Rubin structure h(.%), we use, for each finite subset S of Ilj, the
natural diagonal map

0
N§(F): H(k, A) %@m(}%{(“a’ﬁ)) (3.26)

(This is an analogue in degree zero of the map Ag(h(.%)).)

(3.27) Lemma. For each Nekovdr structure F on A the following claims are valid.

(i) There exist canonical short exact sequences of R-modules

0= Hyzy(k, A)Y = Hz(k, A)Y = ker(\g 7 (F)") = 0.

(i1) If S and S’ are finite subsets of Iy with S’ C S, then there exists a canonical exact
sequence of R-modules
0 = ker(A\} o (F)") = kerA4(Z)") & D _Hk ) T cok(N\, o (Z)Y) = 0
S\S’ S qes’ lm(HO(ng,q)) S\s’ .

Proof. To prove (i) we abbreviate S(.#) to S. We then note that .# refines the relaxed structure
Frel defined in Example 3.15 (i), and hence that the long exact cohomology sequence of the
exact triangle of Lemma 3.12 (ii) for the pair (%, %) gives an exact commutative diagram

H™Y(Or5,A) —— @ H"1(Cq) —— Hiz(k,A) — H'(Or5,4A) —— @ H'(Cy)

H (5 a] #)a]

- Py T  A) ; v,y ke A)
H™ (O3, A @ m(H1(07,)) H'(Or,s,4) = @ im(H (0.7 4))

Here all direct sums run over q € S and for such q we set Cy :== RI' 7, /7 (kq, A) = R/ z(kq, A)
and write ﬁq for the injective map induced by the long exact cohomology sequence of the
tautological exact triangle Rz (kq, A) — RI'(kq, A) — Cq — -. In addition, A\’ denotes the
natural localisation map so that A\* = A\%(.#) and A\! = )\S(h(ﬂ)).

Now H'(Oy.s,A) = (0) and, for each q, also H™'(Cy) = ker(H%(07 4)) since H ! (kq, A) =
(0). Given these facts, the exactness of the above diagram with ¢ = 0, respectively i = 1,
directly gives the first exact sequence in (i), respectively a short exact sequence

0 = cok(AG(F)) = Hz(k, A) = Hy 5 (k, A) = 0. (3.28)

The second exact sequence in (i) is then obtained as the Matlis dual of the latter sequence.

32



The exact sequence in (ii) is directly obtained by applying the Snake Lemma to the obvious
exact commutative diagram

(#)

Ohed) \V S\s .
ker(A}, g (F))— (Byesns: momoasy;) im(\, o (#)")

ﬂ A7) [

HO(kq,A) \VY
ker(A3(7))—— (Byes mrmvits; ) HO(k, A)Y

HO(kg,A) \V
(Equs/ WB%))
O

Let F be a Mazur—Rubin structure on A and, for each n, write F,, for the induced structure
Fa, on A, = A®g (R/a,). Then the explicit definition of induced structure (in Example
3.23 (iv)) implies the existence of a natural projection map H}_-n+1(k, Apy1) — H]l:n (k,Ap). In
a similar way, there is a natural diagonal projection map from H]lr(k, A) to the corresponding
inverse limit @nEINH}:n (k, Ap,). The following result is the analogue of Proposition 3.19 in
this setting (and does not require A to be a free R-module).

(3.29) Lemma. Assume A is finitely generated as an R-module. Then, for any Mazur—Rubin
structure F on A, the natural map Hx(k, A) — @ne]NH}n (k, A,) is bijective.

Proof. Consider the exact commutative diagram

0 —— Hi(k,A) —— H'(k,A) ———— @verH/lf(k:v,A)

| l= la

0 — lim Hr (k,A,) — lim H'(k, A,) — @n@venk@;n(kv,An).

Here the middle vertical map is bijective by [92, Prop. B.2.3] since each A,, is finite. It therefore
suffices to prove that « is injective and hence, since « factors as a natural composite

/B’U v . .
P H/x(k,, A) ol lim Hy (ky, An) < lim @D Hlx (ku, An),
v v v
it suffices to show that each map [, is bijective. To do this, we consider the natural exact
commutative diagram

0 —— Hi(ky,A) ——— H'(ky, A) ——— H/lf(kU,A) — 0

l'Yv l: \Lﬁv
0 — LiinnH]l_—n(kv,An) N @nﬂl(kv,/xn) — rglnH/lfn(/gv,An) — 0.

Here the second vertical map is again bijective because each A, is finite and the exactness of
the bottom row is obtained by applying the functor @n(—) to the underlying (tautological)
exact sequence of finite groups. The bijectivity of 3, will therefore follow as a consequence
of the Snake Lemma provided that ~, is surjective. This is in turn true since each map
HLi(k,, A)— H }n (kv, Ay) is surjective (by definition of F,,) and inverse limits are exact on the
category of finite groups. O

3.3. Duality results

If A is finitely generated over R, then, for each q € I, local Tate duality induces a canonical
isomorphism of R-modules H(kq, A) ~ H'(kq, AY(1))". Following [74, §1.3], for any Mazur—
Rubin structure F on A, one uses these isomorphisms to define a ‘dual’ Mazur—Rubin structure
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FY on AY(1) by setting S(F) := S(F) and, for each q € IIj,
H}:V (kq’Av(l)) = ker(Hl(kCh Av(l)) = Hl(kch A)v - H}:(kch A)v) = ‘[{/1]-'(’1{:‘17 A)v

In this section, we discuss the natural analogues of this construction for Nekovaf structures.

3.3.1. Dual Nekovai—Selmer structures

The following terminology will be convenient.

(3.30) Definition. A Nekovdr structure .7 on A is ‘co-relazed’, respectively ‘co-strict’, if for
every q € II° one has RI' z(kq, A) = RI'(kq, A) and 0. 4 is the identity morphism, respectively
Rl 7z (kq, A) is the zero complex.

(3.31) Example. The structures .Zro1(A4, S)s, Frel(4, S, Fean(A, Sy and Fean (A, S)x from
Example 3.15 are oco-relaxed, whilst Zy, (A, )y and F, (A, S)* are co-strict.

We now introduce the notions of dual Nekovar structure that are useful in our theory.

(3.32) Definition. For any Nekovdr structure . on a finite-rank free R-module A, we specify
‘dual’ co-strict Nekovdr structures F* on A*(1) and " on AY(1) as follows.

(a) S(F*)=S(F); for q € IIf° one has RI z«(kq, A*(1)) == 0; for q € S(F) \ II}°, we set
RI gz« (kq, A*(1)) == RHompg(RI) 7 (kq, A), R[-2])
and take 0z« 4 to be the composite morphism

RT 5+ (kq, A) 22 RHomp(RT(kg, A), R[~2]) = R (kq, A*(1))

where ¢q is the natural morphism RI'(kq, A) — RF/g(kq,A) and the isomorphism is the
first isomorphism in Proposition 3.5 (i).
(b) S(FY) = S(F); for 4 € I one has RT 5+ (ky, AY(1)) = 0; for q € S(F) \ I, we set
RI zv (kq, AY(1)) :== RHompg(RL, #(kq, A), Egr(k)[—2])
and take 0 zv 4 to be the composite morphism

RE 5 (ks A) 212 RHomp(RT (kg, A), Er(K)[—2]) = RT(ke, A (1))

where ¢q is the natural morphism RI'(kq, A) — RI)z(kq, A) and the isomorphism is the
second isomorphism in Proposition 3.5 (i).

(3.33) Example. For any finite subset ¥ of Iy with XN S(%#) = &, one has (Fq(A4, S)n)* =
Fsr(A*(1),9)" and (Frel(A, 9)s)Y = Fur(AY(1), ).

The following result establishes some important compatibilities between the notions of dual
and induced Nekovar and Mazur—Rubin structures.

(3.34) Lemma. For every Nekovar structure F on a finite-rank free R-module A the following
claims are valid.
(i) For a morphism R — R' of rings satisfying (2.5), the isomorphism (A ®r R')*(1) =
A*(1) @r R induces an equality (Fagrr')* = (F*)a(1)opr of Nekovdr structures.
(ii) For every n < m, the isomorphism A% (1) = A} lan] induces an equality (Fa,)* =
(F4,.)Av[an)1) of Nekovdr structures.
(iii) One has an equality h(F") = h(F)V of Mazur-Rubin structures on AV(1).

Proof. The proofs of (i) and (ii) proceed along very similar lines and so we restrict ourselves
to the proof of (ii), leaving details for (i) to the attentive reader. For this, we define functors

Fi(-) == RHomg, (— ®% R,,R,) and Fy(—) := RHomp(R,, RHomg(—, Ex(k))).
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Then it follows from derived Tensor-Hom adjunction [111, Th. 10.8.7] that there is natural
isomorphism of functors F1 = Fy, hence for every q € II; we have a commutative diagram

Fi(07,q)
Fy (RT3 (kgy A)) 0790, By (RT (ky, Arn))

J/_ F1(0 & i_
Fy(RT) 5 (g, Am)) —Z9 5 By (RD(ky, Ap))

In addition, we have an isomorphism (using Lemma 3.3 (vi) for the first and Theorem 3.5 (i)
for the second isomorphism)

t1: F1(RT(kq, Am)) = RHomp, (RT(kq, An), Rn) = RT(kq, A, (1))
and also an isomorphism (using Theorem 3.5 (i) for the first and Lemma 3.3 (vii) for the second
isomorphism)
to: Fo(RT (kq, A)) — RHomp(Ry, RT(kq, Ay, (1)) — RT (kq, Ay (1)).
n](l)’q = tg ¢} Fg(eyﬂ).
Recall that the isomorphisms of local Tate duality in Theorem 3.5 (i) are induced by cup

products and are therefore functorial. It follows that we have a commutative diagram (cf. [80,
proof of Prop. 5.2.4])

By definition, one then has 0(z, )« q =t1 0 Fi(07q) and 0(zv) o

Fy(RT (kg, Ap)) —2 R (kq, AY(1))
Fy(RI (ky, Am)) —2— RI(kq, A)(1)),

which together with the previous discussion proves the claimed equality (Z4,,)* = (Z") AY, [an](1)
of Nekovar structures.
To prove (iii), we recall that, for q € IIj, the group Hé(y)(kq, AV (1)) is defined to be the image

of H'(07v 4). Now, there is the commutative diagram
Rrggzv (k‘q, Av(l)) — RHomR(RF/g(k:q, A*(l)), ER(]k))[—2]
leg*,q l%"‘
RI(kg, AY(1)) +——=—— RHompg(RI'(k,, A), Er(k))[—2].

Here the equality in the top line is by definition of .#V, and the bottom isomorphism is the
second in Proposition 3.5 (i). Taking cohomology then induces, since Er(k) is self-injective
and therefore the exact functor (—)Y = Homp(—, Er(k)) commutes with cohomology, a com-
mutative diagram

HY (g, AY(1)) == H}p (ky, A (1))
JHl(eg,q) lHl(eg,q)v
Hl(kzq,AV(l)) — Hl(k:q,A)v,
where bottom isomorphism is by local Tate duality. We deduce that
Hy (kg AY (1)) = im(H (0.7 4))

Hl(eg",q)v

= im (H5(kq, A (1)) H'(kq, A)Y = H' (kq, A¥(1)))
= ker (im(0.zq)" — H' (kq, A)Y = H' (kq, A (1)))

= ker (Hj,( g (kq, A)Y = H'(kq, A)Y = H' (g, AY(1)))

= Hi(z)v (kq, A" (1)),
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where the isomorphism is obtained by applying the exact functor (—)V to the exact sequence

1
HY (g, A) 70205 Y kg, 4) = H) 2 (kg A).

This proves the claimed equality h(#") = h(.Z)" of Mazur-Rubin structures. O

(3.35) Remark. Assume A (and hence also A*(1)) is a finite-rank free R-module and .%* is
perfect. Then, by combining the identifications (:#*) 4x (1) = (#4,,)" in Lemma 3.34 (i) with the
result of Proposition 3.19 (iii) for .#*, one obtains a natural isomorphism RI'z-(k, A*(1)) =
L Rl(#,, ) (k A% (1)) in D(R) and hence also, in each degree 4, an induced identification

Hi,.(k, A* =lim _ Hiy (K AL(D).

(3.36) Remark. For any Mazur—Rubin structure F on a finitely generated R-module A
there exists for each n an equality of Mazur-Rubin structures (Fa,)* = (F)av[a,)(1) o0
A% (1) = AY[a,] that is analogous to Lemma 3.34 (ii) (cf. [74, Ex. 1.3.3]). This combines
with the identification A¥ = AY = An+1[an] — Ay, = A, (cf. Lemma 2.8) to in-
duce both a morphism H(]_. )*(k: A (1)) — H( ) .(k, Ay (1)) and also a diagonal map

HL,(k,AY(1)) - lim H1 (k, A% (1)), where the limit is taken with respect to the above
morphisms. By a similar argument to that in Lemma 3.29 one can prove that this diagonal
map is bijective.

We will also use the following technical result regarding the a,-torsion submodules of dual
Selmer modules.

(3.37) Lemma. Assume that A is R-free of finite rank for which AY(1)% = (0). Then, for
any Mazur—Rubin structure F on A, the natural map A, (1) — AV(1) induces an isomorphism

H(lfAn)v(/{:,A,vl(l)) = Hxy(k, AY(1))[a,] for every n > 0.

Proof. This is proved in [26, Cor. 3.8] (see also [74, Lem. 3.5.3]). O

3.3.2. Consequences of Artin—Verdier duality

In this section, we discuss relations between the Selmer complexes that are respectively asso-
ciated to a Nekovai structure .# and to its duals .#* and .#".

For each q € II} we write 74(A) for the canonical morphism RI'(kq, A) — RI'ate(kq, A), and
we then define an object of D(R) by setting

Aso(k, A) == @qengA ® @qEHECone(Tq(A))[—l].

From Proposition 3.5 (ii) one then obtains the following relation between the Selmer complex
for . and the appropriate duals of the Selmer complexes for .#* and .#"

(3.38) Proposition. Artin—Verdier duality induces canonical morphisms
pz,7+: RHomp(Ax(k, A*(1)), R)[-3] — @qenzo R 7 (kq, A)
pz.zv: RHomp(Ax(k, AY(1)), Er(k)[=3] = @qenze RL# (ky, A)
in D(R). Setting RT'4Y 7+ (k,A) = Cone(uz z+) and Rl“y Vv (k, A) = Cone(ugz zv), there

exist canonical ezact triangles in D(R)
Oz g+
RT z(k, A) ——7— RHomp(RT #«(k, A*(1)), R)[~3] — RT z. (k, A) —

) v
RT 5 (k, A) ——7— RHomp(RL v (k, A" (1)), Er(k))[~3] — R[S 5 (k, A) —
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Proof. To prove the stated results for .#*, we set B := A*(1) and consider the following
commutative diagram in D(R)

Ao (k, B) (3.39)

RFC(Ok,Sv B) — RF(Ok,Sa B) - @quRF(kqa B) —

g
As(B)

RT(Ok.5, B) — R (0.5, B) == @, sR  ate (g, B) —— -

(1q(B))q

Here the upper triangle is the appropriate case of the exact triangle (3.2) and, for q € S\
IR, we write RI'rate(kq, B) and 74(A) for RI'(kq, B) and the identity morphism RI'(kq, B) —
RI'(kq, B). In addition, Ag(B) is the natural localisation morphism and lf%\fc(Ok’S, B) denotes
its mapping fibre and the vertical exact triangle is that which follows directly from the definition
of Ax(k, B). In particular, from the (obvious) commutativity of the central square, one deduces
the existence of a morphism p that completes the diagram to give a morphism of exact triangles,
and thereby implies the existence of an exact triangle that forms the first column of the following
commutative diagram in D(R)

RIo(Ok,s5, B) — RT3+ (k, B) —— @qc\n RT 5+ (g, B) —— - (3.40)
’ .

RT(Op,s, B) — RT 7+ (k, B) —— Dies\eRT 7+ (kg, B) — -

.

Ay (k, B) ——— A (k, B)

Here the complex ]F,{\fy*(k:, B) is defined via the same exact triangle as RI'z«(k, B) after re-
placing RI'(kq, B) for each q € II{° by RI'ate(kq, B) and the morphism jz+ is then induced by
the obvious analogue of (3.39). In addition, the first row is the exact triangle of (3.14) (with
A and Z replaced by B and .#*) and the second row is the natural analogue of this exact
triangle. In particular, since the first square in the diagram commutes there exists a morphism
o+ which makes the lower square commute and the second column an exact triangle in D(R).
Now, if we apply the exact functor X +— X*[—3] to the second row of (3.40) and then substitute
the first isomorphism in Proposition 3.5 (ii) and recall the explicit definition of the complexes
RI' z+(kq, B) for q € S\ II3°, we obtain an exact triangle in D(R)

_ ) \
RL 7+ (k, B)*[~3] — RI'(O.5, A) = @qu\HmRF/ (kg A) — -
k

in which A is the natural localisation map. By the argument of Lemma 3.12 (ii), this in turn
induces a canonical exact triangle in D(R) that forms the central row of the following diagram
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RL 5 (k, A) —— RL - (k. B)"[-3] —% @qerre RI5 (ky, 4) — -

;w@J %

RT 5 (kq, B)*[—3] =—— RT 5 (kq, B)*[—3]

Here the central column is the exact triangle obtained by applying the functor X — X*[—3]
to the second column in (3.40) so p' = (p'5.)*[~3] and p = (pz+)*[-3]. In particular, if we
respectively define pz #+ and §7 z- to be the morphisms 6’ o (t/;.)*[—3] and (pz+)*[—3] 0 0,
then the Octahedral axiom combines with the commutativity of the above diagram to imply
that the mapping fibres of 1z 7+ and d# #- are isomorphic (in D(R)). This last fact leads
directly to an exact triangle of the required form and so proves all claimed results for .#*.

In addition, after making obvious changes, the same argument derives the analogous claims
for .#V from the second isomorphism in Proposition 3.5 (ii). Since this is a routine matter, we
leave details to an interested reader. O
(3.41) Remark. If .% is oo-relaxed, then RF/};jv (k, A) = RHompg(A(k, AV (1)), Er(k))[-2]

7
and, by explicit computation, one checks that this is represented by the complex

(®qen5A(_1)[_2]) &) (@qGHE[A(—U A0 A(—1) 8 A(—1) 5 A1) ).

Here, for each q € H,;R, we write ¢q for the non-trivial element of G, and the first term of the
displayed complex occurs in degree 2. If .% is oco-relaxed and either R is self-injective or A is
a free R-module, then RFf}Yg* (k, A) also coincides with the above complex.

Let F; and F2 be Mazur—-Rubin structures on A with F; < F5. Then Mazur and Rubin [74,
Th. 2.3.4] have shown that global duality gives rise to a canonical exact sequence of R-modules

HY, (ky, A)
Hy, (k, A) = Hp,(k, A) » P ;(—M — H. (k, AY(1))Y - HE(k, AY(1))". (3.42)
F1 ?

qeS(F1)

We next use Proposition 3.38 to establish an analogue of this result for Nekovaf structures.

(3.43) Theorem. Let F and F, be~oo-rela:ped Nekovdr structures on A with #1 < 9 and
set B := AY(1). Fori e {1,2} write HL. (kq, B)Y for the kernel of the morphism

H3 (kg B)Y — H (RIS (k, A))
induced by the exact triangle in Proposition 3.38. Then the following claims are valid.

(i) There exists a canonical long exact sequence of R-modules

P H(RT 2, 7, (kq, A)) — Hi, (k, A) = H, (k, A) - @D H' (RT 5, 7, (kq, A))
— Hy(kq, B)Y = Hiy(k, B)Y — @ H°(RT 5y 2y (Ko, B))"

in which all direct sums are taken over q € S(F1).
(ii) Set Fi = h(F1) and Fo = h(F2) and assume the following hypotheses:
(a) the maps H (07, 4), H (0.7, 4) and H*(j7, 7,q) are injective for every q € S(.F1):
(b) IF =@ if p=2.
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Then there exists a canonical exact commutative diagram of R-modules

HY, (k,A) 2 HE,(k, A) — @ H' (RT3, 2, (ky, A)) — Hy (kg B)Y =% Hy(k, B)

R

HL (kq, A)
HE (k, A) — HE (k, A) b H?(k“ ) Hy(kq, B)" — Hyy(k, B)".
Fi\a

Here both direct sums are taken over q € S(F1)US(Fa) = S(F1)US(Fa), the first row is
induced by the exact sequence in (i), the second row is the relevant case of (3.42) and all
vertical maps are described in the course of the argument below. In addition, the map oy
is injective (resp. ag is surjective) if for each q € S(F1) U S(F2) the map H(jz, 7,.,4)
is surjective (resp. H*(jz, 7,4) is surjective and H*(jz, 7, q) is injective).

Proof. We set S := S(.#1)US(.Z3). We then recall that, since %, < %3, for each q € S we are
given a morphism jz 7, q: Rl # (kg, A) = RT %,(kq, A) in D(R) and RI' z,, 2, (kq, A) denotes
its mapping cone.

Now, since .%1 and %3 are both oo-relaxed, the morphism jz, #, q is an isomorphism for each
q € II°. In addition, if we set B := AY(1), then for each q € S\ II}°, the definition of the dual
condition (RI" zv (kq, B),0 yl_vﬂ) implies that jz #,q induces a canonical morphism

Jzy .7y.q: R zy(kg, B) = R gy (kq, B)

whose mapping cone is isomorphic to RI' g,/ (kq, A)Y[=2]. In particular, if we use these
morphisms to regard %, as a refinement of .#,’, then we obtain a commutative diagram of
exact triangles in D(R) of the form

Rl # (k,A) ———— ergzl\/(k‘, AV [-3] ——— RF%\{,e%V (k,A) —— -

RT 7, (k, A)

RT zy (k, AY(1))Y[-3] ——— RFg\;,yQV(k, A)——-

Des RI' 7,7, (kq, A) —— Bqes R 7y 7y (kq, A)¥[-2)

Here the first and second rows are the respective exact triangles from Proposition 3.38 and
the equality occurs since .#; and %3 are oco-relaxed (cf. Remark 3.41). In addition, the first
column is the exact triangle in Lemma 3.12 (ii) with (%', %) = (%#1,.%2) and the second
is the image under the exact functor X +— X*[—3] of the corresponding exact triangle with
(F,.F) = (F,#)). Finally, 6 is the direct sum over q of the local duality isomorphisms
described above. The exact sequence in (i) is now obtained by combining the long exact
cohomology sequences of the first two columns.

In regard to (ii), we first note that the assumed injectivity, for q € S, of H'(6# 4) and
H'(07,q) implies that H'(j#, #,4) is injective, and then combines with the assumed injectivity
of H*(j#,,7,,4) to induce an identification H' (R z,, 7, (kq, A)) = H}Q (kq, A)/H}-l(k;q, A). We
take the map (3 in the claimed diagram to be the direct sum over q € S of these identifications.
We next define 3; and S5 to be the Matlis duals of the first map in the second exact sequence
of Lemma 3.27 (i) with .# taken to be #; and %, respectively. We also note that, for both
i =1 and i = 2, the same exact sequence in Lemma 3.27 (i) with .Z taken to be .%,” induces
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an exact sequence

Vv
0— Hyv(k,B)Y 25 Hypv(k,B)Y = €D _H'(ky, B)” & P H (k. B)
FY A Fy qelne O

qES(F)\IL? (im(HO(Qg;Zy’q))
in which in the direct sum we have also used the fact that .7, is co-strict so that H°(6 F¥.q) 18
the zero map for each q € II?°. In addition, under condition (c), there are natural isomorphisms

0 Vo~ v v
@qu?H (kq, B) _@quEB @@qeng((1+cq)3)

= @qu%A ® @qengu —cq)A

= H*(RTYY (k, A)),
where the equality follows from Remark 3.41. It follows that the map ~; factors through the
submodule szi@lv (kq, B)Y of Hi@lv (kq, B)" and so, in the claimed diagram, we can take 4 and
B5 to be the maps that are respectively induced by v and ~5. With these specifications of the
maps fF;, it is then a straightforward exercise to check that the claimed diagram commutes, as
required.
Finally, we note that the assumed surjectivity of H(j# #,,) and injectivity of H'(jz, #,4)
for all q € S would combine to imply H(RI g, 7, (kq, A)) = (0) for such q and hence that a;
is injective as a consequence of the exact sequence in (i). In a similar way, the surjectivity of
H?(j7,,7,,q) and injectivity of H?(jz, 7,4) for all ¢ € S would imply H?(RI z,, 7, (kq,A)) =
(0) for such q and hence that «as is surjective. This verifies the final assertion of (ii). O]

3.4. Perfect Selmer complexes

In this section we assume H],E = @ if p = 2. We also fix a Nekovar structure .% on a finitely
generated free R-module A and assume the following hypothesis to be valid.

(3.44) Hypothesis. The following conditions are satisfied:
(a) 7 is oo-relaxed;
(b) For every q € S(#) \ II3°, the following conditions are satisfied:
. erf
(i) RL#(kq, A) belongs to Dﬁm] (R);
(ii) H°(05 q) is injective;
(c) For some qo € S(.#) \ II{°, the map HY(0% 4,) is 0.
(d) For some q; € S(F) \ II5°, the map H*(0# 4, ) is bijective.
For each finite subset S of II;, we also use the map A%(Z") from (3.26) to define an R-module
X5(F) = ker(\2(FV)Y).
We then abbreviate Xg(7)(F) to X(F).

The following result constructs a family of complexes that plays a key role in our theory.

(3.45) Proposition. Assume II}X = @ if p = 2, that A is a free R-module of finite rank, and
that F satisfies Hypothesis 3.44. Then the following claims are valid.

(i) The complex
O(F) = RHomp(RT 5 (k, A*(1)), R)[-2
is a well-defined object of DP*"(R) such that, in Ko(R), one has

XR(CP) =3 o e X (R (g, 4°(1).

(it) C(F) is canonically isomorphic to RHomp(RI zv(k, AY(1)), Er(k))[—2] in D(R). In
particular, in each degree i, one has H'(C(F)) = H%/ (k, AV(1))".
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(i11) Fiz a morphism R — R’ of rings satisfying (2.5). Then there exists a natural isomorphism
C(F)@% R =2 C(F ®r R') in DP*(R'), where # @r R' is the Nekovdr structure on
A®p R’ defined in Example 3.18 (iii).

(iv) Lemma 2.29 defines an object m o C(Z4,) of DP™(R) that is naturally isomorphic to

C(Z). In particular, in each degree i, one has H'(C(F)) = Jm e]NH(QjZ e Lk, A (1) .

(v) C(F) is acyclic outside degrees 0 and 1. There exists a canonical identification H°(C(.F))
= H(k,A) and a canonical exact commutative diagram

Xs(r\mz(F) (3.46)
H (k, A) s HY(O(#)) — @ e HO (kg AV(1))
g |
Hj)( v (k, AY (1) —— HY(C(F)) —————» X (7).

(vi) Let ¥ be a finite subset of . Then, for the L-comodification F> of .F defined in
Ezample 3.16, there exists a canonical exact triangle in DPf(R)

O(F) = C(F%) Lo, B, o0 R s A" (1) [-1] = (3.47)

Proof. We set B := A*(1). Since .#* is oo-strict and S(.F*) = S(#), Lemma 3.12 (iii) implies
Z* is perfect if and only if, for every q € S(F) \ 1I}°, the complex RI' z-(kq, B) belongs to
DPerf(R). Since the latter condition is satisfied as a consequence of Hypothesis 3.44 (b)(i), it
follows that RI" 7+ (k, B), and hence also C(.%), belongs to DP**{(R). For similar reasons, one
also has

Xr(C(F)) = xr(RL 7+ (kq, B)) = qus(y)\nzoXR(RFﬁ*(kqv B),
where the second equality follows from the formula in Lemma 3.12 (iii) with (A,.#) replaced
by (B,.#*). This proves (i).
To prove (ii), we use the following diagram in D(R)

C(F) » R 5. (k, A)[1] 25 RT3 (k, A)[2] —

B [ I
RHompg(RT 5 (k, A¥(1)), Er(k))[~2] — R4z (k, A)[1] 2 R 5(k, A)[2] —

Here the upper and lower rows are equivalent to the respective exact triangles in Proposi-
tion 3.38 (ii) and the left hand equality follows from Remark 3.41. In addition, an analysis of
the construction of these triangles shows that the morphisms 6; and 65 coincide as they are
both induced by the morphism @qGH?RI‘/g(lﬂq,A) — RI'#(k, A)[1] that occurs in the exact
triangle (3.10). The Octahedral axiom therefore implies the existence of a dashed arrow that
makes the above diagram into a morphisms of exact triangles and hence is an isomorphism in
D(R). This proves the first assertion of (ii) and then the second assertion follows immediately
from the fact that Matlis duality is an exact functor.

To prove (iii) we note that the argument of Lemma 3.34 (i) implies an equality .#* ®r R’ =
(# ®@r R')* of Nekovar structures on A*(1) @z R’ = (A ®pr R')*(1). After taking this into
account, the exact triangle (3.14) with .# replaced by .#* combines with Lemma 3.3 (vi) (with
F (—) taken to be RI'.(Of, g, —)) and the explicit definition of the local conditions for .#*®@pr R’
to imply the existence of a natural isomorphism in D(R’)

RE 5 (k, A*(1) €% B 2 RO (50 (K, (A @ R)(1)):

Upon applying the exact functor RHompg/(—, R')[—2] to this isomorphism one obtains the
claimed isomorphism in (ii).
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To prove (iv) we first apply (iii) with R — R’ taken to be R — R/a,, to deduce that for each n
there exists a natural isomorphism C(F)®% R/a, & C(Z4,) in DP*(R/a,). Given this family
of isomorphisms the first assertion of (iii) is proved by mimicking the argument of Proposition
3.19 after replacing RI'#(k, A) by C(.%). From the ismorphism C (%) = @nem C(F4,) one
then derives, in each degree i, an identification

HY(C(#)) = Hi(lim,_ C(Fa,) = lim _ H'(C(F4,)) = lim 5 (k, A5(1)"
Here the second equality is valid since inverse limits are exact on the category of finite abelian
groups and the third since R, is self-injective and so taking duals commutes with taking
cohomology. This proves (iv).
Turning to the proof of (v), we note that, since H,;R = @ if p = 2, Hypothesis 3.44 (a) implies
H'(kq,A) = (0) for all ¢ > 2 and all q € II3°. This fact combines with Remark 3.41 to
imply H!(RI'JY (k, A)) = (0) for i # 2 and also combines with 3.44 (b) (iii) and (d) and Lemma
3.12(iv) to imply H%(k, A) = (0) for i < 0 and ¢ > 2. These observations in turn combine
with the long cohomology exact sequence of the exact triangle in Proposition 3.38 to imply
HY(C(Z)) = (0) for i < —1 and i > 1, to identify H*(C(.%)) with Hi;l(k,A) for i € {—1,0}
and to give a short exact sequence that forms the central row of (3.46). In addition, since 3.44 (c)
implies injectivity of A% S(F J)(gz ), 3.44 (b) (ii) combines with the first exact sequence in Lemma
3.27 (i) to imply that H%(k, A) = (0). To complete the proof of (ii), it is therefore enough
to construct the diagram (3.46). To do this, we note that H'(Cz(A)) = HL. (k, AV(1))Y by
(iv) and the fact that taking Matlis duals is exact. Given this identification, we obtain the
exact sequence that forms the lower row of (3.46) by first taking Matlis duals in the second
exact sequence in Lemma 3.27 (i) with (A, %) taken to be (AY(1), #"), and then recalling that
h(FV) = h(F)" by Lemma 3.34 (iii).
We now take the map a3 in (3.46) to be the map « in the exact sequence of Lemma 3.27 (iii)
with (%, 5) replaced by (#Y,S(#")). Then, with this definition, the commutativity of the
second square in (3.46) is clear and this has two consequences: firstly, the map a3 is surjective
(as can also be seen directly from Lemma 3.27 (iii) since the conditions 3.44 (b)(iii) and (d)
combine to imply H° (0#v q,) is the zero map) and there exists an injective morphism oy that
makes the first square of (3.46) commute. The existence of a surjective morphism «a; that
makes the first column of (3.46) a short exact sequence now follows by applying the Snake
Lemma to the lower two rows of the diagram and taking account of the exact sequence in
Lemma 3.27 (ii) with (Z, S, S’) taken to be (FV,S(ZY),113°). This proves (v).
To prove (vi) we note that (.#*)* coincides with the Nekovai structure (.#*)s on B. Given
this, the claimed exact triangle is directly obtained by applying the exact functor X +— X*[—2]
to the exact triangle (3.17) with (A, .#) replaced by (B, .#*). O

The following result establishes properties of the modules Xg(.%#) used in later arguments.

(3.48) Lemma. Let .Z be a Nekovdr structure on a finitely generated R-module A and S a
finite subset of I.. Then the R-module Xs(.F) = ker(A4(FV)Y) is finitely generated. Further,
if condition (3.1) is valid, A is a free R-module and RI' z(kq, A) belongs to D%eg( ) for all
q € S, then the following claims are also valid.
(i) Every morphism R — R’ of rings satisfying condition (2.5) induces a surjective map of
R'-modules Xs(F) ®pr R' - Xs(F @r R').
(ii)) The maps from (i) combine to give an isomorphism Xg(F) = lim,E]NXg(ﬁ ®gr R;) of

%
R-modules in which oll of the transition morphisms in the inverse limit are surjective.

Proof. The definition of A$(#") directly implies that
@ (HO(kq, AY (1)) / im(H (82 )" C @ HO(kq, AV (1))V.

In addition, for each q € S, the Matlis dual of the inclusion Ho(k:q, Av( )) C AY(1) is a surject-
ive map A(—1) - H%(k,, AV(1))V. The latter map implies that each R-module H%(kq, A¥(1))"
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is finitely generated and hence, since S is finite (and R is Noetherian), the displayed inclusions
imply Xg(.%) is also finitely generated over R, as claimed.

In the rest of the argument we assume all of the stated hypotheses for (i) and (ii). We then fix
q € S and note that the definition of .#" gives an idomorphism

HO(Gg\/,q)V

ker (HO(kq, AY(1))" H (kq, AY(1))") = ker (H?(kq, A) — H}5(kq, A))

2
= im (HZ (ky, A) 207 g2k, A)).

Consider now the commutative diagram

2
H}5 (key A) @1 B — H (ke A) @5 B ——Z), (coker H(0.5))" @ R — 0

! =, !

*Ozspr)

H/lgz(kq,A®R R') — H%(kq, A®g R') —— (coker H*(0( @ prv))" — 0,

where the middle arrow is an isomorphism by the assumption that Rz (kq, A) € Dﬁ]eg(R)

and (the argument of) Lemma 2.31 (ii). It follows that the rightmost arrow is surjective. In

addition, global duality (Proposition 3.5 (ii)) shows that H(k, AV(1))Y = H3(RI.(k, A)) and

since RL¢(k, A) belongs to DF erﬁ(R) (by condition (3.1)), and so we similarly deduce that the
v

map HO(k, AV(1))V @g R — HY(k,(A®g R')V(1))" is an isomorphism.
From the definition of Xg(.%) (resp. of Xg(-# @ R')) we then obtain the commutative diagram

)
Xs(F)@r R — (@qeg(coker HO(05v))Y) ®@r R — HO(k, AY(1))” @r R — 0

! | |

0 — Xs(Z @rR)— @qes(cokerHO(G(,%@RR/)V))V — H%E,(A®r R)V(1))Y — 0

We have seen above that the two rightmost arrows are isomorphisms, hence the arrow on the
left is as well. This proves claim (i).
As for claim (ii), the above diagram reduces us to proving, for every q € S, the isomorphisms

lim(coker H(0( 7@ r,)v))" = (coker H(07v))"  lim HO(k, (A®RR;)"(1))" = HO(k, AY(1))".
€N 1€IN

As in the discussion of claim (i), we can then further reduce to establishing the isomorphisms
l'glie]N Hé@RRi(vkq’A ®r Ri) = H}(k:q,il/) and @iem H%(kq, A ®R R;) & H%(kq, A), as well
as m, o H3(RI.(k, A ®gr R;)) = H3(RT.(k, A)). These latter isomorphisms are in turn a

consequence of Lemma 2.29, applied to the complexes RI' z(kq, A), RI'(kq, A), and f{VFc(k, A).
]

4. Euler systems relative to Nekova¥ structures

4.1. The definition of higher-rank Euler systems

Fix a prime number p and assume condition (3.1). We also fix a ring R that satisfies condition
(2.5), a number field k, and finite-rank free R-module 7 that carries a continuous action of
Gj. Assume that Spam, (7)) is finite, and choose a finite subset Sy of I with

Hzo U Hz C 5.
(In applications one often takes Sy = II° UTI, U Spam(7T).) For q € I \ So, we set
Euly(X) = det(1 — Frob, ' X | H°(I;, T*(1))) € R[X],

where I, is a choice of inertia subgroup (in Gy) at q.
We fix an abelian pro-p extension K of k in which all places in II}° split completely, and denote
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the collection of finite extensions of k contained in K by ). For each extension K of k contained
in IC we abbreviate Syam(K/k) to Sram(K) and then set
So(K) == SoU Sram(K) and G = Gal(K/k).

We note that R[Gx] satisfies condition (2.5) (with the Gorenstein property following, for ex-
ample, from Lemma 2.3) and, for any subgroup H of Gk, we set

Ny =Y o€ R[Gk].
oeH

We also write Tk for the R[Gx] x R[Gy]-module T ®% R[Gk] upon which Gx acts via right
multiplication and ¢ € G by 0 - (a ® z) == (0a) ® (x5 ~') where 7 is the image of ¢ in Gx.
In the sequel we assume to be given a family of Nekovar structures on the modules Tx that
satisfies the following hypothesis.

(4.1) Hypothesis. § = (Fx)keq is a family of Nekovaf structures parametrised by fields in
() that has both of the following properties.

(i) Each Zk is a Nekovar structure on Tx that satisfies Hypothesis 3.44.
(ii) For K and L in © with K C L, the Nekovar structure .7, ®p(g,] R[GK] induced by .7,
on Tk is the modification g}% = g[}%am(L) of i defined in Example 3.16.
For K in Q, we set Hy(K,T) = Hy _(k, Tr).

(4.2) Example. Fix a finite subset S’ of IIj \ II}° with II} U Syam(7) € S’ and assume to
be given, for every q € S’, an R[G},]-submodule 7q of T that is free as an R-module. As in
Example 3.15 we define a Greenberg-Nekovai structure Fx = 7 ((Tq K Jq,K )qes(k)) by taking

o S(K):=5"UIIP U Sram(K),

o Tox =Ts®r R[Gk] if g€ 5" and Ty i = Tk if g € S(K)\ 5,

® jo,x to be the inclusion 7q x — Tk for all g € S(K).
The family § := (%k)keq then satisfies Hypothesis 3.44 if there exist places qg,q; € S’ with
Tqo = (0) and Tq, = T.

For each K and L in € with K C L, the long exact cohomology sequence of the exact triangle
(3.47) (with % taken to be Fx and X to be Sy (L)) combines with the explicit descriptions
of cohomology given in Proposition 3.45(v) to give an injective map of R[Gx|-modules

Hy(K,T) = Hz, (k. Tic) = Hyp, (k, T). (4.3)
These maps have two important consequences. Firstly, since Hypothesis 4.1 (ii) combines with
Proposition 3.45 (iii) and Lemma 2.31 (i) to identify H;\L (k, T) with a submodule of Hi(L, T),
K
the map (4.3) induces a canonical injective homomorphism
Hi(K,T) < H(L,T). (4.4)
We use this homomorphism to identify H%(K ,7) with a submodule of Hé(L, T).

In addition, Lemma 2.17 (i) implies that, for each a € Ny, the map (4.3) induces a canonical
injective map of R[Gx]-modules

Mg, KT %ﬂn[g | Hig (b, Tic).
We use these maps to identify g, Hi(K,T) as a submodule of MRigx] H};L (k,Tr). We
K

will then also use the isomorphisms constructed in the next result.

(4.5) Lemma. Fiz a family § of Nekovdr structures as in Hypothesis 4.1 and fields K and L
i Q with K C L. Then, for each natural number a, there exists a natural isomorphism of
R[Gk]-modules

T ﬂ 5 (k, Tie) = (ﬂR[g JH3 (L, )AL/ ),
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Proof. Hypothesis 4.1 (i) implies that the complex C(.#) constructed in Proposition 3.45
satisfies the assumptions of Lemma 2.35. It follows that C'(#1) has a resolution P® in D(R[G.])
of the form P° % P!, in which PY and P! are finitely generated free R[Gr]-modules and P°
is placed in degree 0. Set H = Gal(L/K) and Pj; = P' ®g(g,] R[GKk] for i € {0,1}. Then,
by applying Lemma 2.17 (i) and taking Gal(L/K)-invariants, we obtain the upper row in the
following exact commutative diagram

a

a H H ¢ a—1 H
0= ([Negy BsLTNT = (N, PV = (P! @rigu g, )

] ]

a 1 a 0 1) 1 a—1 0
0 — ﬂT\’,[gK] HgiL((k7TK) — /\R[QK] PH —_— PH ®R[g}(] /\R[g}(} PH

To describe the lower row we note Proposition 3.45 (iii) and Hypothesis 4.1 (ii) combine to
imply C(ZL) = C(7L ®r(g,) RI9k]) is isomorphic to C(FL) ®]7L2[QL] R[Gk] and hence to
P* ®gig,) RIGk].- The lower row is therefore obtained by applying Lemma 2.17 (i) to the
exact sequence obtained from the latter resolution. Now, for any finitely generated free R[Gy -

module M, the assignment m + Ny (m) induces an isomorphism My — MH. The first and
second solid vertical isomorphisms are then obtained by applying this observation with M
taken to be /\%[QL] PY and P! QRG] /\%_[glL] PV respectively. Since the square involving these
isomorphisms clearly commutes, there exists an induced dashed map as in the diagram and the
Snake Lemma implies this map is bijective. We can therefore take the latter map to be the
required isomorphism v{ K O

We can now specify an appropriate notion of Euler system for our theory.

(4.6) Definition. Let § be a family of Nekovdr structures as in Hypothesis 4.1. Then, for each
natural number a, an ‘FEuler system’ of rank a for § is an element

— “ 1
¢ = (ck)Ken € HKEQ ﬂn[gK] Hy (K, T)
with the property that, for all fields K and L in Q with K C L, one has
_ .a =1y .
Naai(w/r)(eL) = Vi ((Hveso(L)\so(K)EUIv(Fmb” ) cx).
The collection of all such elements is naturally a module over R[Gx] that we denote by ESS (F).

If So = TI° UTL, U Spam (T), then we write ES®(F) in place of ESE, (F).

(4.7) Remark. Assume R is reduced and Z-torsion free and write Q for its total field of
fractions Q. Then R[Gk] is reduced, with total field of fractions Q[Gk| and, for every natural
number a and finitely generated R[Gx]|-module M, there exists a natural isomorphism

(reQar /\R[QK] M| f(x) € R[Gk] for all f € /\R[QK] M*} — mR[gK] M

by Lemma 2.28. In particular, there is also an identification

Nog(@er M) = Qen (g M (48)

(4.9) Example. Assume R is as in Remark 4.7 and, for each K in Q, write Z x for the
relaxed Nekovar structure on Tx. Let §rel = Frel(7) denote the family { e k }ren and, for
each K in ), set Uk = Ok g(). Then for L € Q with K C L, one has

HY (K.T)=H'Ux.T)  Hly o Tic) = B Qs T)  HL (LT) = H\(UL.T).
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In addition, setting H := Gal(L/K), [26, Rk. 6.11] implies the existence for every natural
number a of a commutative diagram of Q[Gr]-modules

A%coresy, /i

a 1 a 1
/\Q[GL}H (UL, Q®rT) /\Q[QL]H (Uk,Q®erT)
= 1=
Q®r ﬂR[g ]Hl(UL7T) Q¥R mn[g ]Hl(UK7T)
v Ny VZ/K K

T . — ~
Q®nr (ﬂR[gL] H' (UL, )"

in which the horizontal map is induced by corestriction H'(Uy,T) — H'(Uk,T) and both
vertical isomorphisms are as in (4.8). This diagram implies that elements of ES*(F.e(7))
coincide precisely with the Euler systems of rank a for the pair (7,2) defined in [26, Def. 6.1].

4.2. Hypotheses on Galois representations

We assume to be given a pair of local complete Gorenstein rings

R= l.&nz‘e]NRi and R = yinie]NRi

that arise as the respective inverse limits (as in §2.1.2) of a family of rings R; and R; that are
local, Gorenstein and of dimension zero. In particular, all transition morphisms R;+1 — R;
and R;+1 — R; are assumed to be surjective.

We write M and M for the maximal ideals of R and R, and assume that the corresponding
residue fields K := R/M and k := R/M are both finite and of characteristic p. We also adopt
the convention that Rg = K and Ry := k.

The maximal ideals M; and M; of each R; and R; are the respective images of M and M
under the canonical projections R — R; and R — R;. In addition, the corresponding residue
fields R;/M; and R;/M; respectively identify with K and k and so are both independent of i.
We also assume to be given a morphism

0:R—R
of local rings such that, for every natural number ¢, the diagram

Qi+1

Rit1 — Rita (4.10)

|, |

Ri—"—R;
commutes. Here p; and p;1 denote the maps induced by p, and the vertical arrows are the
given transition maps that occur in the respective inverse limits.
In addition, we assume to be given a finitely generated free R-module 7 that is endowed with
a continuous action of Gy that is unramified outside a finite set of places Siam(T"). We set
T:=T®rR S = Spam (T') UTI} UTI®
and, for every integer i > 0, also
Ti =T R R; T, =T ®rR; T=To=Tor K T=Ty=T®pk.
We write .% for the Nekovar structure % on T fixed in the last section, and use the associated
structures
G =F QrRi, Fi= h(ﬁz) and F; = h(ﬁz QR; Rl)
on 7; and T;. The Mazur-Rubin structures that are induced by F; and F; on 7 and T

(via the procedure described in Remark 3.23 (iv)) will then be denoted by F; and F;. We
caution the reader that in general F; and F; will be finer than Fy and F,. For each i, we set
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(i) == max{|R;|,|Ri|}. We also write k(7;) for the minimal Galois extension of k for which
G(;) acts trivially on 7;. For each i € IN, we then set

ki = k() (O)Y')k(1) and  ki(T) = k(T)k:
and finally write koo and k(7)o for the fields | J; o ki and ;e ki (T5)-
Given ¢ € IN and an element 7 € G}, we define a subset of 1I;; by setting
Qi = Q(1,Ti) = {v € llx \ S(T;) : Frob, is conjugate to 7 in Gy, (1)},
and write N; := N (Q;) for the set of square-free products of primes in Q;. We observe that
there are decreasing filtrations

Q129 D... and N DAMN;D
and for each modulus n € N;, we set
V(n):={qe Qi:qln}={qaeQqln} and v(n):=|V(n).
For each natural number j with j > 4, the Tate—Shafarevich group

H_IE,](]C,T> = mﬁ(kyT7 QJ) = keI‘ (Hllr—z(ij) - HUEQjHl(k,l”T))

is a submodule of H%(n)(k,T), where the modified Mazur—Rubin structure F;(n) is as defined

n [74, Exam. 2.1.8] (see also [26, §3.1.3]). Further, by using global duality sequences of the
form (3.42), one checks that the integer

X(Fi, j) = dimy (Hg, (k, T) /1 (k, T)) — dimy, (Hp-

T(n) ' (n )(k T ( ))/mfz*d(kvf*(l)))

(4.11)
is independent of n (for details see §6.1.3).
Before stating the relevant hypotheses, we make one further observation. Specifically, we note
the maps in Lemma 3.48 combine with the general result of Lemma 2.32 to give natural maps

Tory” (X(F), Ryy) — Tor (X(F;), Ry)
for integers j and j' with j/ > j, and also a canonical isomorphism of R-modules
~ 7 R;
TOI"?(X(?),R) = ijN Tor, J(X(yj)aRJ')v (4.12)

where the limit is taken with respect to the above maps for j/ > j. For each natural number
i, this gives rise to the following invariants J; and j(¢) of %

(4.13) Definition. For a natural number i we set
Ji = Ji(F) = im(Tor (X (F), R) — Tor" (X (%), Ri)),

where the arrow denotes the map induced by (4.12). Then, since the group Tor?i (X(%), Ry)
is finite, there exists a natural number m > i such that J; is equal to the image of the natural
map TorF™ (X (Fp), Rm) — Torl (X (Fi), R;). We define j(i) to be the least possible value of
such an m subject to the condition that the assignment i — j(i) is an increasing function of i.

We can now finally state the hypotheses on 7 and .%; that will be used in our arguments.

(4.14) Hypotheses. The following conditions are satisfied.
(i) The k[Gg]-module T' and the K[Gj]-module T are both irreducible.
(ii) There exists an element 7 of Gy__ such that dimk (7 /(7 — 1)7T) = 1.
(ii*) If p = 2, then dlm]K(T) 1.
(i) H (5(T)oo /b, T (1) = (0) B
(iv) If p € {2,3}, then the Z,[Gy]-modules T & T and T (1) & T (1) have no nonzero iso-
morphic subquotients.

(v) Z satisfies Hypothesis 3.44.
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(vi) For every natural number 4, one has x(Fj, j(i)) > 0.
(vii) Gal(k(T)so/k) is a compact p-adic analytic group.

(4.15) Remark. We clarify aspects of Hypotheses 4.14.

(i) It is clear that if T satisfies Hypothesis 4.14 (i) and (ii), respectively (ii)*, then so does
T*(1) (and with respect to the same element 7 in (ii)).

(ii) The argument of [25, Lem. 3.8] implies that, under Hypothesis 4.14 (iii), the modules
HY(k;j(T;)/k, T;*(1)) and H'(k;(T;)/k, T;(1)) vanish for every (i,7) € N? with j > 4.

(iii) By the Jordan-Holder Theorem (see the proof of Proposition 6.5 (ii) below), Hypo-
thesis 4.14 (iv) is equivalent to the following condition: if both B; and Bs denote either
T or T, then By and B3(1) have no nonzero isomorphic subquotients.

(iv) Sakamoto [96] has developed a theory of Kolyvagin systems in a case where p = 3 and
Hypothesis 4.14 (iv) fails. It seems reasonable to believe that the approach of Sakamoto
would also allow one to weaken Hypothesis 4.14 (iv) in our set-up.

(v) Hypothesis 4.14 (vi) is weaker than the ‘cartesian’ condition that originates with Mazur
and Rubin [74] and is assumed throughout [26]. For example, subsequent analysis (in
§8.3.3 and §8.4) will show that, in cases relevant to the study of Kato’s ‘generalised Iwas-
awa main conjecture’, Hypothesis 4.14 (vi) is satisfied under wide-ranging, and natural,
conditions.

(vi) Let T" be a continuous Z,[G]-module that is free of rank t over Z,, with k(T") the
fixed field of k¢ under the kernel of the induced homomorphism G} — Autz, (T"). Then
Gal(k(T")/k) is isomorphic to a closed subgroup of GL:(Z,) and so is a compact p-adic
analytic group. In particular, if R = Z,[Gal(L/k)] for any compact p-adic analytic
extension L/k and T = T" ®z, R, then k(T )« is the composite of the extensions k(T”),
L and ko of k and so Hypothesis 4.14 (vii) is valid. In addition, Hypothesis 4.14 (vii) can
be omitted in any case in which certain Tate—Shafarevich groups are known to vanish
(see Remark 6.37).

We also fix an abelian extension K of k in k¢ and often assume the following hypothesis, in
which we write Q := Q(K) for the set of finite abelian extensions of k contained in K.

(4.16) Hypotheses. The following conditions are satisfied.

(i) K is a pro-p extension that contains k(q) for all ¢ € Q; and a Z,-power extension of k in
which no finite place splits completely.

(ii) Frobgk — 1 acts injectively on T for every k > 0 and all q € Q7.

(4.17) Remark. In many situations there exist alternative conditions that can replace Hypo-
thesis 4.16 (i). This aspect is discussed in more detail in [92, §9.1].

4.3. Statement of the main result

We fix a family § = (k) keq of Nekovar structures satisfying Hypothesis 4.1 and set

X5 = Xr(C(F)) € Z.
We also assume to be given a non-zero free R-module quotient Y of @qu,;“H O(kq, TV (1))V.
Such an R-module is finitely generated and we set
ry =rtkg(Y) and rzy =ry + X3 (4.18)
We fix an R-basis be of Y and use the surjective map in the central row of diagram (3.46)
to regard Y as a quotient of H'(C(%)). We recall (from Proposition 3.45 (i) and (v)) that

C(.Z)) belongs to D[%eﬁ(R) and H(C (%)) = Hy(k, T). Hence, if r5y > 0, then the general

construction of Lemma 2.37 (i) gives a map of R-modules

97,y = Vo(m)pe: Detr(C(Fy)) = ﬂ;"jy Hi(k,T) (4.19)
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that depends only on C'(.%) and be. (Note also that Remark 2.38 (i) implies a change of b, will
not affect the validity of any of the results stated subsequently and so, for clarity of exposition,
we prefer to write ¥z, y in place of the more precise Uz, p, ).

We finally note that the R-module X (%) is finitely-presented (by Lemma 3.48 and the fact
R is Noetherian) and so, for each a € Ny, the Fitting ideal Fitt% (X (%)) is defined.

We can now state our main result concerning Euler systems for Nekovaf structures.

(4.20) Theorem. Let § = (Zk)keq be a family of Nekovdr structures satisfying Hypothesis
4.1. Assume Hypotheses 4.14 and 4.16 are valid, and that the (non-zero) free R-module Y is
such that rzy > 0. Then, for each pair of elements x and y of Fittyy (X(Fy)), there exists
a natural number N that only depends on T and has the following property: for every FEuler
system ¢ = (cx) g in ES™Y(F) and every prime ideal p of R for which both

(i) the map gp: Ry — Ry induced by o is nonzero and surjective, and

(ii) Fitth(Torf (X (Fr), R))p = Ry,
one has zyN - (cx)p € Y - 7, v (Detr (C(F1)))p.

(4.21) Remark. The Nekovar structure .%, is restricted by the assumed existence of a non-
zero free R-module quotient Y of @qenonO(kq, TY(1))Y with rzy > 0. For example, if % is
a Greenberg-Nekovar structure .7 ((7g, jq)qes(z,)) (as defined in Example 3.15 with A = T') for
which each sub-representation 7 is a free R-module, then Proposition 3.45 (i) combines with
Lemma 3.3 (ii) and (iii) to imply that

X5 = _quni [Kq: Qpl - (tkr(T) — tkgr(7y))
Hence, in this case, there exists an R-module Y of the required form with 3y > 0 if and only
if the subrepresentations 7Ty for q € IT} satisfy the following condition

quni [Kq: Qpl - tkr(Tq) > [K : Q] - rkp(T) =Y rke(H (ky, T"(1))").

qellye

Though technical in nature, Theorem 4.20 has significant advantages over the main results in
the theory of Euler, Kolyvagin and Stark systems (in arbitrary rank) developed by Mazur and
Rubin in [74, 75] and by Sakamoto, Sano and the first author in [26, 25]. Firstly, it is finer since
its conclusion directly concerns the determinants of Selmer complexes rather than the Fitting
ideals of Selmer groups. Secondly, it is more general in dealing with Euler systems relative to a
wide class of Nekovar structures rather than only to the relaxed Nekovar structure. Thirdly, it
is more widely applicable in arithmetic settings since several of the assumptions in Hypothesis
4.14 are weaker than the corresponding conditions imposed in [74, 75] and [26, 25] (see, for
example, Remark 4.15(iv)). After a lengthy series of preliminary, and rather technical, results
(some of which are possibly of independent interest), the proof of Theorem 4.20 will finally be
obtained in §7. However, a reader who is more interested to understand how Theorem 4.20
can be applied in arithmetic settings rather than in the details of its proof, may prefer at this
point to pass directly to the second part of the article (that starts in §8).

5. Kolyvagin systems |: modified Selmer complexes and derivatives

The theory of Kolyvagin systems was introduced by Mazur and Rubin in [74] and further de-
veloped by Sakamoto, Sano and the second author in [26], as a means of axiomatising Kolyva-
gin’s construction of ‘derivative classes’ in [64]. In this, and the following, section we develop
a version of this theory for the Selmer complexes arising from a family § of Nekovaf struc-
tures satisfying Hypothesis 4.1. These sections constitute the technical heart of our general
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approach. In them we fix a natural number ¢ and, for clarity of exposition, we abbreviate the
notation introduced in §4.2 in the following way:

F =T, Q= Qi N =N,

h=TRi A=T, B:=A*(1), F =7, F =hF),

A=R;, A=T;, B:= A*(1), F Qn

A=A k=Ao k=T, B:=A4"(1), F =TIy
where F5 denotes the Mazur-Rubin structure on A induced by F (cf. Example 3.23 (iv)). In
particular with this notation, one has 7T = A®p) Kand T'= A, k = A @4 k.

(5.1)

5.1. Comparison maps

In this subsection, we construct several maps that play a key role in the sequel.
For q in Q, we write k(q) for the maximal p-extension of k in the ray class field modulo q of k
and note that, by [92, Lem. 4.1.2] (or [10, Lem. 2.1]), the group
Gy == Gal(k(q) /k(1))
is cyclic of order divisible by [(7). Following Rubin [92, Def. 4.4.1], we then specify a generator

oq of G as follows. We fix a topological generator w of r&nnemul’" (Q) = Zpy(1) and an

embedding ¢q: Q < kq. This embedding induces an identification of Gy with Gal(k(q)a/kq).
where Q is the place of k(q) above q specified by ¢q. In particular, since the local reciprocity
map rec, identifies Gal(k(q)a/kq) with a quotient of uy, ®z Z,, we specify the generator o to
be the image of ¢q(ww) under the composite map

Hm, b (kq) = ik, ®z Ly — Gal(k(q)a/kq) = Gq.
Similarly, for any n € N, we write k(n) for the compositum field quv(n)k‘(q) and set G, =
Gal(k(n)/k(1)) = Qqev () Ga-
Next we note that the natural ‘valuation’ map ord, induces an identification kg / (kg™ )!®) =
Z/1(i)Z. Hence, upon tensoring the canonical composite isomorphism

HA R ) = K () = 2102
with A, we obtain an identification of H*(k}", A(1)) with A. This combines with the generator
w of Zy(1) = HO(k}", Zy(1)) fixed above to give an isomorphism

Uig() -
By HM (DT, A)Gra & HY (KD, A(1) % =5 AT,

The inflation-restriction sequence implies the existence of a canonical short exact sequence
17) _
0 — Hp(kg, A) = H' (kg, A) =% AT 0, (5.2)

in which res; denotes the (surjective) restriction map H'(kq, A) — H 1(k‘an, A)%<a. One checks
that 0y o resy is explicitly given by evaluating a cocycle at oy, and hence agrees with the map
used by Mazur and Rubin in [74, Lem. 1.2.1].

The next result relies on the validity of Hypothesis 4.14 (ii) and is essentially well-known (cf.
[74, Lem. 1.2.3]). However, since it is important for us, we shall include a proof.

(5.3) Lemma. There exists a canonical isomorphism of R;-modules A/(T —1) — A1,

Proof. Each endomorphism f of the (free) /A-module A gives rise to a ‘cofactor map’ cy: A — A
that is uniquely characterised by the commutativity of the diagram

A= Homm(/\jm(A)_l n /\;1:12\(.»4) .A)

lcf |photA )

A —= Homy, (/\j\m(/‘\)*l A, /\ZI:A(A) .A),

20



in which both horizontal arrows send a € A to the map z — a A z. (Thus, if we fix a A-basis
of A, then cy is represented by the adjugate of the matrix representing f in this basis.) Then,
as focy and ¢y o f both coincide with multiplication by det(f), there is a well-defined map

AJF(A) L ker (A/ det(f)A —Ls A/ det(f)A).
We now take f to be multiplication by 1 — 7. Then det(f) = 0 (as Hypothesis 4.14 (ii) implies
ker(f) contains a non-zero divisor) and so the above construction gives a map of /A-modules
crr A/(t —1)A — AT Tt is enough to prove this map is bijective, or equivalently (as A is
finite) surjective. Then, as Hypothesis 4.14 (ii) implies the natural map k ®, A™=! — At
is bijective, and k ®, cy identifies with the cofactor map of the reduction f: A — Aof f,
Nakayama’s lemma reduces us to proving cy is bijective. But Hypothesis 4.14 (ii) implies the

corank of f is one and hence that its adjugate matrix, and so also F, is nontrivial. Since

Hypothesis 4.14 (ii) also implies the k-dimension of ker(f) = A7 is one, the obvious inclusion

im(c7) C ker(f) must be an equality, as required to prove the claim. O

We now fix an isomorphism of R;-modules A/(7 —1) = A as in Hypothesis 4.14 (ii), and define
a composite map of A-modules

loc

vg: H(k, A) @z Gq =3 H (kg, A) @z Gy — H' (K", A)%1 o7 G

0, _

AT = A/ (- 1) 2 A, (54)
in which the penultimate map is the isomorphism from Lemma 5.3.
We next observe that, since the inertia subgroup at q acts trivially on 7; and Frobg acts as 7,
there exists a well-defined ‘evaluation’ map

H'(kg, A) = A/(1 — 1), x> z(Froby) + (1 — 1)T;. (5.5)
This map is surjective and its kernel coincides with the ‘transverse’ cohomology group
Hy,(kq, A) = H' (Gg, A%),
regarded as a submodule of H(kq,.A) via the inflation map (cf. the discussion of [76, §1.2]).
The ‘finite-singular comparison map’ is then defined to be the composite map of R;-modules
B HY (e, A) S H (i, A) > Af(T — 1) 2 (5.6)

where the final map is the same isomorphism as fixed in (5.4).

5.2. Modified Selmer complexes

In this subsection we refine the ‘modified Selmer structures’ used in [74] by defining a corres-
ponding family of ‘modified Nekovar structures’ and describing relations between their associ-
ated Selmer complexes.

We start by analysing the complex RI'(kq,.A) for each prime q € Q.

(5.7) Lemma. For each prime q € Q, the following claims are valid.
(i) The I-modules H(kq, A), H' (kq, A) and H?(kq, A) are free of ranks 1,2 and 1.
(ii) There exists a canonical isomorphism in DP ()
Ho(kch A)[O] ©® Hl(kq’ A)[_l] ©® Hz(kq’ A)[_Z] = Rr(kch A)
(iii) Fori € {0,1,2} fiz a projective I-submodule X; of H'(kq, A) and write Y; for the quotient
H'(kq, A)/X;. Then the isomorphism in (ii) induces a canonical morphism in DP(4)
¢(X0,X1,X2) : Xo[O] (o) Xl[—l] (2] XQ[—2] — RF(kzq, .A)
Further, local Tate duality identifies each module Y;* with a submodule of Hg_i(qu, B) and
also gives a canonical isomorphism in DP®f (/)

Cone (¢(xo,x1,x2)) [-2] = Y5'10] @ Yy [-1] @ Y5 [-2].
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Proof. For q € Q, one has H%(kq, A) = A™=" and H ;(kq, A) = A/(7—1) and so both A-modules
are free of rank one (see (5.4)). From the inflation-restriction sequence (5.2) it then follows
that the A-module H'(kq,.A) is free of rank 2. These observations combine with Proposition
3.3 (ii) to imply that the A-module H?(kq,.A) has finite projective dimension and its class in
Ko(£) is equal to [H(kq, A)] — [H(kq, A)] = [£]. Since A is both local and self-injective, it
therefore follows that H?(kgq,.A) is isomorphic to 4\, as required to prove (i).
Fix i € {0,1,2}. Then, since H*(kq,.A) is a projective /A-module, there exists a unique morph-
ism 0; : H'(kq, A)[—i] — R (kq, A) in D(4) for which H*(6;) is the identity map on H*(kq, .A).
The direct sum morphism

0o @ 01 @ O2: HO(kq, A)[0] @ H' (kq, A)[—1] ® H?(kq, A)[—2] — R (kq, A)
is then an isomorphism in D(4), thereby proving (ii).
For X, X1, X5 as in (iii), the isomorphism in (ii) gives rise to an exact triangle in DPef(A)

¢(X0,X1,X2)
_—

X()[O] (5] Xl[—l] D X2[—2] RF(kq, A) — Yo[O] D Yl[—l] S YQ[—Q] —
Claim (iii) follows directly from this triangle. O

For any collection a, b, n of pairwise coprime moduli in N for which V(abn) NS (F) = @, we
now define a ‘modified Nekovéi structure’ .%0(n) on A in the following way: we set

S(ZL(n)) = S(F)UV(abn)
and assign the condition at q € I to be

( (kqu>7 / q) lf q g_ﬁ V(abn),
- — (Ho(kfbA)[ ]7¢A.q) if qe V(Cl),
(RE o (Kas A)s 5 .) 1= (RT(kq, A), id) if g € V(b),
(H(kq, A)[0] @ H{y(kq, A)[=1], 0a,q) it q € V(n).

with ¢A,q = ¢(H0(kq,A),(0),(0)) for qe V( ) and quq = gf) (HO(kq,A),HL (kq,A),(0 ))) for qe V(n)

(5.8) Remark. If any of the moduli a,b and n are equal to the empty product of primes,
then, for convenience, we will omit them from the notation .% Y(n). In particular, with this
convention, the structure .Z° coincides with the modification .#Y(®) of .# defined in Example
3.16. Further, for all moduli a,b and n as above, an explicit check shows that the induced
Mazur-Rubin structure h(.%0(n)) agrees with the modification F2(n) of F = h(.#) that is
introduced by Mazur and Rubin in [74, Exam. 2.1.8] and used extensively in [26].

The following consequence of Proposition 3.45 will play a key role in our approach.

(5.9) Proposition. Assume 1I}° = @ if p =2, that A is a finitely generated free I.-module and
that F satisfies Hypothesis 5.44. Then, as a,b and n range over all pairwise coprime moduli
in N for which V(abn) N S(F) = &, the following claims are valid.
(i) C(Fb(n)) belongs to DP(A) and is such that, in Ko(4), one has
xo (C(F3(W)) =xn(C(F)) — v(a) - [4]
= o) 1Y g RT . (D)
(i4) For any morphism I\ —>~A/ of rings satisfying (2.5), there exists a natural isomorphism
C(FE(n) @% 1 = O(F @p 1))5(n)) in DPEE(A).
(iii) C(FL(n)) is acyclic outside degrees 0 and 1. In addition, H(C(Z¢(n))) = HL,  (k, A)

a F&(n)
and there exists a canonical short exact sequence of I-modules

0= H o (b, B)" = H'(C(F3 (n))) @ HO(kq, B)* —
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(iv) For all divisors n of m there are canonical exact triangles in DPH( /)

C(F") = C(F™) — @qewm/@ (H}s(kq, A)0] @ H?(kq, A)[—1]) — - (5.10)
C(F(m)) > C(F™) — @qev(m) (H/ltr(k:q,A) 0] & H(kq, A)[—1]) — - (5.11)
C(Fa(m/n)) = ) = D, ey Hix (ke A0) = - (5.12)
C(Fa(m)) — ) = @qev kg, A)[0] — - (5.13)

(v) Let ® denote either the Nekovdr structure F or Mazur-Rubin structure F = h(j') on A.
Then the cohomology sequences of the exact triangles in (iv) combine with the descriptions
of cohomology in (iii) to induce the following exact sequences of I-modules

HL(ky A) > Hb(k, A) 0V0m pvm) gl (6 BY — B (k,B) (5.14)

(o ()

Hg oy (ky A) = Him (k, A) Waevim, g vm) _, Hy, . (kB)" - HE (k,B)*  (5.15)
HY oy (ks A) = gy (ke A) S0 000l BY o HE, (kB

(5.16)

s ) =5 Hd o (, A) SO, ) g By L )(k:,B)Z |

5.17

If & = F, we write 0q and @@fs, respectively vq and z@és, for the composites of vq and wgs
with the canonical maps H k, A) — H};_m(k:, A), respectively H;:(m)(/@, A) — H}E(m)(k, A).

("ﬂl(

If® = .7-", both 04 and vq denote vq and both 1&25 and &gs denote wgs.

Proof. We write 2 for the dual Nekovaf structure .Z2(n)* on B. Then S(Z) = S(.#)UV (abn)
and Lemma 5.7 (iii) implies that the local condition for Z at q € IIj, is

(RT 5. (kq, B), 0. ;) if q ¢ V(abn),
_ J(H (g, B)[0] @ H' (kq, B)[-1],05,4) if q € V(a),
(RFﬁ(kqu)ﬁ@,q) — (0’0) ! ! ! if qe V(b), (518>
(H(kq, B)[0] & H{y(kq, B)[~1],09,4) if q € V(n),

with
o {¢(H0(kq,3),H1(kq,B),(0))a if g € V(a),
D9 — .
D(HO (ky,B),HO. (kq,B),(0))> 1 4 € V(n).

The fact .Z satisfies Hypothesis 3.44 implies that the same is true for Z, b( ). In particular,
the result of Proposition 3.45 (i) for .Z2(n) directly implies that C'(.Z2(n)) belongs to DPef ()
and that its Euler characteristic in Ko(4\) is equal to

S ges(Fs e X8 (R (kg B)) = qcg(5nme X (RTz. (kq, B))
+ 2 qevia) X (HO(kq, B)[0] @ H (kq, B)[-1])
+ 2 qevin) xo (H® (kq, B)[0] © H{,(kq, B)[-1])
= 2 ges(@nae Xa Rz (kg, B)) = 3 qcy (o) [4]
=xa(C(F)) = v(a) - [A].
Here the first equality follows directly from the explicit description (5.18), the second from

Lemma 5.7 (i) and the fact H{.(kq, B) is a free A-module of rank 1 and the last follows directly
from Proposition 3.45 (i). This proves (i).
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To prove (ii) we recall from Proposition 3.3 (vi) that, for each q € V' (abn), there exists a natural
isomorphism RI'(kq, A) @ A" = RT (kq, A® 4 £) in D(4). In conjunction with Lemma 5.7 (i),
this isomorphism induces, in each degree i, an isomorphism of A’-modules H i(k:q, A) @p D =
H(kq, A®y £\"). Further, for q € V(n), the isomorphism H'(kq, A) @5 ' =2 H (kq, A® s 1)
combines with the canonical isomorphisms (A/(7 — 1)A) @ A" = (A®p £')/(T — 1) to imply
the image under — ®, A" of the map (5.5) for A is equal to the corresponding map for A®, A’
and hence that there exists a canonical isomorphism H{, (kq, A) @ A" = H{ (kq, A@ 4 1) with
respect to which ¢4 4 ®, A’ identifies with ¢ 44 1 q- Taken together, these observations imply
the induced structure .Z0(n) @, A’ identifies with (& @, A’)8(n) and so the isomorphism in
(i) follows from Proposition 3.45 (ii) for .Z0(n).

Regarding (iii), we note Proposition 3.45 (v) for .Z8(n) directly implies that C(.Z?(n)) is acyclic
outside degrees 0 and 1 and H(C(Z2(n))) = H;:g(n)(k:, A). From Remark 5.8, we also know
that the dual Mazur-Rubin structure h(ZL(n))* on B is equal to F2(n)* = (]}*)g(n) In addi-
tion, since .Z is assumed to validate Hypothesis 3.44 (b) (i) and (d), one has HY(RT z+ (kq,, B)) =

(0) and so the map )‘g'(ﬁf)uV(a)(@> from (3.26) is injective. From Lemma 3.27 (ii) with .#,S

and S’ taken to be 2,5(2) = S(%) U V(abn) and V (bn), one therefore obtains a short exact
sequence of A-modules

) ) HO(ky,B) \"
0= Xg 00 @ (Fa () = Xg(go0m(Fa (0) — @qev(m <m) — 0.

Further, from (5.18) one checks that H%(6y ) is the zero map for q € V(b) and is surjective
for q € V(an), and so this sequence is equivalent to an exact sequence

0— X(F) = X(FL(n)) — @qev(b)ﬂo(kq, B)* — 0.

This sequence splits since, for each q € V(b), the A-module HO(kq, B)* is free. Given these
observations, the exact sequence in (iii) is now obtained from the lower row of the diagram
(3.46) with .Z taken to be .Z0(n).

The exact triangles in (iv) are all derived from Lemma 3.12 (iii). In the first case, the de-
scriptions (5.18) imply (.Z™)* < (.Z")* and also, for q € V(m/n), that Rf(jn)*/(jm)*(kq,l’j’) is
isomorphic to HY(kq, B)[0] & H}(kq,B)[—l]. In this case, therefore, Lemma 3.12 (iii) gives an
exact triangle

R (7m)- (k, B) = R (). (k, B) — @qewm/@

and (5.10) is directly derived from the image of this triangle under the exact functor (—)*[-2].

In a similar way, (5.18) implies (Z™)* < .%(m)* and that, for each q € V(m), there exists a
natural isomorphism in DPf(A)

RE 3 - j(my- (Kay B)*[=2] 2 (H (kq, B)[0] & Hy, (kq, B)[-1])"[-2]

= Hy, (kq, A)[—1] @ H(kq, A)[-2].

Given these facts, the exact triangle (5.11) is directly derived from the image under (—)*[—2]
of the exact triangle in Lemma 3.12 (iii) with (.#',.%) taken to be ((.Z™)*,.% (m)*).

We next use (5.18) to check that .Z (m)* < .%,(m/n)*, with ngn(m/n)*/j(m)*(kq, B) acyclic for
each q ¢ V(n) and naturally isomorphic to H/ltr(kq, B)[—1] for each q € V(n). Given these facts,
the exact triangle (5.12) is derived from the image under (—)*[—2] of the triangle in Lemma
3.12 (iii) with (.#',.%) taken to be (. (m)*, %, (m/n)*).

Finally, to complete the proof of (iv), we note that (5.18) implies .7 (m)* < .%,(m)* and that
Rﬂ/fu(m)*/ti(m)*(kq,[)’) is acyclic for each q ¢ V(a) and identifies with H/lf(kq, B)[—1] for each
q € V(a). These observations imply that the exact triangle (5.13) is directly derived from
the image under (—)*[~2] of the exact triangle in Lemma 3.12 (iii) with (', %) taken to be
(F ()", Fa(m))

(H"(kq, B)[0] ® H}(kq, B)[~1]) — -
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Each of the exact sequences in (v) is derived from the long exact cohomology sequence of the
corresponding exact triangle in (iv). For example, the long exact cohomology sequence of (5.10)
combines with the descriptions of cohomology in (iii) to give the following variant of the exact
commutative diagram in Theorem 3.43 (ii)

HL, (k, A)— HL, (K, A) — Dqey(m/m) H}; kg, A)

| | =)

B A HL (h A) s ) L (R B) 5 HL (R, B)

Here the first two vertical maps are the canonical projections from (3.28) and each «q denotes
the isomorphism H, /1f(l<:q, A) = A induced by the composite map

].‘n (

H (g, A) ™5 (KD, A) %0 25 A1 2 Af(r — 1) = 10 (5.19)

that occurs in the definition (5.4) of v4. Taking account of the latter isomorphisms, the lower
row is the exact sequence of (3.42) with (Fy, F) taken to be (F*, F™) and directly gives the
sequence (5.14) in the case ® = F. In addition, since the commutativity of the second square
implies that the second map in the upper row is (@q)qu(m /n), the two rows combine to give the

sequence (5.14) in the case ® = .Z.
In a similar way, the long exact cohomology sequence of (5.11) combines with the descriptions
of cohomology in (iii) and the appropriate case of (3.42) to give an exact commutative diagram

(k, A)— H1 (ks A) — Dyevm) H/ltr(kq,A)

| e

(k, A)— HE, (k, A) A ———— HE (m

Here, for each q, we write 3; for the isomorphism /tr(kq,A) & A induced by the composite
map H'(kq, A) — A/(t — 1) = A that occurs in the definition of @Z)és. It follows that the
second map in the upper row is (@gs)qev(m) and so the exact sequence (5.15) with & = F,

J(m

fs
We)a k,B)*—» H  (k,B)*.

f( ) (F)m

respectively & = Z, follows directly from the lower row of the above diagram, respectively
from a comparison of the upper and lower rows of the diagram.

The derivations of (5.16) and (5.17) from the respective exact triangles (5.12) and (5.13) follow
along precisely similar lines. For brevity, we therefore leave details of these derivations to the
reader except to note that, for each g € V(n), the isomorphism (5.19) induces an isomorphism
of HY (kq, A) H, ! 1 (kq, A) with 2\ and, for each g € V(a), the map 1/155 relies on the isomorphism

of H}(k:q, A) = .A/(’T — 1) with A that was fixed earlier. O

The R-module Y fixed at the beginning of §4.3 gives rise to an /A-module Y =Y ®g A that is
non-zero, free and identifies, via (3.46), with a quotient of X (.%#). In the next result we shall
use variants of the exact triangles (5.10) and (5.11) that are respectively constructed via the
following diagrams in D(/\)

Y & M(n))[—1] — (Y & M(m))[-1] ——— ] —- (5.20)
011 9m

R
C(F") ————— C(F™) ————— Dyev(m/mCa —
H

Cy (T — L Cp (T )%@qevm/n) 4
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Y[-1] —— (Y & M(m))[-1] —— M(m)[-1] —— - (5.21)

] o] eq

O(F (m)) ———C(F™) Doevm

T [ |

Cp (F (m) —2 Cp(F™) — 25 B ey () HE, (s A)[0] —

\Cly s

Here, for each modulus a in NV, we write M (a) for the free /A-module @qev(a)Ho(kzq, B)* so that
the upper rows of the respective diagrams are the exact triangles induced by the obvious short
exact sequence 0 — M(n) — M(m) - M(m/n) - 0and 0 » Y — Y @ M(m) — M(m) — 0.
In addition, we set

Cq = H/lf(kq, A)[0] ® H?(kq, A)[—1], respectively C; = H/ltr(k:q,.A) 0] @ H?(ky, A)[-1],

for ¢ € V(m/n), respectively q € V(m), so that the central rows of the two diagrams are
respectively the exact triangles of (5.10) and (5.11). The morphisms 6}, and 6y, are the unique
morphisms in D(A) for which H(6)) and H'(6,) are the surjective maps induced by the
descriptions of H'(C(.#(m))) and H(C (ﬂm)) in Proposition 5.9 (ii) (these morphisms exist
and are unique since C'(.% (m)) and C(.Z™) are both acyclic in degrees greater than one) and
we write Cy(ﬁi (m)) and Cy(ﬁt ™) for their respective mapping fibres. Finally, we write 6y o
and 67 for the unique morphisms in D(A) for which H'(6y ) and H'(6%) are the direct sums
over V(m/n) and V(m) of the local duality isomorphisms H?(k,, A) = H°(kq, B)* so that the
respective mapping fibres identify with @qev(m/n)H/lf(k‘q, A)[0] and Dgey (m) /tr(k‘q, A)[0] and
the right hand columns of the diagrams are the associated exact triangles. At this point, we
note that the upper squares of both diagrams commute and so the Octahedral axiom implies
the existence of the indicated morphisms p1, p}, p2 and pf that make the respective lower rows
exact triangle and the whole diagrams commutative (in D(4)).

(5.22) Proposition. Recall the integer r = rgy defined in (4.18). Then for all moduli m and
n in N with n | m, the following claims are valid.

(i) C’f/(j(m)) and Cf/(jm) belong to DP* () and are such that, in Ko(4\), one has
Xo(Cp(F(m)) =r-[A] and xa(Cy(F™) = (r+v(m)) - [4].
(i) C?(j(m)) and Cf/(jm) are acyclic outside degrees zero and one. There are identifica-
tions HO(Cy(ﬁg(m)) = H1 (k A) and H°(Cy(F (F™)) = H;;m (k, A) and canonical short
exact sequences

0— HE. (k. B) = H' (Cy(F (m)) = ker(X(F) = ) = 0

0— H(lﬁ*)m(k:,l?)* — HY(CH(F™)) = ker(X(F) —» Y) — 0.

(i1i) If r > 0, then there exists a commutative diagram of I-modules

~ 0 N Yy
Dety, (Cy (7)) ———— (™ HL, (K, A)
1 /\qEV(m/n) g
~ U Zm v
Det (Cy (F™) ———— (7™ HL, (k. A)
#2 Aaev (m) V8
g 199;(111),}7 r 1
Dety (Cy (F (m))) (o H ( (F5 A).-

The maps ¥ zn v and ¥ » F(m), v OTC defined in the course of the proof below and have coker-
nels that are respectively annihilated by Fitt) (H' (Cy (F™)) and Fitt%(Hl(Cy(ﬁ(m)))).

o6



The maps ©1 and po are isomorphisms and arise as follows: 1 is induced by the lower
row of (5.20) and the identification DetA(H1 (kq, A)[0]) = Detp(L[0]) = A for each

q € V(m/n) given by the isomorphism H/ (k:q,.A) I induced by (5.19); @2 is induced
by the lower row of (5.21) and the identification Det ( /tr(kq,.A)[ ) = Dety (A[0]) = A
for each q € V(m) given by the isomorphism H/ltr(k‘q, A) = I\ induced by (5.5).

Proof. The /A-module M (m) is free of rank v(m). Hence, by combining the relevant cases of

Proposition 5.9 (i) with the exact triangles given by the first two columns of (5.21), one deduces
Cf,(J( m)) and Cf (fm) belong to DPe™ (), and also that, in Ky(4), one has both

X0 (Cy(F () =xa(C(F(m))) = xa(Y[-1])
=x0(C(F)) + Y]

=1 (]
and
X2 (Cy(F™) =xa(C(F™) — xa (MY, m)[-1])
_XA( () + [~]+V(m)-ﬁ\]

=(r+wv(m))-[A].
This proves (i). In addition, all assertions in (ii) are obtained by combining the relevant cases
of Proposition 5.9 (iii) with an analysis of the long exact cohomology sequences of the first two
columns of (5.21).
We note now that the results of (i) and (ii) combine with the argument of Lemma 2.35 to imply
the hypotheses of Proposition A.9(iv) are satisfied by both of the following sets of data
o C*,D*,r and n are respectively taken to be Cy(F™), Cy(F"), r +v(n) and v(m/n) and
the exact triangle (A.10) is the lower row of (5 20);
o C*, D* r and n are respectively taken to be Cf/(j(m)), C?(ﬂim), r and v(m) and the
exact triangle (A.10) is the lower row of (5.21).
By applying Lemma 2.35 to the first, respectively second, set of data we obtain the upper,
respectively, lower square in the commutative diagram of (iii), with the assertions concerning
annihilation of cokernels following directly from Proposition A.9 (i). Here we also use the fact
that the argument of Proposition 5.9 (v) explicitly describes the map HY(p}) induced by the
lower row of (5.20) in terms of the maps 9q for q in V(m/n) and the map H°(p}) induced by
the lower row of (5.21) in terms of the maps 1[155 for q in V(m). O

5.3. The Kolyvagin derivative homomorphism

In this subsection, we fix a family of Nekovar structures § = (Fx)req satisfying Hypothesis
4.1 and natural numbers ¢ and ¢ and continue to use the notation in (5.1) (so that Z denotes
F.qi etc.). We shall first define a notion of Kolyvagin system of rank ¢ for the Nekovar structure
.Z and then refine arguments from [26] in order to prove that Euler systems in ES*(§) give rise
to such Kolyvagin systems via a natural ‘derivative homomorphism’ construction.

5.3.1. Kolyvagin systems for Nekovaf¥ structures

Fix a modulus n € N and a prime q € Q@ \ V(n). Then, by applying Lemma 2.17 (ii) to the
exact sequence (5.16) (with m and n replaced by n and q), one obtains a map of A-modules

ﬂ (K, A) %ﬂ Hl o (B2 A).
In the same way, by applymg Lemma 2.17 (ii) to (5.17) (Wlth a and m replaced by q and n),
one obtains a map of A-modules

.ﬂ %y (R A) —>ﬂ Hy ok A).

o7



We can now give a definition of Kolyvagin system that is appropriate for our theory.

(5.23) Definition. A ‘Kolyvagin system’ of rank t for the Nekovdr structure F is a family

t
1
(supnen € IT o (Vg g o)
with the property that, for everyn € N and q € Q\ V(n), the ‘finite-singular relation’

U (Fng) = Py’ (k)

18 valid in ﬂtﬂ_l H;: (n)(k,A). The collection of all such families is naturally a I-module and
7°q

we denote this by KS'(.F).

To prepare for the statement of our main result concerning these systems, we note that, for
each K € Q, Hypothesis 4.1 implies the Nekovar structure # satisfies Hypotheses 3.44 (with
R = R[Gk]). It follows that Lemma 2.37 (ii) combines with Proposition 5.9 (iii) and (v) to
imply the existence of a natural ‘projection’ map of R[Gx]|-modules

t .Y 1 t 1
e ﬂR[gK] H(K,T) — ﬂ/{\{gK] HY (K, A). (5.24)
For each modulus n € A/, we set
G = Gal(k(m)/k(1) = [T, Cw

and we fix a pre-image Ny of Ng, , under the (surjective) projection map Z[Gy )] — Z[Gy1)-
By using the generator oq of Gy for q € Q; fixed at the beginning of §5, we then define
‘derivative operators’

. s ] . /o
Dy = ZjeHqu_” jol € ZIG,), Dy = quv(n)Dq € Z[Gy] and D} = Dy Ny € Z[Gy(n)]-
The following result is well-known.

(5.25) Lemma. Fir ¢ = (cx)ieq of ESY(F). Then, for every modulus w € N, the element

/ t t 1
Dy, 7 (Chmy) € mﬁ\[gk(n)] H ;(k(n), A)
is both fired by Gy(ny and independent of the choice of lift Nn of Ng, .

Proof. Both claims are true if, for all n, one has (o — I)Dn(w;(j(ck(n))) = 0 for every o € G,.
Hence, since a; annihilates ﬂtﬁ\[gk(“)] H}};(k‘(n),A), it is enough to show that every element

(0 — 1) Du(ck(n)) belongs to a; - ﬂ%[gx} HY (k(n),T). This is proved by the argument of [26,
Lem. 6.12], which we now briefly explain for the convenience of the reader.

We use induction on v(n) and may assume both that v(n) > 1 (since there is nothing to prove
if n = 1) and also 0 = o for some q € V(n) (since G, is generated by the set {oq: q € V(n)}).
Then, since (04 — 1)Dq = |G4] — Ng,, one has

(0 — 1) Dycgny = (1Gql = NGo) Dy 4Chn)

= ‘GCI|D1/1/qu(n) - V,Z:(nq)/k(n) (D;/q ’ EUIQ(FYOblq_l)Ck(n/q))a
where the second equality holds by the Euler system norm relations. Now, since q € Q, the
element Eulq(Frob(;l) belongs to the augmentation ideal of A[G,, /] and so the induction hypo-
thesis implies D;/q - Eulq (Frobq_l)ck(n/q) belongs to a; - ﬂtﬁ\[gk(n/q)] H}(k(n/q), A). In addition,
the containment q € Q also implies that |[A| divides |G4|. Since |A| belongs to a;, this shows
that (oq — 1) Dycpn) is contained in a; - ﬂ%[gK] HZL (k(n), T), as required. O

For each modulus n € N the Nekovaf structure Z*" agrees with .#" (cf. Remark 5.8). As
a consequence, the assumed validity of Hypothesis 4.1 combines with the argument of Lemma

4.5 to imply the existence of a canonical isomorphism of A-modules

t .Y o =~ t 1 Gr(n
Vit [ 1g Bk A) = (mmgkm] H s (k(w), A)) 7
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For each [ € Q\ V(n), we may regard Eul{(Frob, ) as an element of R[G]. Then, writing I,
for the augmentation ideal of Z[G4], the definition of Q implies the image of Eul((Frob; ') in

A[G,] belongs to A ®z I, and so defines an element of A ®z (I,/I2). In particular, for every
()

q # [, we may define an element x;"’ of /A by means of the equality
Euli(Frob ") = 2V @ (0 = 1) in A ®g (Ig/12).
We also write S(n) for the set Per(V(n)) of permutations of the set V(n).

(5.26) Definition. Fiz an element ¢ = (cx)keq of ES'(F). Then, for each modulus n € N,
Lemma 5.25 allows us to define
_ t
ﬁ/(c)l‘l = (Vltc(n)/k,j) 1(”2(,1),;(1)1/1(616(11)))) € ﬂA Hjlfn(k', A)
We then set

— (a) @ oo
(e 1= ZTEG(H)Sgn(T) ' (quV(n/aT)ajT(q)) K (), € mzf\ H g (k, A

where 0. denotes the product over all q € V(n) with 7(q) = q, and define the ‘Kolyvagin
derivative’ of ¢ to be the family

H():: nENEHGNﬂA yn
We can now finally state the main result of §5.3.

(5.27) Theorem. Assume the family § = (Zk)xeq of Nekovdr structures satisfies Hypothesis
4.1 and that K and T satisfy Hypothesis 4.16. Fiz an element ¢ of ES'(F). Then, for each
neN and q € V(n), one has

n € ﬂy\ J(n

zv}lfl(“(c)n) = 1/353( (c) n/q m H n/q)(k A).
In particular, the assignment ¢ — k(c) defines a well- deﬁned homomorphism of R-modules

ES!(F) — KS'(.%).

and

After some preliminary steps, the proof of this result will be completed in §5.3.3.

5.3.2. The reduction of Theorem 5.27 to rank one

If § is the family §.e1(7) of relaxed Nekovar structures discussed in Example 4.9, R = O[Gk]
for a finite extension O of Z, and a field K € K and the filtration (a,), is (p"R)n, then the
result of Theorem 5.27 coincides with [26, Th. 6.15]. We recall that the latter result is proved
by first adapting a technique of Rubin [91] and Perrin-Riou [87] to reduce to the case a = 1, and
then deriving this special case from an argument used by Mazur and Rubin to prove [74, Th.
3.2.4]. We shall use the same strategy to prove Theorem 5.27 for general Nekovar structures,
though in the case t = 1 we also now rely on a suitably modified version of arguments of Kato
in [59, §2].

As a first step, we must therefore establish a version of the key technical result [26, Lem. 6.22]
that is appropriate for Nekovar structures.

(5.28) Proposition. Fiz a modulus n in N'. Then, for each ® € N\i! H1 J(k, A)*, there exists
a family of elements

t—1
U= (¥k)ken € HKGQ /\R[gx} Hy(K,T)"
with both of the following properties.
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(i) For all K and L in Q with K C L, and all y € ﬂ%[gK] HYL(K,T), one has

(Vo VtL/K)(y) = (Vi/K o Vk)(y)
in H;(L, T), where the maps Z/tL/K and I/E/K are as defined in Lemma 4.5.

(i) For each divisor m of n, we use the first map in (5.14) to regard H_(k,A) as a submodule
of HY, (k, A). Then, in H,(k, A), one has

(D((V]i(m)/k“g})_l(D%'W;i(m)’j(ck(m)))) = ( k(m)/ ) (D/ ( ),ﬁ(lpk(m)(ck( ))))

Proof. For any K and L in  with K C L, the canonical injective map (4.4) induces a restriction
map /\R (G1] HL(L,T)* /\R[g ] HL(K,T)*. Viathese maps, the construction of ¥ is reduced
to the con81deration of a cofinal subset of (.

We therefore fix a cofinal subset {F}, },en of  that is totally ordered with respect to inclusion,
order-isomorphic to IN and such that F; = k(n) and, for each n, we set

Sp =RI[Gr,] and C, = C(%g,).

Then, to construct a family of the required sort, it is enough to inductively construct elements
Up of /\fg;1 HL(F,,T)* that have the claimed properties. To do this, we first inductively
construct a family of finitely generated free S,-modules P, such that ), has a resolution

P, In, P, (with the first term placed in degree zero) and a family of elements f, € /\g;l P;
with certain compatibility properties.
To construct the required objects for n = 1, we note Lemma 2.31 (i) identifies H}n (k, A) with

the Gy-invariants of H}(kz(n), A). Hence, upon taking duals over the self-injective ring A[Gy],
it follows that the restriction map

A HL k() A = AL (Y (), %) = AT HL (K, A)" (5.29)
N[N M[Gh] N

is surjective and so we can fix a pre-image ® of ® under this map. Now, since .Zp, validates

Hypothesis 3.44, Lemma 2.35 implies C; has a resolution P LN Py, where P; is a finitely

generated free S;-module (and the first term is placed in degree zero). Hence, from Proposition
di,i .

3.45 (iii), it follows that C(Fp, @r ) = C; ®H7‘2 A\ is isomorphic to P ; BN Py ; with P ; =

Py ®r A\ and dy; = di ®r 1. In particular, since the natural composite map

t—1 t—1 t—1 t—1 t—1

/\31 P - (/\s1 Pr) er b= /\A[Gu] ;= /\mcn} ker(dy)” = /\mc..] Hig (k(w), A
is surjective (where the isomorphism follows from the fact P; is Si-free, and the third map is
surjective since A[Gy] is self-injective), we can fix a pre-image f; of ® under this map.
Having constructed P; and fi, we now pass to the inductive step. For this, we assume to be
given a resolution P, d—”> P, of C), (in which P, is a finitely generated free S,,-module) and an
element f,, of /\g1 P and use them to construct similar objects for n + 1 in place of n.
To do this, we set C,, .= C (FFpi1 ®8,41 Sn) and write I1,, for the set of places of F}, above those
in S(Fp4+1) \ S(F,,). Then the relevant cases of Hypothesis 4.1 (ii) and Proposition 3.45 (vi)
combine to imply the existence of a canonical exact triangle in DP°™(S,,)

< Co = @, REy(Fng, TH()) 1] = - (5.30)

In addition, for q € II,, the complex RI'¢(Fy 4,7 *(1))* has a resolution Q(q) — Q(q), with
Q(q) a finitely generated free S,-module (and the first term placed in degree zero). Hence,
setting @, = P qunQ(q), a standard mapping cone construction combines with the fixed

~ d/
resolution of C,, to imply C, is isomorphic in DP*™(S,,) to a complex P, ® Q, — P, ® Q,
(with the first term placed in degree zero) in such a way that o, is induced by a commutative
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diagram of S,,-modules

p,—™ . p

Jat Ja
PoQ, ™ PaQ,,

in which o and « are the natural inclusion maps. In particular, since restriction through

a induces a surjective map & : fs-;l(Pn S Qn)" — /\g;1 Py, we can fix an element f,, of

g;l(Pn @ Qn)* with K(ﬁl) = fn-
Next we note that Proposition 3.45 (iv) induces an isomorphism in DP*™(S,,)

Cni1 ©5,., Sn = Ch, (5.31)

and hence also an isomorphism of S,-modules H'(Cy11) ®s,.,, Sp = H'(Cy).

We now fix a finitely generated free S,,41-module P, ;1 for which there exists an isomorphism of
Sp-modules from (P41)n = Pot1 ®s, 11 Sn to Py @ Qp, and write ¢, for the induced surjective
map of S,41-modules P,1 — P, & Q. The resolution of C,, fixed above induces a surjective
map of S,-modules j,: P, & Qn — Hl(é'n) Then, since P,11 is a free S, 41-module, we can
fix a commutative diagram of S, 1-modules

Py = H' (Cppa)
o +
in which the right hand vertical map is induced by (5.31). Note here that Nakayama’s Lemma
implies any map j,+1 in such a diagram is surjective since j, o ¢, is surjective and the kernel
of the projection S,+1 — S, lies in the Jacobson radical of S,11. The argument of Lemma
dn . . .
2.35 (i) now implies that C),41 has a resolution P11 ot P, +1, in which the first term is

placed in degree zero and the isomorphism cok(¢, 1) & H'(Cyy1) is induced by j, 11, and the
descent isomorphism (5.31) is induced by a commutative diagram of S,,41-modules

dn
Pop1 — P
Vo, i
In particular, since this morphism of complexes induces a quasi-isomorphism between the lower

complex and the image under — ®s,, S, of the upper complex, and the map i, ®s,,, Sy is

bijective, the map i/, must induce an isomorphism (Py4+1), = P, @ Q. The map i), therefore
induces a surjective map

t—1 t—1 t—1
N, Pr= (N Pivt) @500 80 = N\ (Pa® Qu)”

and we fix a pre-image f,11 of fn under this map. Having inductively constructed modules P,
and elements f,,, we now claim that the properties (i) and (ii) are satisfied by the elements

t—1
Ur, = pn(fn) € Ny HE(Fn T)"

Here p,, denotes the restriction map /\fs:b1 P — /\fS:L1 ker(d,)* = g;l HY(F,,T)* in which
the last isomorphism is induced by Proposition 3.45 (v).

It is enough to verify (i) with L/K taken to be F,,11/F,. The key observation for this is that,
for each y € /\gl+1 P, +1, the composite map

/\it9 (Pn+1)n =~ /\; (Pn+1)Gal(Fn+l/Fn) o~ (/\t Pn+1)Gal(Fn+1/Fn) s /\t Pn+1

Sn+1 Sn+1
sends Ntc}j(FnH/Fn)y to Naai(r,,,/F,)y- 1t follows that

NGaiEn i /Fn) - FaNGai(my 1 /0 Y) = Fart (NGal(Fyp /50 Y)s
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and this implies the equality in (i) since the assignment NtGal( Foii/F)Y Naai(F,i1 /7)Y
restricts to give the map V%n+l/Fn on s, H5(Fn, T).
To verify (ii) we fix a divisor m of n. We regard H;(k(m), A) as a submodule of H;(k(n), A)

(just as in (4.4)) and write @y, for the image of ® under the induced restriction map
t=1 1 . t—1 L .
Ao T A = Ay H (), A)"

Then, since Wj(y) is the restriction of Wy = pu(f1) and d is a pre-image of ® under the
restriction map (5.29), our explicit choice of f; implies that

Dr/rtﬂli(m)”g}(qjk(m) (Ck(m))) = D;&)m(ﬂ]ﬁ(m)’j(ck(m))) = ;Iv)m(D;nﬂ]i(m) g}(ck(m)))'

)

Hence one has
(V;(m),gf)_l(Dl{nﬂé(m),j‘(qjk(m)(Ck(m))))
= ) @Dl (k)
Do) (@novt o so Wl (Dl ekm)))
= (V) DTy 5 (Crm)))
where the last equality uses the fact @y o 1! . =y} .o ® on ﬂi\H;:m(k,.A) This

k() kT Ck(m)/k,F
verifies the required property (ii). O

A collection ¥ = (Vg )geq of maps that satisfy the relations in Proposition 5.28 (i) is often
referred to as a ‘Perrin-Riou functional’ (see, for example, [68, Def. 8.1.2]). The key observation,
made independently by Rubin in [91, § 6] and by Perrin-Riou in [87, §1.2.3], is that any such
collection gives rise to a well-defined map of R[Gx]-modules

ES'(§ral(T)) = BS'Feaa(T)),  (ex)ren = (Px(cx))ken

where §re1(7) is as defined in Example 4.9. By precisely the same argument, one verifies that
this result remains valid after replacing F.e1(7) by any family § satisfying Hypothesis 4.1 and
this observation then combines with Proposition 5.28 to prove the following reduction result
for Theorem 5.27.

(5.32) Lemma. To prove Theorem 5.27 it is enough to consider the case t = 1.

Proof. We first show that, for each n € AV, the element (c), belongs to (), H ; (=) (K, A). For

this, Corollary 2.24 implies it suffices to show that, for every ® € /\ZlH ;;n (k, A)* one has
_ . (@ . / iy
() = 2 o) (L o) ria) - 2 (@0,) € Hi (b, A). (5.33)

However, by Proposition 5.28, there exists ¥ € @ . /\;{éF]H}y(F ,T)* such that

O(r'(cr)) = K'((c)o)
for every divisor 0 of n. In particular, since ¥(c) belongs to ES!(J), the containment (5.33) is

valid for all ¢ if it is valid for ¢t = 1.
We show next that, for every n € N and q € V(n), one has

Vg(8()n) = 8" (K(C)njq)-
For this we note that, since (), H}(n)(k, A) is defined to be (A} H}(n)(k, A)*)*, the element
K(c)n of Ny H;:(n)(k, A) defines a map A} H};(n)(k, A)* — /. Given this, vq(£(c)n) is the map

t—1 .
/\A Hlﬂi(n) (k’A) — b, P H(C)n(’l)q VAN q))
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In particular, if we identify ﬂ}\H}(n)(kz, A) with H}(n)(k}, A), and thereby regard ®(x(c)y) as
an element of H ;: (n)(k, A), then we have

R(C)n(vg A @) = (1)1 vg(@(k(c)n))-

Similarly, one finds that wgs(/ﬁ(c)n /q) € N H } (n)(kz, A) identifies with the map

N b AY = A @ i 5(e)y/a(0 A ®) = (<1 0 (@(s())

To verify the claimed equality vq(s(c)q)
S /\tﬁjlﬂéz(n)(/ﬂ,A)*, one has

vg(@(K(0)n)) = g (@ (K(c)n/q)) (5.34)
Moreover, by using Proposition 5.28, we can choose an element ¥ of @F /\%_[glF]Hé(F ,T)*
with both ®(r(c)n) = K(¥(c))n and @(k(c)n/q) = K(¥(c))n/q- In particular, since ¥(c) belongs
to ESY(F), the required equality (5.34) will therefore follow if Theorem 5.27 is known to be
valid in the case t = 1. d

_ o fs

= g’ (K(C)n/q), it is thus enough to show that, for every

5.3.3. The proof of Theorem 5.27 in rank one

In this section we shall prove (in Propositions 5.40 and 5.44) the result of Theorem 5.27 in
the special case t = 1. In view of Lemma 5.32, the results presented here will therefore also
complete the proof of Theorem 5.27 in the general case.

In the first result, we use an approach of Kato (from [59, §2]), to show that Euler systems for
Nekovar structures satisfy the ‘congruence condition’ discussed in [92, §4.8]. For each q € Q
and K € Q, we write

locq: Hy(K,T) = @, H'(Ky, T) = H' (kq, T[Gk])

for the natural localisation map. We will also often use the fact that, for n € A and q € V(n),
the extension k(n)/k(n/q) is totally ramified at all places above q, and hence that for ¢ € {0, 1}
there is a natural isomorphism H?(k‘q, T Gkm)]) = H]qc(k:q7 T (Grm/q))-

(5.35) Proposition. Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for everyn € N, q € V(n), and c € ESY(F), the following claims are valid.

(i) Euly(Frob, ") — Euly(Nq - Frob, ') € [k(q) : k(1)] - R[Gyyql,

(ii) 10Ck(n) (Ch(n) and 10Ck(n/q) q(Chin/q)) belong to H j(kq, T(Grw))) = H (K, T Gk(n/q)))-
(i7i) One has an equality

Eulq(Frobq_l) — Euly(Nq - Frobq_l)
locym) q(Chim)) = AORED) 10Ck(n/q),0(Ch(n/a))-

Proof. Claim (i) is true since Eulg (Frobq_l) — Eulg(Ngq - Frobq_l) belongs to (Ng — 1) - R and
Ng — 1 is divisible by [k(q) : k(1)].

We next note im(locy(y/q),4) € H}(kq, T(Grm/q)]) as a4 & S(Frm/q))- In particular, since cjn/q) €
Hé(k(n/q),T), one has locy(n/q),q(C(n/q)) € H}(kq,T[gk(n/q)]). To prove (ii) it is therefore
sufficient to prove that locyy) 4(crm)) belongs to H}(kq, T1Gkm))-

To do this, will make use of the fact that, by the assumed validity of Hypothesis 4.16 (ii),
the field K contains a Z,-extension ks, of k in which no finite place splits completely. Set
k(W) = koo - k(n) and, writing k, for the n-th layer of k,/k, also k(n), = k, - k(n). We
define S := R[Gi(m)..] to be the relevant Iwasawa algebra and consider 7 ®z S, which is a
free S-module with Gy-action given by o - (a ® b) := (0a) @ (bo 1) for every o € G. (Here &
denotes the image of o in G__.) Then Shapiro’s lemma implies

H'(kq, T @R S) = lim _ H' (kq, T [Grw), ),
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where the limit is taken with respect to corestriction maps, and so the Euler system norm
relations imply that the family (10Ck(m), o(C(n).))nen defines an element of H'(ky, T ®%r S).
Hence, if we can prove that the natural composite map

@newﬂ}(kq, TGk, )) = Hp(kq, T @ S) — H' (kq, T ®r S)

is bijective, then one has loc () q(ckw)) € H}(kq, TGrw)]), as required. If R is finitely generated
over Zy, then the bijectivity of the displayed map is proved by Rubin in [92, Prop. B.3.4], and
we now adapt the argument of loc. cit. to our more general setting.

For this, we write F' for the completion of k(n) at a place above q and F,, for the n-th layer
of the (unique) unramified Z,-extension of F'. The inertia subgroup Z = I, C G, is then
independent of n because F),/F is unramified. Since Z acts trivially on 7, the relevant case of
the inflation-restriction sequence reads

0— H{(Fo, T) — H (F,,T) » H\(T, T)GF!T = Homeony (TP, T)CFn, (5.36)

where Z(®) denotes the pro-p completion of Z. Local class field theory implies that Z(®) is
a finitely generated Z,-module and so X, = Homcont (Z®P), T)GFn is a finitely generated R-
module. It follows that each X, is Noetherian (because R is) and p-torsion free (because
T is by Hypothesis 4.16 (ii)). In particular, the ascending chain (X,,),en needs to become
stationary and so there is m € IN such that X,, = X, for all n > m. This implies that, for
each n > m, the norm map X,,+1 — X, is induced by multiplication by p, and hence that

h&lnem X, vanishes. Taking the limit (over n) of the exact sequence (5.36) therefore leads to
an isomorphism lim H}(Fn,’T) =lim HY(F,,T). Since (by assumption) the set :q of

places k(n)s above q is finite, this in turn induces an isomorphism
1 ~ 1 . 1 ~ 7l
Hj(ky, TORS) = gv @vequf(k(n)mv,T) — Tlg @UGEqH (k(0)nw, T) = HY (ky, T ORS),

as required to complete the proof of (ii).

Before proving (iii), we claim that the group H}(k‘q, T ®r S) is p-torsion free. To see this, we
write S, = R[Gal(k(n)sc,0/kq)] for every v € ¥4 and note that Shapiro’s Lemma gives a direct
sum decomposition

Hp(ky, T @R S) = @veEqH}(kq, T O Sy) = @Uequl(Fv, 7).

where IF,, denotes the residue field of v. However, every finite extension of IF,, has degree coprime
to p so that Frob, must act trivially on 7. It follows that H'(IF,,7) = 7 /(1 — Frob,) = T
and hence that H}(kq, T ®r S) is p-torsion free because 7T is by Hypothesis 4.16 (ii).

Turning now to (iii), we observe (ii) implies (iii) is true if, in H}(kq, T ®r S), one has

B <Eu1q(Frobq_1) —Eulq(Nq.Frobq—l)) "
n/q-

" [k(q) : k(1)]
In addition, since H}(kq, T ®r S) is p-torsion free, this equality will follow if we can prove that
[k(q) : k(1)] - do = (Eulq(Frob; ") — Euly(Ng - Froby ")) - dy/q- (5.37)

To do this, we we first note that the trace element Ng, acts as multiplication by [k(q) : k(1)]
on H}(kzq, T[gk(n)n]) =H! (I, T[Qk(n)n]), and hence that

(k) : k(1)) - 10Ck(n).q(Chin)) = 10Ck(n),.q0(NGy Ch(n),,) = Eulg(Frobg 1) - 10Ck(n/q), 4 (Ch(n/q)n)-
On the other hand, we can compute from
1—Frob,,
0— T[gk(n/q)n] E— T[gk(n/q)n] — Hl(]qu T[gk(n/q)nD —0

that detR[gk(n/q)n](l — Froby | T{Gkw/q),]) = Eulg(Nq - Frobq_l) annihilates H! (T, TGkn/q).))-
This proves (5.37), and hence also (iii). O
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In order to prove the ‘finite-singular relations’, we recall certain maps introduced by Kato in
[59, §4]. To do this, we fix n € N and q € Q, and write \Ilisq for the composite

5.5 C1—Frobg
HY (ks T1G(m]) = H gy AlGkmy]) 2 (A[G (] =00/ (Frobg— 1)~ FO (k. A[Gia])-

Here the first map is induced by the projection 7 — A, we have written Zy ) 4 € Gx for the
inertia subgroup at q (so Zy(n) q identifies with Gq if ¢ € V(n) and is trivial otherwise), and
C1-Frob, 18 the ‘cofactor map’ of multiplication by 1 — Froby on A[Gw)/Zy(m),q] (as defined in
the proof of Lemma 5.3).
If g € V(n), then we also have a well-defined ‘evaluation’ map
GN Y
Vg, ! Hl(kqu[gk(n)]) - (A[gk(n)]/(aq - 1)) 1= H](‘)(kqa-A[gk(n/q)])v [5] = f(gq),
that we can use to define a map
evy
Vag: H' (kq, T[Grw)]) = H' (kg AlGr(w)]) — H(kq, AlGk(n/)]) = H(kq, AlGrw)],
where the first arrow is again induced by 7 — A and the last isomorphism holds because
k(n)/k(n/q) is totally ramified at q. Finally, we write tnq: HO(kq, A) < HO(kq, A[Gy(w)]) for
the map induced by the assignment A — A[gk(n)] sending each a to a - N, -
The maps \Ilﬂfq and V, 4 are related to the maps wgs and vg in the following way.
(5.38) Lemma. Write h: A/(t — 1) = A for the isomorphism fized in Hypothesis 4.14 (ii).
Then, for every ¢ € ESY(F), n € N and q € Q one has
(U5 ©10Ck(m).q) (Dncim) = (tng o b1 0 ) (K (¢)n)
and, if ¢ € V(n), also
(Vag o lock(n)vq)(D;ck(n)) = (tng o0 cl_ET oh~lo qu)(fi'(c)n).
Proof. This follows directly from comparing the definitions of the involved maps. O
Write 0xq: HO(kq, A[GK]) — H'(kq,a;T[Gk]) for the connecting homomorphism arising from

the tautological short exact sequence 0 — a;7 (G| = T [Gk] — A[Gk] — 0. Then the following
result allows for explicit computation of the maps 0y y),q © \Ilafq and Op(n),q © Vaq-

(5.39) Lemma. Let n € N and q € Q. Then the following claims are valid.
(i) For everyy € H}(k‘q, T Grw]) s we have

(Here we are using the fact that the definition of Q ensures Eulg(Frobg) € ai[gk(n)] and
so Euly(Frobg) -y can be regarded as an element of H}(kq, aiT[gk(n)])~)

(ii) If q € V(n), then for every y € H}(kq,T[gk(n)]) we have
(Ok(n),q © Vaa) (y) = (09 — 1) - w.
(Here we are using that oq acts trivially on AlGym/q)] so that (o4 — 1)a can be regarded
an element of H}(k:q, a7 [Grew)])-)
(iii) Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis 4.16. Then, for
every ¢ € ESY(F), n € N, and q € V(n) one has
(5k(n/q),q © \Ilgs/q,q)(D;/qck(n/qﬂ - (5k(n),q o qu)(Dn/mck(n))
in Hj(kq, ;T [Gr(njq)]) = H kg, 6T [Grw))-
Proof. To prove (i), we take y € H}(kq,T[gk(n)])IK,q and note \Ilfiq(y) = CFroby—1 * Y(Frobg).
The cofactor map cgrob -1 satisfies
(Fl“Obq — 1)CFr0bq—1 = *(1 — Frobq)cFrObq_l
= —detn(gy /Ty, (FrOPa = 1 | AlGk(w)/Zis(n) o))
= —Eulq (Nq . FI‘Obq) S A[Qk(n)/zk(n)’q].
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This combines with the definition of ;) 4 to imply that
(5k(n)7q ) \Ilfiq)(y)(Frobq) = (Frobg — 1) - cprob,—1 - ¥(Froby)
= —Euly(Nq - Froby) - y(Frobg)
= (—Euly(Nq - Frobg) - y)(Froby).
As an element of H}(kq,A[Gk(n)]), the class (0x(n),q © \Ilﬂsq)(y) is uniquely determined by its

value on Froby. The above calculation therefore verifies (i).
To prove (ii), we take y € H'(kq, T1Gkw)]) and similarly compute that

(Ok(n).q © Vaa) () (Frobg) = (Frobg — 1) - y(aq),
where o, € G}, denotes a lift of o4. By the definition of the action of G4 on H}(kq, a;T[Gn])
and by repeatedly using the cocycle property we may calculate that

((oq — 1)y)(Froby) = Gqy(5q ' Frobedy) — y(Froby) = (y(Frobedy) + cqy(dq ")) — y(Froby)
— (Frobyy(6y) + y(Frobg)) — y(Gy) — y(Froby) = (Froby — L)y(5y).
We have therefore proved (d(),q © Vag) (y)(Frobg) = ((oq — 1)y)(Froby), and this implies (ii).

To verify (iii), we note |G4| annihilates the kernel of the map H}(kzq, 0, T[Gn]) = H (kq, T[Gh))
(which identifies with a submodule of A[Gy]), and so Proposition 5.35 (iii) implies that

|Gqlcn = (Eulg(Frob, ) — Eulg(Nq - Frob, ))cq/q € Hj (kq, ;T [Gryqg))-
Combining this with the relation (0q—1)Dg = |G4| —Ng, and the result of (i), we then compute
(Okn).q © Vo) (DncCi(n))
= (0q — 1) Djckn)
= (1G4l = NGy ) Dy /4Crn)
= |Gq| Dy gCh(n) — Eulg(Frobg ) Dy iy
= (Euly(Froby ') — Euly(Nq - Froby 1)) D}, . ¢a/q — Eulg(Froby ") Dy o rn/g)
= —Euly(Nq - Frobg ") D} ycu/q
= (kiw/ara © Ying) (Dhsgicosa))
where the final equality follows from (i). This proves the equality in (iii). O

We can now prove the ‘finite-singular relations’ in Theorem 5.27 in the case a = 1.

(5.40) Proposition. Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for every c € ESY(F), n € N, and q € V(n) one has

O4(K'()n) = g (K'(€)njq) € I
Proof. Since h and c;_; are bijective and ¢, 4 is injective, the claimed equality is valid if, in
HY(kq, AlGrn/g))) = HY(kqs AlGk(m))), one has
(tn/qq © P 0 UG) (K (Onsq) = (tngo ety 0 B 0 0g) (K (c)a)-
Since Hypothesis 4.16 (ii) implies the connecting maps dj(u/q),q a0d dp(n) 4 are injective, it thus
suffices to show that, in H}(k:q, ;T [Gr(n/q))) = H}(k‘q, ;7 [Gr(w)]), one has
(Ok(n/a),0 © tn/a,q © h™to J’cfls)(“,(c)n/q) = (Ok(n),q © tng © 01:17 oh™'o q) (K (C)n)-

It is then enough to note that the latter equality can be verified by combining Lemmas 5.38
and 5.39 (iii). O

It now only remains to show that the explicit linear combination of elements x'(c)ocy(py that
occurs in Definition 5.26 belongs to H;?(n)(k, A), and for this we adapt the argument of Mazur

and Rubin in [74, App. A]. This means that the key technical result we have to prove is the
following.
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(5.41) Lemma ([74, Th. A.4]). Assume § satisfies Hypothesis 4.1 and that K and T satisfy
Hypothesis 4.16. Then, for every c € ESY(F), n € N, and q € V(n) one has

V‘f's(/{/(c)”) - _ZreGq(n)Sgn(T> ’ (H[eV(n/DT)x(T[()I)) -@és(n’(c)%),

where S4(n) denotes the subset of &(n) comprising cycles T for which 7(q) # q.

Proof. Let &1(n) denote the collection of all cycles in Per(V'(n)). Then for each 7 € &;(n) one
has q ¢ V(9,) and so Proposition 5.40 shows that dv)gs(/-i’(c)%) = Uq(K'(c)qv, ). Since the maps h
and c¢j_, are isomorphisms, it is therefore enough to compute (tqq0h~ ' o zﬂfls)(/ﬁn) in terms of
(tngocyt, oh ™ oiy)(ky, ). Since Hypothesis 4.16 (i) implies that the connecting homomorphism
Ok(n),q 18 injective, we may carry out this computation after applying () q- Using Lemma 5.38
and 5.39 (i) and (ii) we are therefore reduced to proving that, in H}(kq, ;7 [Gr(n)]), one has

[
Eulg(Frobg) - (Dyerm) = 3 reeym 580(7) - (icvm/on o) * (00 = 1) - (Do, crqa,))- (5:42)

To do this, we fix m € N with m | n, and p € V(m). If u is an element of Iy + a;R[Gy], then
u annihilates (op — 1)(DyCr(m)). Indeed, this follows from the fact that u annihialates £'(c)m
(by Lemma 5.25) and Lemmas 5.38 and 5.39 (ii). For every [ € V(m) we have

Eul((Frob, ') = 2 eV (m/l) :z,(p)(ap —1) mod (I + a;R[Gn))

and so it follows that
Euly(Froby) - (Dinck(m) = 2 pev(m/n 2 (o — 1) D3y Crom)

=— ZpeV(m/[) x[(p)Eulp(Frobp_l) . Dt,n/pck(“/P)7 (5.43)
where the second equality is by Lemma 5.39 (iii).
We can now use (5.43) (with m = n and [ = q) to express —Euly(Frobg) - (D} cy(n)) as a sum of

terms of the form gclgpl)Eulp1 (Frobp_ll) . Dt/n/plck(n/lﬂl)' If p1 # q, then we can apply (5.43) (with

m = m/p and [ = p) to the corresponding summand in order to write it as a sum of terms

;vf,’?)Eupo (Frobp_;) . D\/n/mpz Ch(n/p1pz)- Continuing this process until p, = q for some n produces

acycle 7= (qpn-1 ... p1) € G4(n) such that 3, == n- ([[}_, p;) "t and sgn(r) = (—1)""!, and
the resulting summand is
[
=sen(r) - ([T, 0 7t0) (03 = V(Db cxo)).

This proves (5.42), thereby concluding the proof of the lemma. O

The next result now finally completes the proof of Theorem 5.27.

(5.44) Proposition. Assume § satisfies Hypothesis 4.1 and that K and T satisfy Hypothesis
4.16. Then, for every c € ESY(F) and n € N, one has k(c), € H}(n)(k,fl).

Proof. If m | n, then x/(c)m belongs to H;:m (k,A) C Hi;n (k,A) and so the same is true for x(c)x.
To prove that k(c), belongs to H;;(n)(k:, A) it is then enough, by the exact sequence (5.15), to

prove 1])25(/-;(0)“) =0 for all g € V(n). To verify this, we write Uy(n) == {7 € &(n) | 7(q) = q}
for the stabiliser of q in &(n) and note that every 7 € &(n) \ U can be written as 7 = g o p
with o € Ug(n) and p € &4(n/0,). Given this, we can rearrange the terms in the definition of
K(C)n as

LCIEDDINIC IR | I R CE
- (ZTqu(n)Sgn(T) ' (quv(n/a_r)xsfz)q)) '“,(C)DT)
- <Zanq<n>,peeq<n/aa>sgn(a o) (quv(n/%p)ﬂfﬁi),,)(q)) "’”/(C>°fw)
- ZTGUq(n)Sgn(T) ' (HqEV(n/DT)xS'q()CI)) $Ar
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with
ot ) (@) \ . .
Ar =K (C)DT + Zpegq(n)sgn(p) (quv(aT/ap)xP(q)) K (C)a”'

By Lemma 5.41, we have ngS(AT) = 0 for every 7 € Uy(n), so this shows the required vanishing
of YE(s(c)n). =

6. Kolyvagin systems Il: controlling values at 1

Throughout this section we fix a natural number ¢ and continue to use the notation in (5.1).

6.1. Tate—Shafarevich modules and relative core vertices

The notion of ‘core vertex’ plays a key role in the theory of Kolyvagin systems developed by
Mazur and Rubin in [74]. In this subsection, we use the Cebotarev density theorem to prove
the existence (under Hypotheses 4.14) of an appropriate analogue of core vertex in our theory.

6.1.1. Tate—Shafarevich modules and cohomological invariants

For every natural number j > ¢ and Mazur—Rubin structure 7’ on A, we define A-modules
M pr;(A) = Mg (k, A, Q)) = ker(Hf,(k: A =TI, kq,A))

X7 i(A) = Hp/(k, A) N Hl(gkjm), A) = ker(H;,(k:,A) — H(k;(T;), A)).

For a Nekovar structure .#’ on A, the exact sequence (3.28) implies that, for q € Q;, there
exists a localisation map HY, (k, A) — H'(kq, A). We can therefore similarly define a A-module
Iz ;(A) = g (k, A, Q;) = ker(H. (k, A) — H Hl (g, A)).

We thereby obtain increasing filtrations of Tate-Shafarevich modules
Wz 1(A) C Iz o(A) C - C Hy(k, A)  and Iz (A) C g a(A) C - C Hy(k, A).

In the following result concerning these modules we write (7) for the subgroup of Gal(k;(7;)/k;)
generated by 7.

(6.1) Lemma. Assume Hypothesis 4.14 (i) and (ii). Then the following claims are valid.
i) Mz .(A) C Xz .(A), with equality if H ((1), A) vanishes.
FJ Fg
(it) If x € Xz ;(A) is such that loc,(z) =0 for some v € Q;, then x € Il £ ,(A).

(i1i) There exists a canonical isomorphism of I-modules
Hs(k, A)/I; (A) = Hp(k, A)/Iz (A),
(iv) If Hypothesis 4.14 (iii) is also valid, then 4+ j(E) vanishes.

Proof. To prove the inclusion in (i), we need to show that any element £ of Iz ;(A) is trivial
upon restriction to Gy, (T5)- Since Gy, (7;) acts trivially on A (since j > i), the restriction
f=res(§) of £ to G, (1) 18 a Gk, (T) equlvarlant homomorphism f: Gy, (7;) — A. In particular,
f cuts out a finite extens1on K of k;(T;) that is Galois over k.

Now let o be an element in Gal(K/kj (75)). Since 7o agrees with 7 when restricted to k;(7;),
Cebotarev’s density theorem allows us to choose places v1 and v2 in Q; such that Frob,, and
Frob,, are equal to 7o and 7, respectively, in Gx. By assumption, £ is trivial when restricted to
the decomposition groups of v; and vy, so there are elements a;,as € A with {(p) = (p—1) - a,
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if p belongs to the decomposition group of v,. It follows that
¢(Froby, Frob,, ) = Frob, ! - £(Frob,, ) + £(Frob,')
= Frob;lFrobvlal — Frob;zlal + Frob;;ag — a9
=a1 — T_lal + 7'_16L2 — a2
= (1 =1 (a2 — a).

Now, Frob, 'Frob,, € Gy, (1;) and so § (Frob, 'Frob,, ) = f(Frob, Frob,, ) = f(r~1ro) = f(0).
The above calculation therefore implies that im(f) is contained in (7 —1).A. Hypothesis 4.14 (i)
and (ii) then combines with Lemma 6.2 below (applied with L = k;(7;)) to imply that f is
trivial, as required to prove the inclusion in (i).

Next we note that, if H'((r),.A) vanishes, then the inflation-restriction sequence shows every
element x of X7 j(A) is the inflation of an element of H'(k;(7;)¢"/k,.A). Since every place in
Q; splits completely in k;(7;){™ by definition, it follows that loc,(z) must be trivial for every
v € Q;. This shows that z belongs to Il £ ;(.A), as required to complete the proof of (i).

If = is a cohomology class in Xr ;j(A), then by definition « is trivial when restricted to G, (T5)
and, in particular, « is unramified at every place that is unramified in k;(7;)/k. In particular,
x is unramified at every place in Q; and so the restriction loc,(x) belongs to H}(k‘v, A). From
the isomorphism

Hj(ky, A) = A/(r = 1)A, [y] — y(Frob,) mod (1 — 1)
for any v € Q;, we see that res,(x) vanishes if and only if the element

x(Frob,) = z(77 'Frob,) = x(7) + 7tz (7~'Frob,) = z(7)
belongs to (7 — 1).A. Since the latter condition does not depend on v, we see that x belongs to
I x ;(A) if res,(x) vanishes for any given v € Qj, as claimed in (ii).
For q € S(.#), the natural localisation map H}(k‘,A) — H'(kq, A) factors through the map
H}j(k,fl) — Hl(OhS(j),A) induced by the triangle (3.10) and the exact sequence (3.28)
implies that the latter map has image H}E(k, A). Claim (iii) follows directly from these facts.
To prove (iv), we note Hypothesis 4.14 (iii) implies H 1(gk]_ (73)’§)’ and hence also its subgroup
X5 1) j(E), vanishes (cf. Remark 4.15 (i) and (ii)). The vanishing of Iz, j(E) now follows
from the argument proving the inclusion in (i), after replacing F and A by F' and B. O

(6.2) Lemma. Assume Hypotheses 4.14 (i) and (ii). If L is a finite Galois extension of k
containing k;(A), then the following natural map is injective

HY(L, A)9" = Homg, (Gr,, A) — Hom(Gp, A/(t — 1)A).

Proof. Let x: G, — A be a non-trivial homomorphism in Homg, (G,.A) that belongs to the
kernel of the above map. That is, im(z) is contained in (7 — 1).A. Then, since x is non-trivial,
Lemma 2.9 implies the existence of a non-zero element A of A such that A-x is a non-zero element
of the M;-torsion submodule of Homg, (G, A). In particular im(Az) = X - im(z) is contained
in A[M;]. In addition, following Remark 2.10, there exists an isomorphism A ®, K = A[M,]
and so Hypothesis 4.14 (i) implies A[M;] has no proper non-trivial Gg-stable submodules. If
A - im(z) is non-zero, it must therefore span A[M;] over A. Since im(z), and hence A - im(x),
is contained in the A-module (7 — 1).A, it follows that (7 — 1).A contains A[M;]. We therefore
obtain a surjective map of A-modules 6: A/(A[M;]) - A/(1—T1)A. If A= A®p K, then the
domain of 6 vanishes, whilst its codomain is isomorphic to IK and this is a contradiction. On
the other hand, if ¢ > 1, then the codomain of # is isomorphic to A, whilst Lemma 2.9 implies
that every element of its domain is annihilated by a non-zero element of A. The surjectivity
of 0 therefore implies that 1 € /A is annihilated by a non-zero element of A and this is a
contradiction. In all cases, therefore, the map x must be trivial, as required. ]
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If j > 4, then for any pairwise coprime moduli a, b and n in Nj, one has

(T 1 A — (B L, B
g ;(4) C Hye (k. A) and g ((B) € Higey. (K, B).

In particular if, for m € N}, we set

)\f(m,j) = dim]k (H%(m)(

then the integer
provides an appropriate analogue in our theory of the cohomological invariants for Mazur—
Rubin structures introduced in [74, §4.1]. The basic properties of these integers are as follows.

(6.3) Lemma. Fiz j >i. Then x(F,j) is independent of m. Further, for all pairwise coprime
moduli a, b and n in Nj, the following claims are valid.

(i) X(Fa(n),j) = x(F.j) + v(b) = v(a).
(i) X(F,j) = X(F(n), j).

(ii) If Hypothesis 4.14 (i), (ii) and (iii) are satisfied, then A(n,j) = dim]k(H%* k,B)).

(n)(

Proof. Both the independence of x(F, j) from m and the equality in (i) follow from the argument
of [93, Cor. 3.21]. Specifically, since

Ago(n, 5) = dimlk(H%s (k, A)) — dimy (1T ;(A4))

(n)
Ao () = dinng (Ll (5, ) — dinmg (11 (),

one need only compare dimensions by using appropriate cases of the global duality exact

sequences (5.14)—(5.17) with A, A and both ® and F taken to be k, A and F respectively.

Claim (ii) then follows directly from (i) in the case a = b = 1, and (iii) is an immediate

consequence of Lemma 6.1 (iv). O

(6.4) Remark. Lemma 6.3 (iii) implies that, if Hypothesis 4.14 is satisfied, then the non-
negative integer A%(n, j) is independent of j. In such cases, we abbreviate AL(n, j) to A%(n).

6.1.2. The Cebotarev density theorem

In the sequel, for j > i we write III;(.A) for the subset of H'(k,.A) comprising all classes that
are locally trivial at every place in Q; and X;(A) for H* (Gr,(T;): A), regarded as a submodule
of H'(k, A) via the inflation map.

Then the following consequence of the Cebotarev density theorem constitutes a refined version
of both [74, Prop. 3.6.1] and [26, Lem. 3.9].

(6.5) Proposition. Assume to be given data of one of the following forms:
(i) Hypotheses 4.14 (i), (ii) and (ii*) are satisfied; Z € {A, A, A, A} and D = {c1,c}} where,

for some j > 1, one has
c1 € (H'(k, 2)/11;(Z)) \ {0} and ¢} € (H'(k,Z(1))/1L;(Z*(1))) \ {0}.

(ii) Hypotheses 4.14 (i), (ii), (i5*) and (iv) are satisfied; Z1 € {A, A}, Zo € {A, A, A, A} and
D = {c1,c2, ¢}, 5} where, for some j > n and both s =1 and s = 2, one has

cs € (H'(k, Zs)/T1;(Zs)) \ {0} and ¢ € (H'(k, Z;(1))/10;(Z5(1))) \ {0}.
Then there exists a subset S C Q; of positive density with ngs(c) %0 forallce D andqeS.
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Proof. Note, at the outset, that we may assume that ¢, does not belong to X;(Z;) for s € {1,2}.
Indeed, if ¢, € X;(Z,)/11;(Zs) is nonzero, then Lemma 6.1 (iii) implies that loc,(cs) # 0 for
all v € Q; and so the claim is trivial for ¢,. Similarly, we may assume that c; does not belong
to X;(Z¢(1)) for all s € {1,2}.

Next we observe that, for g € Q;, there exists a unit uq (in £\, A, K or k as appropriate, and
only depending on q) with

() = uq - x(Froby) € Z/(Froby — 1) for all z € H'(k, Z),

and similarly for Z*(1). Writing fy € H'(k,Z)* and f; € H'(k, Z*(1))* for the maps defined
by x — wx(Froby), it therefore suffices to prove that there exists a subset S C Q; of positive
density with the property that fq(c1) # 0 and fy(c}) for every q € S in order to establish the
claim in case (i). To do this, we set A := Gal(k;(7;)/k) and consider the composite map

¢: HY(k, Z) 23 HY(k;(T;), 2)™ = Homa (Gy, (75, Z) = Hom(Gy, (1), Z/(1 — 1) Z)
where the first arrow denotes restriction and the second is induced by Z — Z/(7 — 1)Z.
By assumption, ¢; does not belong to X;(M), hence not to the kernel of the first arrow.
Since the second arrow is injective by Lemma 6.2, we therefore have that ¢(c;) # 0 and
so ker ¢(c1) is a proper subgroup of Gy, (7). Consider the subset H; = d(c1) Y (—c1(7)) of
Gr;(1;)- If 91,92 € Hi, then one has that 9195 " belongs to the kernel of ¢(c;) (since ¢(c1) is a
homomorphism). This shows that H; is a coset of ker(¢(cp)).
In exactly the same way we set H; = ¢/(c}) " (—ci(7)), with ¢’ given by the composite map

¢ H'(k, Z°(1)) "% H' (k;(T;), 2°(1))

= HOHIA(ij(E.), Z) — HomA(ij(Tj), Z*(l)/<7' — 1))

One then has that HY is coset of the proper subgroup ker(¢'(cy)) of Gy, (T;)-

It now follows from the general result of Lemma 6.7 below that H; U H] is a proper subset
of Gy, (). (Here we are using that, if 7 = id, then H; = ker(¢(c1)) and Hf = ker(¢'(c7)) are
subgroups of Gk‘j(ﬂ))'

Fix an element v € Gy, (7;) \ (H1 U HY) and write L := LyLj for the finite extension of
k;(T;) defined as the composite of the extensions L; and L} that are cut out by the kernels
of Res(c1) and Res™(c}), respectively. Let S C Q; be the subset of primes that are both
coprime to n and such that the restriction of Froby to L agrees with 7. By construction, for
every such q € S one then has Tlerobq € ij(Tj) and so, since the cocycle relation implies
cs(T7 7 Frobg) = ¢s(7) + Tcs(77 ' Frobg), we can compute

cs(Frobg) = cs(77 'Frobg) = ¢5(7) + ¢(c;) (7 'Froby) mod (7 —1)A (6.6)
= ¢,(7) + $(es)(y) mod (7 —1)A
#0 mod (1 —1)A.

Here the second congruence is true since 77 1Frobq € yker(¢(cs)) and the final assertion as
v ¢ H,s. The non-vanishing of each element cs(Frobg) implies that S has all of the required
properties, and hence concludes the proof of the claim in case (i).

In case (ii) it is convenient to argue separately for the cases p > 3 and p € {2, 3}.

If p > 3, then for a € {1,2} we set H, = ¢(co) ' (—co(7)) and H} == ¢'(c}) "1 (—c} (7)) and take
L, and L} to be the fields that are respectively cut out by the kernels of Res(¢,) and Res*(c}).
Then, since a simple counting argument (using p > 3) shows that X := Hy U Hy U Hy U Hj is
not equal to Gy, (7;), we can therefore again fix v € Gy, (1) \ X and take S to be the subset
of primes that are coprime to n and such that the restriction of Frob; to the compositum
Ly Ly L7L5 agrees with 7.

In the rest of the argument, we thus assume p € {2,3}. In this case, we can first use Lemma
2.9 to choose elements y1, Y2, y7,y5 of R such that each y$Res®(cs) is a nonzero element of

Homa (G, (7;), Zs)[as] = Homa (G, (7;), Zs[as]) = HomA(ij(E),Z).
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(Here the symbol e is either * or dropped, as is either M; or M; depending on if Z; is a
A or A-module, Z; == Z;/asZs, and the isomorphism is induced by a choice of isomorphism
k = Afa;] resp. K = A.) It is then enough to find a subset S C Q; of positive density such
that locy(yic1),loc,(yaca), locy, (yicr), locy, (y5ch) are all nonzero for every v € S.
Define finite extensions L1, Lo, L}, L3 of k;j(7;) as the fields cut out by the kernels of y1Res(c1),
ya2Res(¢c2), yiRes*(c}), ysRes*(¢5). We then set L' .= L1 Ly N LL5 and claim that

L' = k;(T;).
To show this, we note Gal(L'/k;(T;)) is a quotient of the subgroup Gal(LiLs/k;(T;)) of
Gal(L1/k;(T;)) x Gal(La/k;(T;)), which we can identify with a submodule of A & Z; via
(y1Res(c1), yo2Res(cz2)). This shows that Gal(L'/k;(T;)) is isomorphic to a Z,[G}]-subquotient
of T & Zy. Similarly, (yiRes(c}), y3Res(cy)) induces an isomorphism between Gal(L'/k;(T;))
and a Z,[Gy]-subquotient of B @ Z5 (1). In order to deduce Gal(L//k;(7;)) is trivial, and
hence that L' = k;(7;), it is thus enough to show Hypothesis 4.14 (iv) implies that the Z,[Gy]-
modules A & Z; and B @ Z3 (1) can have no non-zero isomorphic subquotients. In addition,
since Z,|G] acts on these modules via a finite (and hence Artinian) quotient ring, the modules
have composition series and so, by the Jordan—Holder Theorem, it is enough to show that they
have no isomorphic composition factors (as Z,[Gj]-modules). Now every composition factor
of A @ Zy is isomorphic to a composition factor of either A or Zy € {A, A} and hence to a
composition factor of A @ A. Similarly, every composition factor of B @& 72*(1) is isomorphic
to a composition factor of B @ X*(l). It is thus enough to show that no composition factor
of A® A is isomorphic to a composition factor of B & ﬂ*(l) and this follows directly from
Hypothesis 4.14 (iv).
We set H? == ¢(yact) L (—y2ct) for a € {1,2}. We then use the same argument as in case (i)
to choose elements v, v* € Gy, (7;) such that v ¢ H1UH; and v* ¢ H{ U H3, Since L' = k;(T;),
we can then find an element 7' of Gy, (7;) such that the restrictions of 7' to L1 L and L]L3 are
equal to v and 7* respectively. The subset S of Q; comprising all primes q for which Froby is
conjugate to 7" in Gal(L1LoLiL3/k) is then easily seen to have the required properties.  [J

The following general observation was used in the above argument.

(6.7) Lemma. Let G be an infinite group, and U;,Us C G two normal subgroups of finite

index. Let V1 be a coset of Uy in G, and Vo a coset of Uy in G. Then G # Vi U Vo unless
Uy = Us is a subgroup of index 2 and Vi and Va are the two cosets in G/Uy.

Proof. Suppose G = Vi U Va. By assumption Uy, Us C G, so also must have Vi, V5, C G. We
can therefore find elements x,y € G with € V; and y & Vb. It follows that x € V5 and y € V4.
If z:= 2y € Vi, then zy~! = 2 € Uy. Similarly, if z € V3, then 2712 =y € Us.

If (G:Uy) >2and (G:Usy) > 2, then we may choose ¢ U; UV; and y & Us U Vs, which
contradicts the previous conclusion. Without loss of generality we may therefore assume that
(G : Uy) = 2. In particular, we have G = V; UwU; with w an element of G with w ¢ V;. In
this case we therefore have V1/ =wlU; C Vs,

Now let u; be an element of U;. Then u must belong to V; or V{. In the first case Vi NU; # @
and so V3 = U;. In the second case V{ NU; # & and so V] = U;. Similarly an element ugy of
Us must belong to V4 or V{. If it belongs to V] C V3, then Us N Va2 # & and so Vo = Us. Since
ug was arbitrary, this is the case if any element of U, belongs to V{. Otherwise we therefore
must have Uy N V{ = @, and hence Us C V;.

It is thus enough to consider separately the following four cases:

o V7 = Uy and Vo = Us. In this case one has G = U; U Us and so an elementary argument in
group theory (in fact, the same as at the beginning of this proof) implies G = U; or G = Uy,
which contradicts the hypothesis that U; and U, are strict subgroups of G.

o V3 =U; and Us; C Vi. In this case Uy C Vi = U; and so the argument in the beginning of
the proof implies Us has index 2. Since U; also has index 2, it follows that Uy = Us.
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o V{ =Uj and Vo = Us. In this case Uy = V{ C Vi = Us. Since (G : Uy) =2 and U # G, it
follows that U; = Us.
o V{ =Uj and Us C V;. In this case Uy N Uz C V{ NV} = &. However, since G is infinite, and
both U; and Us have finite index in G, this is impossible.
O

6.1.3. Relative core vertices

The following is an analogue in our theory of the notion of core vertex from [74, Def. 4.1.8].

(6.8) Definition. A ‘relative core vertex’ for F on A is a modulus n in N for which the group
H}a*(n)(ka) vanishes.

(6.9) Remark. This notion is relative to the given ring homomorphism A — A, and is a weak-
ening of the notion of core vertex used by Mazur and Rubin. To justify the latter observation,
let n is a core vertex for F in the sense of [76, Def. 4.1.8]. Then H }* (n)(kz, B) vanishes and sp,

from [26, Cor. 3.8], it follows that H (1fA)* (n)(k, B) also vanishes, where F4 is the Mazur-Rubin

structure on A induced by F (as in Example 3.23 (iv)). In particular, since Fu < F (cf. Re-
mark 3.24 (ii)), and hence also F*(n) < (F4)*(n), the group H1~*(n)(k, B) vanishes. It follows

that any core vertex for F in the sense of Mazur and Rubin is a relative core vertex for F in
the above sense. However, the converse may not be true. In fact, even though our next result
shows that relative core vertices for F always exist under Hypotheses 4.14, it is possible that

HJI:_* (n)(kz, B) is nonzero for every n € N. Fortunately, however, if n is a relative core vertex for
F, then in all cases one can usefully ‘bound’ the complexity of the A-module H}%* (n)(k, B) (see
Remark 6.15 below).

(6.10) Remark. Lemma 2.9 implies H}}*(n)(k:, B) vanishes if and only if H}%*(n)(k:,B)[Mi]

vanishes, and Lemma 3.37 implies the latter module is isomorphic to H%* (n)(k:,E). Hence, if

Hypothesis 4.14 (i), (ii) and (iii) are satisfied, then Lemma 6.3 (iii) implies that n is a relative
core vertex for F if and only if the (non-negative) integer A;;(n) defined in Remark 6.4 is equal
to 0, or equivalently one has

X(F, j) = dimg (b (k, 7)) - dimg (1L (A)) (6.11)

(m)
for each j > i.

The next result guarantees the existence of relative core vertices with certain additional prop-
erties that will be essential in our later arguments.

(6.12) Lemma. Assume Hypotheses 4.14. Then for every j € N with j > i, there exists a
relative core vertex n for F that belongs to N;(C N) and is such that v(n) is equal to the
integer N(1) defined in Remark 6.4.

Proof. Set s :== A\(1) = dim]k(H%*(k‘,F)). Then we shall use an induction on s to construct
a modulus n in N such that v(n) = A%(1) and H%*(n)
3.37 implies H}B* (n)(k, B)[M;] vanishes and hence that H%,* ()

of Lemma 2.9. Tt follows that any such modulus n is a relative core vertex for F of the required
form.

If, firstly, s = 0, then the claim is clearly satisfied (with n = 1) and so we assume s > 0. In this
case, we shall now inductively construct primes {qa}ae[s] C Q; with the property that, for each
b € [s], the ideal ny =[] ¢ 9a is such that A%(ny) = A%(1) —b. We thus assume that suitable
primes {qa}qepp) have been constructed for some b with 0 < b < s, and we set n;, == Hae[b]qa.

(k, B) vanishes. For such an n, Lemma

(k, B) vanishes as a consequence
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Then, since Hypothesis 4.14 (vi) implies x(F,j(i)) > 0, where the integer j(i) is defined in
Definition 4.13, one has

0 < M5(1) = b= Aa(np) = Ax(ng, 5 (7)) < A, (7).

It follows that the groups H1 (k A) /115 () (A) and HL.  (k, B) are both nonzero. We may
(i

F (ﬂb)(
therefore apply Prop031t10n 6 5 ) in order to fix a prime qy4; € Q; such that the localisation

maps HF(nb)(k’A) — H'(kq,,,,A) and Hl*

this, the result of [26, Prop. 5.7] implies
Ap(ps1) = Ap(m) — 1= A%(1) — (b+1),

as required to complete the induction step. This proves the claimed result. ]

(n )(k B) — H'(kg,,,, B) are both nonzero. Given

We show next that, for suitable moduli a, b and n, the ideals J; in Definition 4.13 can be used
to bound the complexity of the groups H'. . (k,B) = H'. . (k,B).
(F*)a(n) (F§)*(n)

1

my 5 B)

(6.13) Lemma. Fiz pairwise coprime moduli a,b and n in Nju) for which H

vanishes. Then one has FittQ (J;) C A - o; (Fitty (H! (F5)(n )(k,B)*)).
Proof. We compare the exact sequence obtained by applying the functor (—) ®, A to the short
exact sequence in Proposition 5.9 (iii) with the short exact sequence obtained from Proposition
5.9 (iii) after replacing A and F by A and F. In this way, we obtain an exact commutative
diagram
Tor{'(X(F),A) — H{za). (K, B)* ®n A — HY(C(F(n))) @n A
b
! = (6.14)

0 —— H; k,B)* —— H'(C((F @5 A)i(n)),

(Fg)*(n )(

where the vertical isomorphism is induced, via Lemma 2.31 (ii), by the isomorphism in Pro-

position 5.9 (ii). In addition, the assumed vanishing of H (%a)* (n)(k, B) combines with Lemmas
b

2.9 and 3.37 to imply H (1F°‘) ‘(n )(k, B) also vanishes. The above diagram therefore gives rise to

an exact sequence

Tor{'(X (F), A) = H{zoy. (5 B)" @ A = 0.

Upon comparing this sequence to that obtained by applying the functor (—) QR A to the
analogous sequence with A\, ﬂ;, A and B replaced by R, ﬂ’j(i), Rj;y and ](1)(1)7 one obtains
an exact commutative diagram

R Y *
Tor, J()(X(gj(.)) ) ®R]< ) A — H(( ) o) (n)(k'»ﬁ‘(i)(l)) ®R]-(z'> A—0
o v

Tor{' (X (), A) s Ho (K B) @p A ——— 0.
(F) ()

Here « is the natural map and, similarly to (6.14), the map £ is induced by the map
/.oprl * * 1 *
B Higr, e Tt (D)7 = H gy (5, B)
arising as the restriction (via the exact sequence in Proposition 5.9 (iii)) of the surjective map

HI(C((ﬁj(i))g(n))) — Hl(C(j[f‘(n))) induced by Proposition 5.9 (ii). In particular, S is sur-

jective since 3’ is dual to the injective map
1 ~Y ]. *k
H oy oy (52 B) = Hz oy oy (B Ty (D)[ai] © Hiz, ey (B Ty (1)

induced by Lemma 3.37. Now, by definition of j(7), the image of « in the above diagram is equal
to the submodule J; and so the commutativity of the diagram combines with the surjectivity
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of 8 to imply the existence of a surjective map J; — H(lfu)*(n)(k, B)* @ A of A-modules. This
b

surjective map then combines with Lemma 2.11 (ii) and (iv) to imply an inclusion

Fitt] (J;) C Fitt%(Hgﬁg)*(n)(k, B)* @A) = A - Qi(Fitt%(H(lﬁg)*(n)(k, B)")).

This proves the claimed result. O

(6.15) Remark. Taking a = b = 1 in Lemma 6.13, one obtains the following useful fact: if n is
a relative core vertex for F that belongs to Nj(;), then Fittd (J;) € A- o (Fitt%(H]l:_* (n)(k, B)*)).

6.2. Controlling Kolyvagin systems via relative core vertices

The aim of this section is to show that if n is a relative core vertex for F that belongs to /\/j(i),

and k is any Kolyvagin system in KSt(ﬁ; ) that vanishes at n, then the value of k at the modulus
1 can be explicitly controlled. This result is stated precisely as Theorem 6.38 and its proof
adapts the graph-theoretical analysis of core vertices that forms a key part of the approach of
Mazur and Rubin in [74, §4].

6.2.1. Graphs and paths

We use the following variants of the notion of the graph X of core vertices for Mazur-Rubin
structures that are defined in [74, Def. 4.3.6] (see also [26, Def. 5.14]).

(6.16) Definition. For each j € IN with j > i we define a graph XJO = XJQ(Z') as follows.
(i) The vertices of XJQ are the relative core vertices for F that are contained in Nj;.

(ii) Vertices n and nq as in (i) are joined by an edge in X]Q if and only if the localisation map

H%(n)(k,Z) — H}(kq,Z) is mon-zero.

(6.17) Definition. A ‘path’ on XJQ is a finite ordered set

U= {(nlv q1)7 sy (nsa qs>} C ./\G X Qj
with the property that, for every a € [s — 1] one has either ng41 = Ngqq 07 N1 = Ng/qq. We
set |U| == s and refer to this as the ‘length’ of U. We also say that moduli n and v in N are
connected by U if one has n =nq and n’ = n,.

We shall need an upper bound on the minimum possible length of paths between certain pairs
of vertices on X QZ. . To prove such a result we carefully analyse the arguments of [26, Cor. 5.16]
in order to determine the length of the paths that are constructed in the latter result. In fact,
though our current hypotheses are weaker than those of loc. cit., this analysis doesn’t require
any essentially new ideas. Nevertheless, since it forms a key part of our argument, for the
convenience of the reader we provide a detailed argument in the remainder of this subsection.
We therefore start by recalling a result of Sakamoto, Sano and the second author.

(6.18) Lemma ([26, Lem. 5.13]). Assume j > i and fixn € Nj and q € Q; \ V(n).
(i) If n is a relative core vertex for F and the map H%(n)(k,Z) — H}(kq,Z) is mon-zero,
then nq is a relative core vertex for F and n and nq are joined by an edge in X]Q.
(nq)(k,ﬂ) — H{.(kq, A) is non-zero,

then n is a relative core vertex for F and w and nq are joined by an edge in XJQ.

(i1) If nq is a relative core vertex for F and the map H%

Our next two results are then minor refinements of [26, Lem. 5.14] and [26, Lem. 5.15] respect-
ively in that they also specify an explicit bound on the length of constructed paths.

(6.19) Lemma. Assume Hypotheses 4.14 and fiz n € N}‘(z‘) and q € Qj;)- Then, if n and nq

are both relative core vertices for F, there exists a path from n to nq in X]Q(i) that is of length
at most three.
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Proof. If the localisation map H%(n)(k, A) — H}(kq,ﬂ) is nonzero, then Lemma 6.18 (i) implies
that n and nq are joined by a path of length 1. We may therefore assume this localisation map
i 1 A) = HL A) C HL A i i

is zero, and hence that HF(n)(k‘,A) HFq(n)(k:,A) - HF(nq)(k’ A). The latter inclusion must
therefore be an equality since the fact n and nq are relative core vertices combines with (6.11)
and the first assertion of Lemma 6.3 to imply that

dim]k(H%(n)(hZ)) = X(FJ(Z)) + dim]k(mf,j(i) (Z)) = dimk(H%(uq)

(k, A)).
Since X(E, j(i)) > 0 (by Hypotheses 4.14 (vi)), the first equality here implies that the inclusion

Iz S (A) C H%(n)(k:,ﬁ) is strict. In addition, since H%(n)(k,g) = H%(nq)(k,Z), the exact

sequence (5.16) (with the data ® = F, A, I, m,n taken to be F, A, k, ng and q) implies that
H(lf*)q (n)(k,g) does not vanish. We can therefore apply Proposition 6.5 (i) to deduce the
existence of a prime v in Q;(;) \ V(nq) for which the localisation maps

H%(n)(k,ﬁ) — H'(k,, A) and H(lf*)q (k> B) = H'(k., B)
are both nonzero. By using the argument of [26, Lem. 5.14], one then concludes the existence
of a path in X]Q(i) of the form n — nt — nrq < nq.
At this stage, we have proved that, in all cases, n and nq are connected by a path of length at
most three, as required. O

(6.20) Lemma. Assume Hypotheses 4.14. Let ny and ng be relative core vertices for F in
/\/j(i), and fix primes q1 € V(n1) and q2 € V(n2) such that neither ny/q1 and na/qe are relative
core vertices for F. Then there exists a prime t in Qi) \ V(nin2) with the following properties.

(i) Both nit/q; and nat/qs are relative core vertices for F.

(ii) Forl € {1,2}, there exists a path in XJQ(Z.) between n; and nye/q; of length at most four.
Proof. Proposition 6.5 (ii) combines with Hypothesis 4.14 (iv) to imply the existence of a prime
tin Qj;) \ V(ninz) such that the maps

H%(nz)(k?,Z) — H'(k, A)  and H% (k, A) = H (ke, 4)

(m/ar)
are non-zero for both [ € {1,2}. Lemma 6.18 (i) then implies that n; and mv are directly
connected by an edge in XJQ(Z.). The proof of [26, Lem. 5.15] moreover shows that njt/q; is a
relative core vertex for F, and so Lemma 6.19 implies the existence of a path in X]Q(,L.) between
mr and nyt/q; of length at most three. In total, therefore, there exists a path between n; and
wt/q; in on(l.) of length at most four. O

We can now prove our main observation concerning path lengths.

(6.21) Proposition. Let ny and ny be relative core vertices for F in Njqy for which v(ng) =
v(ng) = )‘*F(l)‘ Then, if Hypotheses 4.1/ is valid, there exists a path in on(i) between ny and
ny of length at most 8 - (A(1) — v(ged(ny, n2))).

Proof. We argue by induction on the non-negative integer

p(n,ng) = (1) — v(ged(ng, ng)).
Firstly, if pz(n1,n2) = 0, and hence v(ged(ni, n2)) = A%(1), then one must have ny = ny since,
by assumption, v(n1) and v(np) are also both equal to A%(1). This proves the induction base.
We therefore assume uf(nl,ng) > 0, and hence that n; # ne, and then fix primes q; €
V(ny/ged(ng,ng)) and g2 € V(ny/ged(ng, n2)). Now, by [26, Cor. 5.11], one knows that any
relative core vertex m for F satisfies v/(m) > A%(1). In particular, since v(n/q;) = v(n) — 1 =

A%(1) — 1 for I € {1,2}, neither ny/q; nor na/qo can be a relative core vertex for F. Lemma
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6.20 therefore implies the existence of a prime t in Qj(;) \ V/(n1nz2) such that, for both [ € {1,2},

there exists a path in X]Q(i) between n; and njt/q; of length at most four. In addition, one has

pr(mat/ai,nat/ge) = A5(1) — v(ged(nit/q1, nat/q2))
=A5(1) —v(ged(ng, n2)) — 1
= pg(ng,ng) — 1,
and so, by the induction hypothesis, the vertices nyt/q; and notr/qo are connected in X 0() by

a path of length at most 8 - iz=(n1t/qq,n2t/q2). By concatenating these three paths, we have

therefore obtained a path in X]Q(i) from n; to ng (via njr/qp and ngt/qe) of length at most

4+ 8- pp(nie/qi, nov/q2) + 4 = 8(ug(mr/qr, nor/g2) + 1) = 8- pp(ny, n2),

as required. O

6.2.2. Moving along the graph

Given two values k, and knq of a system « in KSt(j ), the defining relation of Kolyvagin
systems relate their images under the maps that are respectively induced on biduals by wcfls
and vg. In order to be able to relate the values k, and kg themselves, it is therefore crucial to
control the kernels of these maps. This is achieved by the following result that uses the integer
X3 fixed at the beginning of §4.3.

(6.22) Lemma. Fiz t € Ny such that tz =t + xz > 0. Then, for each n € /\/}(i) and
q € P\ V(n), the kernels of both maps

ﬂﬂl kA—>ﬂ o (ks A)

. 3 o1 tz—1 4
Tg: ﬂA H ok A) =), qu(n)(k,A)
are annihilated by FlttA(H(P)q( )(k:,B')*) - Fitth, (X (F)).
Proof. Tt follows from the exact sequences (5.16) and (5.17) (with ® =.% and n = g, m = nq,
respectively a = q and m = n) that H} (n)(k,.A) coincides with the kernel of both of the
7°q

maps Uq: HL: q)(k‘,.A) — A\ and &gsz H}(n)(k,A) — /. Lemma 2.17 (i) therefore implies

Z(n

that ﬂtg H; (0 )(k,A) is the kernel of both of the displayed maps, and so we must show the

stated product ideal annihilates the latter module. In addition, by Lemma 2.11 (v), the mod-
ule /\tX H},j (n)(k:,.A)*, and hence also its A-linear dual ﬂtX H 19; (n)(k:,A), is annihilated by
7°q <°q

Fitttg_l(H;; (k‘, A)*) and so we are reduced to showing that

Fitth (H .0y (b B)) - Fitty (X (F)) € FittT (HY (k. A)"). (6.23)

(F~ )()(

To do this, we use the complex C (ﬁq(n)) from Proposition 5.9. In particular from Proposition
5.9 (i) and (iii) one has x4 (C(F4(n))) = xg—1 and H(C(F4(n))) = (k,A). By applying

Lemma 2.36 with C' = C’(gz}I (n)) and Y = (0), one therefore has
Fitttg_l(H}q (o (ks A)") = Fittl (H' (C(Fy(n)).

9‘()

To deduce the required equality (6.23), we then need only note that Lemma 2.11 (ii) applies to
the exact sequence in Proposition 5.9 (iii) (with a and b taken to be q and 1) to imply

Fitt), (H 5. o ) (b B)°) - Fitthy (X () € Fittly (H(C(F,(n)))). =

Lemma 6.22 has the following consequence concerning the values of Kolyvagin systems at

moduli that are connected by paths on the graph XJQ(I.).
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(6.24) Lemma. Fiz t € Ny such that tz =t + xz > 0. Let Kk € KS%(F) be a Kolyvagin

system of rank tz for F and n a relative core vertex for F in N i) for which k= 0. Then, if

U is a path that connects n to w' in X]Q(l.), one has

(H(mﬂ)eU FlttA(H(]:*)q( )(k, B)")) - Fitth (X (F)! - ky = (0).

Proof. We will prove the claim by induction on the length s = |U| of U. Let us therefore
assume that the claim has already been proved for all paths of length at most s — 1.

Writing U = ((n1,4q1),-..,(ns,qs)), we then see that n; and ns_; are connected by a path of
length s — 1. By the induction hypothesis it therefore follows that

(qusfu Fittﬁ\(H(lf*)qz( (k. B)")) -Fitth (X (F))* ™ - kn,_, = (0). (6.25)

Now, as n’ = ng and ng_; are connected by a path of length one, we have either n’ = ny_1qs_1
or v’ =n,_1/qs—1 and we consider these cases separately.
We first assume 0’ = ns_1qs_1. In this case, the defining relation of Kolyvagin systems implies

i i
qu—l(ﬁn/) = ¢qss,1(’§n’/q§71) = qué.,l(ﬁns—l)'
This equality then combines with (6.25) to imply an inclusion

(L. . Fitth (7 = (B, B)%) - Fitth (X (£))*" - kw € ker(vg, _,).
lefs—1] (F*)(ny)

In particular, since (the second assertion of) Lemma 6.22 implies that the kernel of vg,_,

is annihilated by the product of Fitt} (H(l}_*)qs e )(k:,B)*) and Fitt}, (X (%)), the claimed

equality is clear in this case.
We now assume n’ = n,_1/qs—1. In this case, the relevant Kolyvagin system relation asserts

¢qs 1("511’) = vqsf1<’€n’q571) = Vg, (Kny )
Then, just as above, this equality can be combined with (6.25) and (the first assertion of)
Lemma 6.22 to deduce the validity of the claimed equality. This therefore concludes the
inductive step, thereby proving the claimed result. ]

6.2.3. Bounding dimensions

In this section, we bound the dimensions of IK-spaces that arise in subsequent arguments.

6.26) Lemma. Let n and Q be coprime moduli in N;;y. Then, if the homomorphism
(@)

(P5)
(Hiaz(n (kaA)/ng‘,j(i) ('A))[Mz] RAAEAR @
is injective, one has H1 (k: A) = F.06) (A).

9eV(Q)

Proof. The relevant case of the long exact sequence (5.17) implies that the kernel of the dis-
played map is equal to (H}Q (n)(k:,A) /Mg i) (A))[M;]. The given assumption therefore im-

plies that this module vanishes and hence, by Lemma 2.9, that H1 (k: A)/1 ; F (i) (.A) itself
vanishes, as claimed. O
For each modulus n in A/}(i ), we set

a;(n) = dlm]K(( (k A) /Mg S (.A))[MJ) (6.27)

= dlm]K(( Fo) (k .A)/Hl}-] (A))[M’L])a

where the equality is a consequence of the isomorphism in Lemma 6.1 (iii). This quantity
constitutes an upper bound for the minimal possible value of v(Q) as @ ranges over moduli in
N}'(z‘) that are coprime to n and such that the displayed map in Lemma 6.26 is injective. The
following result establishes some crucial properties of these bounds.
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(6.28) Theorem. The following claims are valid.
(i) Forn e Nju and q € Q) \ V(n), one has |a;(nq) — ci(n)] < 1.
(i4) There exists an increasing function ® z, : No — INo such that, for every (i,n) € INx N,
one has a;(n) < &z, (v(n)).
Proof. To prove (i), we fix an A-submodule W of H;; (u)(k,A). Then, for the modulus n’ =
q

n, respectively n’ = qn, the exact sequence (5.14) with (®,n,m) taken to be (j(n),l,q),
respectively (5.15) with (®,m) taken to be (.#(n),q), gives an exact sequence of A-modules

0= Hi o (kAW = Hiz o (k, A)/W = D

Applying the functor (—)[M,] to this sequence, one obtains an exact sequence of KK-modules
1 1
0— (Hj(n,)(k,A)/W) (M;] — (qu(n)(k,A)/W) (M;] = K,
from which one deduces that
| dimyk ((H;%(nq)(h A)/W) [MZ]) — dimg ((H}i(n)(lﬁ A)/W) [M%]) ‘ <L (6.29)
Claim (i) now follows upon setting W =1III 3 ;) (A).
To prove (ii), we lighten notation by setting IIl; := Il z_;(s)(7s) for each s > 0. Then, upon
applying the functor Hompg, (K, —) to the tautological short exact sequence
0 — II; — H}?s(n)('k’ 7;) — H}g(n)(kpﬁ)/ms —0
we obtain an exact sequence of IK-modules
H s oy (k, T9) [M] = (H, ) (k, R) /T [M] = Extr (I, TII). (6.30)
To prove (ii), it is therefore suffices to provide suitable bounds on the K-dimensions of the
outer terms in this exact sequence.
For the first module, we note that Proposition 5.9 (i), (ii) and (iii) allow us to apply Lemma
2.31 (i) (with C,, = C(F,(n)),a =0 and b = 1) to deduce the existence of a natural isomorph-
ism of (finite) K-modules Hi%(n) (k, Ts)[Ms] = Hi%(n) (k,T). We write 8(n) for the IK-dimension
of the latter module. Then, for each modulus m € N, and prime q € Qj(,) \ V(m), we can
take W = (0) in (6.29) (with .Z = .%;, A and M; replaced by %, T and M) in order to
deduce an inequality |5(mq) — S(m)| < 1. By combining this with an induction on v(n), one
can then prove that
dim (H, () (k, T5)[M]) = B(n) < v(n) + B(1) = v(n) + dimg (H 3, (k, T)). (6.31)

To bound the K-dimension of Exty_(K, IIL;) we note that the derived Tensor-Hom adjunction
isomorphism

RHompg, (K, RHomg, (117, R)) — RHomg, (K @} LI, R,)
in D(K) (cf. [111, Th. 10.8.7]) induces, on cohomology groups in degree one, an isomorphism
Extg, (K, III,) = Tor® (K, III})* (6.32)

of IK-modules. To study this module, we use the exact commutative diagram of Rs-modules

0 > 111, y Hy (k,Ty) ————— @qeg_( )H}(kzq,ﬁ)
1 J(s

i l= !
0— Hls+1[as] — H{;:S“(kﬂ;“)[as] — @qEQ( )H}(kq,,];+1)[as].
Jj(s+1
Here the rows follow directly from the respective definitions of Il and 1154 and (in the second
case) the left exactness of the functor (—)[as]. The central vertical map is the isomorphism that
is induced, via Lemma 2.31 (i) (and the result of Proposition 5.9), by the fixed isomorphism
Rsii1las] = Rs. Finally, the right hand vertical map is the projection induced by the isomorph-
isms H}(kq,’ﬁ,ﬂ)[as} = H}(kq,ﬁ) for ¢ € Qj(s41) € Qj(s)- In particular, the second square
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in the diagram commutes and so the indicated dashed map exists in order to make the whole
diagram commutative. From the commutativity of the diagram, it follows that the latter map
is injective and hence, upon taking the dual of the first square in the diagram and using Lemma
2.8 (iii), we obtain a commutative diagram of surjective maps of Rs11-modules

Hﬁ

s+1

(b, Top1)* @Roay Rs—— (H | (k, Top)ag))* —— H, (k, T5)* (6.33)

| |

HIZ—H OR.1 Rs — (LHS.H[CL;])* BE—— LU

Since all modules here are finite, exactness is preserved upon passing to the inverse limit (over
s) and so one obtains a surjective map of R-modules

Lmsemﬂgs(k,ﬂ)* — M = lim TII
in which the limits are defined with respect to the maps induced by the respective rows of
(6.33). In particular, since the upper row of (6.33) is an isomorphism, Nakayama’s Lemma
implies I'LmsE]NHés (k,Ts)*, and hence also M, is a finitely generated R-module. Thus, if we set
Mg = M ®r Rs for s € IN, the natural map M — l.&nse]NMs is an isomorphism. In addition,
since the natural projection ks: M — HI¥ is surjective, setting N, = ker(Rs ®r Ks) gives a
tautological short exact sequence of Rs-modules

Rs ®R'§s

0— Ng — M, ar; — 0.

Since each Ny is finite, exactness is preserved when passing to the inverse limit over s and so
@sE]NN s vanishes. Then, as KK is finitely presented as an R-module, one also has

1'&nse]l\r(]K ®r, Ns) = @s@NGK ®r Ns) = K or 1'glse]N‘Ns = (0).

In particular, by applying the functor K ®%, (—) to the above short exact sequence and then
taking inverse limits over s, we obtain an exact sequence

lim _ Tory™ (K, M) — lim __ Tory™ (K, III}) — lim__ (K ®z, Ny) = (0),

and hence, upon taking duals, a composite injective map
lim Tor(®* (I, I113)" & (lim_ Torf* (K, 1113)) " < (lim_ Tor{®* (K, M,))" = Torf (K, M)",
where the second isomorphism follows from Lemma 2.32 (ii) with R taken to be R and each S,
to be K. In addition, from Lemma 6.34 below, the IK-dimension of the kernel of the direct limit
Tor¥ (K, IIT*)* — lim Tor?j(]K, I1%)* of the homomorphisms induced by Lemma 2.32(i) is at
most 1k(k(T)eo/k) - dimg (T), where tk(k(T)oo/k) is the ‘rank’ of Gal(k(T)s/k) as specifed
below. Taken together, these observations imply that
dimy (Tor (K, I1})*) < tk(k(T)oo/k) - dimg (7)) + dimg (TorF (K, M)V).
We now define the function ® z, : INg — INg by setting
® 7, (m) == m + dimg (H, (k, T)) + tk(k(T)oo/k) - dimg (T) + dimg (Torf(K, M)Y).

This function is increasing and, by combining the last inequality with the isomorphism (6.32),
the inequality (6.31) and the exact sequence (6.30), one checks that o;(n) < ®z, (v(n)) for
every n € N, as required to prove (ii). O

Before stating the next result we recall that, under Hypothesis 4.14 (vii), Gal(k(T)so/k) is
a compact p-adic analytic group. In particular, [32, Th. 9.38(ii)] implies that the Sylow p-
subgroups of Gal(k(7)oc/k) have a common finite rank (as pro-p groups) and we denote this

by rk(k(T)oo/k).
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(6.34) Lemma. Set Il := [ 7, ;) (7s) for each s € N. Then, for i € N, one has
dimg (ker(Tor1 (K, 117 )™ N ligj Tor?j (K, 1115)*) ) < rk(k(T)oo/k) - dimgk (T),
where the map ©; is the direct limit of the homomorphisms induced by Lemma 2.32.

Proof. For integers s and t with t > s > i we set
s = mys,t(/];)a ﬁs,t = IH]-'S,t(’rs) and X, = x]—'s,s(’rs)
(so that T = TII, j(,)). Then Il s C 115 and ﬁl/&s C ﬁl/&t and, by the same argument as in
Lemma 6.1 (iii) the canonical surjective map H} 7.k, Ts) = H (k,Ts) induces an isomorphism
I, ¢ /1 s = 111, t/LHSS In addition, Lemma 6.1 (i) implies ﬁi&t C HY(k(T)/k, Ts), and
Lemma 6.1 (ii) shows that IIISt N Xy = LI, ;. Hence, setting Ay, = Gal(k¢(T;)/ks(Ts)), there
exists a composite injective map of Rs-modules
H—[s,t/ms,s = ﬁs,t/ﬁs,s — Hl(As,ta 7;) = Hom(As,tv 7;)
and thus, upon taking duals, a surjective map of IK-modules
Hom(Agy, T5)* @r, K — (LI, /I,)* @z, K. (6.35)

On the other hand, for s > 4, there exists an exact commutative diagram

1 1
0 — I, j5) — H% (k,T5) —— @qegj(s)Hf(kq,ﬁ)

DL -

0 — Ulfa;] — Hy (k,T5)m] — @qeg( )H}(kq,Tg)[ai]

analogous to that following (6.32), and hence an isomorphism I1I; j(,) = III5[a;] of R;-modules.
Lemma 2.8 (iii) then gives an isomorphism IIT; ®, R; = (111, j(,))* and hence allows us to apply
Lemma 2.32 (i) with each S,, taken to be K (so that the target module, and hence cokernel, of
the map (2.33) vanishes) to conclude the induced map Tor;™ (I}, K) — Tor?i((Hlm(s))*,]K)
is surjective. This in turn gives rise to an exact commutative diagram

Tor ¥ (K, (1L j5))*)* — Torl (K, IT¥)* — K @x, (LLL; (s /10

l

Tor;** (KK, IIT})* —d, Tor;** (K, IIT)*.

By applying the Snake Lemma to this diagram and then taking direct limits over s > i, we
obtain a composite injective homomorphism

ker(©;) = lim ker (Tor ¥ (K, 1I})* — Tory (K, II7)*) < lin (K @w, (L j(5)/11L;)7).  (6.36)

s>1 s>1

In addition, the natural isomorphisms for s > i
Hom(A; js), 7i)" @r,; K = (Hom(Am(s), Ti) [Ml])v = Hom(Ai,j(s),7)v
combine to give an isomorphism
@szi Hom(A; js), Ti)" ®r, K = L - Hom(A; j(s), T))Y = Homeont (Gal (koo (T) /E:i(T7)), T)Y
and hence also, in conjunction with (6.35), an induced surjective map

Hommeont (Gal (koo (T)/K:(T)), 7)Y — lim __ (K ©r, (111, 5 /111;)").
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This combines with the injective map (6.36) to imply that
dimp (ker(@i)) < dimp (liglszl, (]K ®R, (H_I@j(s)/ﬂli)*))
< dimg (Homeont (Gal(koo (T) /ki(T)), T)")
= dimp, (Homeont (Gal(k(T) oo /ki(Ti)), Fp)) - dimg (T)
= dimp, (Gal(k(T)oo/ki(T7))™ ®z, Fp) - dimk (T)
= d(Gal(k(T)oo/ki(Ti))) - dimg (T)
<rk(k(T)oo/k) - dimg (7).

Here we write d(Gal(k(T )oo/ki(7;))) for the minimal number of topological generators of the
pro-p group Gal(k(T )eo/ki(Ti)), so that the second equality follows from a standard property
of the Frattini subgroup (cf. [32, Prop. 1.9, Prop. 1.13]) and, since Gal(k(T )oo/ki(T:)) is a
closed subgroup of a Sylow p-subgroup of Gal(k(7 )« /k), the final inequality follows from [32,
Prop. 3.11, Def. 3.12]. O

(6.37) Remark. The proof of Lemma 6.34 is the only point in the proof of Theorem 4.20 in
which Hypothesis 4.14 (vii) is used. In particular, if the Tate-Shafarevich group Il z, ;(s)(7s)
vanishes for each s € IN, then Lemma 6.34 plays no role in the proof of Theorem 6.28 and so
Hypothesis 4.14 (vii) can be omitted from the statement of Theorem 4.20.

6.2.4. Consequences for Kolyvagin systems

We can now finally prove the key technical result concerning Kolyvagin systems that will be
used in the next section to prove Theorem 4.20. In order to state this result, for ¢ € IN we set

X (1) = A (L),

where F; is the Mazur-Rubin structure on T that is induced by F; = h%; @r, R;) and the
second term in the display is the non-negative integer defined in Remark 6.4. For ¢ € IN and
d € INy we then define a polynomial Z;(d; X) of degree d in Z[X] by setting

(- e Q)* d J=d=l o j
Zi(d; X) = 8A\F(1)X +Zj:0 X7,

(6.38) Theorem. Assume Hypotheses 4.14 and fix a non-negative integer t for which tz =
t+ xg > 0. Then, for every i € IN, there exists a relative core vertex ng for F; that belongs to
Nj@) and also has the following property. If k = (kn)uen; is any system in KS' () for which
kn, = 0, then there exists an ideal I of R; that satisfies both of the following conditions.

(i) The annihilator of k1 in R; contains I - Fitth, (X (F))N O,

(i1) The R;-module J; in Definition 4.13 satisfies Fitt%i(Ji)Zi()‘f(l)§ai(l)“‘f(l)) CR;- o (I)

Proof. Our argument will show that the required properties are satisfied by any relative core
vertex for F; that is constructed as in Lemma 6.12 with j = j(i). Before verifying this, however,
it is convenient to first prove the existence of an ideal I of R; that satisfies both

t
Fitt}, (i) C R 0i(1]) and (I} - Fitth, (X(F2)) ()] Mg y)(T) = (0).  (6.39)

To do this, we note Lemma 2.11 (v) directly implies that ﬂ;; [T, j(;)(7;) is annihilated by
Fitt;g;l(m%,j(i) (7:)). To study the latter ideal, we first use Lemma 6.12 to fix a modulus a in
N i) such that Hli*(a)(k, T7(1)), and hence also (by Remark 6.10) H(lfi)*(a)(k,T*(l)), vanishes.
We then use Proposition 6.5 to fix a prime q € Q;(;) \ V(a) such that the localisation map

H%(a)(k:,T) — H}(k:q,T) is nonzero (and thus surjective). Given this, the global duality long
exact sequence (5.17) (with ® = F = F;) implies that H-— _ (k,T (1)) = H- . (k, T (1)).

(Fi,q)*(a) (Fi)*(a)
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It follows that H (lF (a )(k,T*(l)) vanishes and hence, by Lemma 6.13, that the first property

in (6.39) is satisfied by the ideal
I} = Fitt, (H{z, ook T (1))
In addition, since I g, ;;)(7;) is, by its very definition, a submodule of Hf (a)(k,ﬁ), there

is a natural surjective homomorphism Hl Fial u)(k,’ﬁ) — MLz, ;)(Ti)* Taken together with
Lemma 2.11 (i), this surjective map implies an inclusion
Fittd, ' (H, o0k T0)") € Fitt " (g, ;) (T7)").

Given this, the fact that the above ideal I] also has the second property in (6.39) is a direct
consequence of the inclusion I - Fitt%i (X(#)) C Fitt%i_l(Héiq(a)(k,ﬁ)*) proved in (6.23)
(with n replaced by a).

Turning now to the proof of the claimed result, we fix a relative core vertex ng for F; that is
constructed as in Lemma 6.12 with j = j(i) (so that ng € N;) and v(ng) = Aj(1)). We also

assume to be given a Kolyvagin system » in KS' (.%;) for Wthh kn, = 0. It is then enough for
us to prove the following: for any modulus n in N that satisfies

Ai(n) = A7 (1) — V(n), (6.40)
there exists an ideal I, of R; that satisfies both
Fitt, (J;)7 ™) C R; - 0i(I,) and I, - Fitth, (X ()N WALk = {0}, (6.41)

where, for brevity, we have set

Zi(Ai () = Zi(A; (n); ai(1) + A7 (1))

Indeed, since n = 1 satisfies (6.40), if this claim is valid, then we will obtain an ideal I of R;
with all of the required properties by simply setting I := I.

Now, to construct ideals I, satisfying (6.41), we shall use an induction on the non-negative
integer A¥(n). We therefore first assume that A7 (n) = 0, so that the exponents Z;(A}(n)) and
Af(n) +8Af(1) in (6.41) are both equal to 8A\7(1). Then, in this case, Remark 6.10 implies n
is a relative core vertex for F; and (6.40) implies v(n) = Af(1). Upon combining Proposition
6.5 with n =4 and j = j(¢) with the argument of Proposition 6.21 with n; and ny taken to be
n and ng, we can therefore deduce that n is connected to ng in on(i) (7) by a path U of length

at most 8A7(1). Given this, and the assumed vanishing of kg, the results of Lemmas 6.13 and
6.24 directly imply that (6.41) is validated by the ideal

For the inductive step we now assume to be given a modulus n in ./\/j(i) that satisfies (6.40) and
is also such that both Af(n) > 0 and ideals I, with the properties in (6.41) are known to exist

for all moduli m in Nj(;) that satisfy both (6.40) and A7 (m) < A} (n).
In this case H%*(n)(k,T (1)) is non-trivial as Af(n) > 0, and hence, since x(Fj,j(i)) > 0 (by
Hypothesis 4.14 (vi)), one also has H%(n)(k,f) # Mg 5 )( ). In particular, after recalling the

definition (6.27) of o;(n), Lemma 6.26 can be combined with Proposition 6.5 (ii) to deduce the
existence of a subset {q; : [ € [ovj(n)]} of Qj(i for which the localisation map

5 n)(kﬂ,n)/mfi,j _> @ ai(n)] f quvlﬁ) (6'42)
is injective and, simultaneously, for every [ € [a;(n)], the localisation maps
Hi oy (6, T) = H'(kq,, T)  and  Hye (kT (1) = H' (kq,, T (1))
are both nonzero. For every [ € [a;(n)], one then has

Ai(na) = A7) = 1= A7 (1) —v(n) — 1= X (1) — v(na),
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where the first equality follows from [26, Prop. 5.7], the second from (6.40) and the last is
clear. It follows that the modulus ngq; satisfies both (6.40) and also A!(ng;) < Af(n) and so
the inductive hypothesis implies the existence of an ideal I, of R; that has the properties in
(6.41) after replacing n by nq;.
In particular, since Af(nq;) = Af(n) — 1, the ideal Ing, - Fitth (X (%)) W+ ig known
to annihilate the element locg, (fng,) of ﬂsgl_l H}i’ql(n)(k,’ﬁ) C ﬂtgz_l H%(n)(k,’ﬁ). From the
equality @Z)éj(nn) = Vg, (Kngq,) that follows from the defining relation of Kolyvagin systems, it
therefore follows that 1/127 (Kn) is also annihilated by Ing, - Fitth, (X (7)) (WASAT ()1,
Next we note the injectivity of (6.42) implies Iz, ;(;)(7:) is the kernel of the diagonal map

( gj)le[ai(n)]: Héﬂ(n) (]{?,7;) — R@ai(n).

From Lemma 2.17 (i), it then follows that ﬂ% Tz, ;)(7i) is the kernel of the map

ts 1 (g )ie oy ()] tz—1 4
ﬂR¢ Hﬁi(n) (k7 7;) @le[ai(n)] ﬂRZ H’%(“) (k’ 7;)’
and so the above observations imply an inclusion
. * (1)) — t3
(o gy o) - it (X (RO oy € (V) Mg iy (T0). - (6:43)
In addition, there are also inclusions
Fitt%i(Ji)Zi(Af(“)) = Fitt%i(Ji) . (Fitt?%i(JZ»)Z’i()‘;(“ql)))ai(lHA;(l)
40 (7). 440 ( 7\ Zi(Af (nay))
C Fitt% (J;) quai(nn Fitt, (J;)

:140 N. o
g FlttRL(JZ) Ql(HlE[ai(ﬂ)}Inql)'

Here the equality is valid for every | € [a;(n)] and follows from the fact that Z;(d; X) =
14 Zi(d — 1; X)X for each d > 0. In addition, the first inclusion follows directly from the
inequalities

(6.44)

ai(n) < ai(1) +v(n) = ai(1) + (A7 (1) = A7 (n)) < ai(1) + A7 (1),

where the initial inequality is obtained via (repeated applications of) Theorem 6.28 (i) and the
equality is an immediate consequence of (6.40), and the second inclusion in (6.44) follows from
the induction hypothesis.

Upon combining the inclusions (6.43) and (6.44) with those of (6.39), it is now easily deduced
that the product ideal I, := I]-]], Elan(n)] Inay satisfies both conditions in (6.41), thereby verifying
the inductive step. This therefore completes the proof of the claimed result. O

(6.45) Remark. We make some observations about the exponents that occur in Theorem 6.38.
We recall first that A7(1) is defined to be dimy (H%*(k‘,TV(l))) and hence that

0 <ON(1) < N =9 dimy (H (O 55, T (1))). (6.46)
Since this bound is independent of i it implies, in particular, that the set of polynomials
{Z;(A;(1) : X) : j € N} is finite. In addition, the value of any polynomial Z;(A7(1) : X) at a
non-negative integer is a natural number and so we can set

Z =max{Z;(A\;(1) :m):j € N, m € No,m < 5 (N)},

where @z, is the INp-valued function that occurs in Theorem 6.28 (ii). Then the latter result
(with n = 1) combines with (6.46) to imply that, for every i € IN, one has

0 < Zi(\H(1); as(1) + A1) < Z. (6.47)
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7. Stark systems and the proof of Theorem 4.20

In this section, we fix a family § = (Fk)xeq of Nekovar systems as in §4.3 and continue to
write . and .%; for each natural number ¢ in place of .# and ..

We recall that the notion of ‘Stark systems’ was independently introduced by Mazur and Rubin
in [76] and by Sano in [98]. To define a suitable variant for our theory we fix an ordering <
on II; and use the following sign convention. Given a modulus n € N;, we label the primes
in V(n) as q1,...,qy(m) in such a way that q1 < q2 < -+ < q,(n). For any set {aq: g € V(n)}
indexed by V(n), we then define the exterior product Ajcy () aq to be A;cpy ) aq,- Further, if
a modulus m € N; is divisible by n, then we define a ‘sign’ sgn(m, n) € {£1} via the equality

(Agevimm) @) A (Aqevm 9) = sgn(m,n) - Agey (m)d
in the exterior algebra A7, Z[II)].

(7.1) Definition. Fiz t € Ny and i € N. Then the R;-module of ‘Stark systems’ of rank t for
the Nekovdr structure F; on T; is the inverse limit

; L t+v(n) 1
StS' (i) s=lim, o () i (ko).

Here the transition morphisms are the maps

. t+v(m) t+v(n)
Umn = sgn(m, Il) . /\qEV(m/n)Uq: ﬂR Hlﬁfl"‘ (k‘, 7;) — ﬂ’R

obtained by applying Lemma 2.17 (b) to the exact sequence (5.14) with ® = Z,.

Hp(k,T))  (7.2)

i

The reader will find a detailed axiomatic treatment of Stark systems in the next section. For
the moment, however, we shall only record an algebraic construction of such systems that is
needed for the proof of Theorem 4.20. We observe that this construction is modeled on that
of Sano and the second author in [27, Th. 3.4].

To state the result, we use the free R-module Y, of rank 7y, that is fixed at the beginning of
§4.3 and, for each natural number i, write Y; for its image under the natural projection map

D, H ke T (W) > B HO e THD) 73)

The R;-module Y; is free of rank ry and, via the map a3 in (3.46), we regard it as a quotient of
X (.%;). We also note that, for all n and m in A; with n | m, the exact triangle in the lower row
of (5.20) (in which Y,.% and A correspond to Y;,.%; and T;) combines with the identification,
for each q € V(m/n), of H /1f(l<:q, 7:) with R; that is used in the construction of the upper square
of the diagram in Proposition 5.22 (iii) (and earlier in the derivation of the duality sequence
(5.14)) to induce an isomorphism of R;-modules

Det, (Cy:(#7")) = Detr, (Cyi(F1) €=, ),y

Finally, we fix an (ordered) R-basis b, of Y and write b, ; for the (ordered) R;-basis of Y;
given by the image of be under (7.3). Then, to ensure compatibility of our constructions under
change of i, we assume that the map ¥ g»y; that occurs in Proposition 5.22 (iii) is defined by
using the basis b ;.

Detr, (Hjy(kq, T)[0]) = Detr, (Cy; (F]")).

(7.4) Lemma. Set r == ry + xg(C(F)) and assume r > 0. Then, for each i € N, the
assignment (an)nen; — (V.70 y;(an))nen; induces a well-defined homomorphism of Ri-modules

lim - Detr, (Cy, (F) = StS" (),
in which the inverse limit is defined with respect to the morphisms specified above.

Proof. This follows directly from the commutativity of the upper square in the diagram of
Proposition 5.22 (iii). O
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In order to prove Theorem 4.20, we now fix an Euler system ¢ in ES"(§). For i € IN, we write
ki = (Kin)nen; for the Kolyvagin system in KS"(.%;) that is given by the Kolyvagin derivative
of ¢. We recall, in particular, that

kil = T 7, (Ck), (7.5)
where 7}, 5 is the canonical map (g Hg(k,T) — (g, Hi, (k, Ti) from (5.24).
Now, by applying Proposition 2.12 (ii) to the isomorphism X (%) = 1£1ng(<%) constructed
in Lemma 3.48 (i), we deduce that the ideals (Fitty (X(%;)))ien form a projective system
with respect to the natural maps R;+1 — R; and also that their limit is equal to

Fitt;{ (X(g;k)) = @ie]N FittrRYi (X(yl)) CR.
In particular, if we fix an element z of Fitt® (X (%)) as in the statement of Theorem 4.20,
then its image under the projection map R — R; belongs to Fitt;{i (X (F)). As a consequence,
if we write n; for the relative core vertex for F; = h(.%;) in Nj(;) that is provided by Lemma
6.12 and fix an element z of Fitt%i (H}_.Z* (ni)(k’ 7¥(1))*), then the exact sequence in Proposition
5.9 (iii) (with a = b = 1) combines with Lemma 2.11 (iv) to imply that
z-x € FlttR (H]_-* y(k, Ti(1))") -Fittly (X (Fr)) C Fittly (H'(C(F(m)))).

The first displayed sequence in Proposition 5.22 (ii) implies that the latter ideal is equal to
Fitt% (H'(Cy; (Z(n;)))). Given this equality, the above containment therefore combines with

the assertion in Proposition 5.22 (iii) regarding annihilation of the cokernel of ¥ z, () y; to imply
the existence of an element 3;. of Detg, (Cy;(Fi(n;))) for which one has

(Z : x) : Hi,ui = 19?1(“1),}/1 (3:17,)

From the commutativity of the lower square (and surjectivity of ¢9) in the diagram of Pro-
position 5.22 (iii), we can then deduce the existence of an element 3y, of Detg,(Cy,(Z;")) for

which the element ;. =1 zn; y; (3n;) of ﬂ”y ") prl (k,T;) satisfies

5‘“1

(/\qev( ) Ags)(e:”) = (/\CIEV( ) gs)(ﬁﬂ‘:z,yl (3“2)) 19/ (nz) 7,(541 ) (Z x) Ei,l‘li'

Further, since 3, € Detg,(Cy,(:#")), Lemma 7.4 implies the existence of a Stark system
€; = (€in)nen; in StS"(F;) for which one has €4, = €.

Next we note that a straightforward calculation, as in [26, §5.2], proves the existence of a
well-defined ‘regulator map’ of R;-modules

. : : — 7fs
Reg”: StS"(Z:) — KS™(Z), a = (an)nen;, — ((/\qGV(n)W)(a“))“GNi'
Then, by its very construction, the element
Reg"(€;) — (z - 2) - k; € KS"(.%)
vanishes when evaluated at n;. We now write I; for the ideal I of R; that is constructed in
Theorem 6.38 (with ¢ = r). By combining claim (i) of the latter result with the inequality (6.46)
we deduce that, for any element y of Fitt® (X (%)) fixed as in the statement of Theorem 4.20,
every element in the R;-ideal 3"V - I; annihilates the value
(Reg(€i) = (¢ 2) - ki)1 = €1 — (- 2) - Kia

of Reg"(¢;) — (x - z) - k; at 1. For every element a of I;, one therefore has an equality

ay™N(z-2) - kig = ay" €. (7.6)
On the other hand, the construction of Stark systems in Lemma 7.4 implies that

€1 =17,y,G"),

where 3" is the element of Detg, (Cy,(.%;)) given by the image of 3,, under the isomorphism ¢4

in the diagram of Proposition 5.22 (iii) with (m,n) taken to be (n;, 1). From the equality (7.6),
we can therefore derive a containment

az-zy™ kig =y~ Vzy,(a-5") €YV -z v, (Detr, (Cy, (F))).
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Now, as the elements a and z vary, they generate the ideal I] := I; -Fitt%i(H}i*(ni)(k, T5(1))%)
of R;. From the above containment, we can therefore deduce that the following ideal of R;
Ai(z,y) = {w e Ri|w-ay™ - riy € y™ - 95, v (Detr, (Cy, (F))) }

contains I]. In particular, since Remark 6.15 combines with Theorem 6.38 (ii) and the inequality
(6.47) to imply that R; - ¢;(I]) contains Fitt%i(Ji)Z +1, there is an inclusion

Fitt%i(Ji)Z+1 g Rz * 05 (Q[Z(LB, y)) . (77)
We next claim that the natural maps R;11 — R; send ;11 (x,y) to A;(x,y). To justify this, we
note that the isomorphism C (9}“)@%_“ R; = C(F;) in DP*'I(R;) given by Proposition 5.9 (ii)
and the obvious isomorphism of R;-modules Y; 11 ®%, , R; = Y; combine with the exact triangle
given by the first column in (5.21) (with m = 1) to induce an isomorphism in DP"f(R;)

7i: Oviyy (Fir1) @R, Ri = Oy, (F).

This isomorphism then combines with the explicit construction of the maps 9 #, y; in Propos-

ition 5.22(iii) (and our compatible family of bases (be;)i) to give a canonical commutative
diagram of R;41-modules

1992- Y, r
Detr,,, (Cyiyy (Fip1)) ——— (. Hi,, (k,Tin)

Ri+1

lDetRi (13) \Lﬂ;;l/i

Yz y. r
Detr, (Cy, (7)) S (), HE, (k. Th).

is constructed (via Lemma 2.37 (ii)) in the same way as the projection

,
i+1/i
Tz, in (5.24). In particular, from the equality (7.5) one deduces that

where the map

Tiv1i(Riv11) = T (T 2, (k) = T 2, (ck) = Kia-
Hence, if a belongs to A;+1(x,y), so that

a- wyN “Ri+1,1 € yN ’ ﬁﬂi+1,1€+1 (DetRz‘+1 (Cn+1(§i+l)>)7
then the commutativity of the above diagram implies that

a-ay™ ki €y 05,5, (Detr, (Cy, (7).

It follows that the image of a under the projection R;+1 — R; belongs to ;(x,y), as claimed.
In particular, since the fixed R-basis be of Y induces an identification

07,y (Detr (C(Fr))) = lim, Iz, v, (Detr, (Cy, (Fi))),

one obtains an inclusion

hm,  Ai(z,y) € Az, y) = {reR|r oy e €y -z yv(Detr(C(Fp)))}.
Next we note that the compactness of R implies
Now, by (7.7), the second limit in this display contains (@Z FittORi(JZ-))Z +1, In addition, since
the canonical isomorphism (4.12) combines with the definition of the modules J; to give an
isomorphism Torl¥ (X (%), R) = lim, - Ji, the general result of Proposition 2.12 (ii) implies
Fitt%(Torl (X (F), R)) is equal to him, Fitt%i(Ji). These observations therefore combine to
prove an inclusion

Fitth(Tor (X (Fk), R))“T C R+ o(A(z,y)).

At this point, we fix a prime ideal p of R that satisfies the conditions (i) and (ii) in Theorem 4.20.
Then condition (ii) combines with the above displayed inclusion to imply that Ry - o(4(x,y)),

contains the element 1 of Ry. In particular, if g,: Ry, — R, is surjective, as follows from the
condition (i), then Ry - o(A(x,y))p = 0p(A(z,y)p) and so the Ry-ideal A(x,y), must contain a
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preimage £ of 1 under g,. In addition, condition (i) also ensures that g, is non-trivial, so that
ker(op) C pRy, and gp(1) = 1. It follows that £ — 1 € pR, and so Nakayama’s Lemma implies
that ¢ is a unit in Ry. This in turn shows that A(x,y), = Ry, as required to complete the
proof of Theorem 4.20. O

A. Abstract Stark systems

In this appendix to Part I, we establish several useful results in the theory of Stark systems.
Whilst some of these results have already been applied in previous sections, with future ap-
plications in mind we have preferred to adopt a more axiomatic approach here.

A.1l. Characteristic ideals

We first recall a notion introduced by Greither [45, §5.2] and Sakamoto [95, Def. C.3]. For
this, we let R be a general commutative ring, take Z to be a finitely generated R-module, and
choose a surjective map of R-modules g: R®* — Z. We then note Lemma 2.17 (ii) implies that
the tautological short exact sequence

(fz)z s
ker(g) U g S g

induces a homomorphism of R-modules A;cpq fi: [V ker(g) — ﬂ%(O) =R.

(A.1) Definition. The ‘characteristic ideal’ charr(Z) of Z is the image of Nig[s) fi-

(A.2) Remark. Sakamoto has proved the following general results on characteristic ideals.
(a) charg(Z) does not depend on the chosen surjection g: R®$ — Z (see [95, Rem. C.5]).
(b) Fitt%(Z) C charg(Z), with equality if pdg(Z) < 1 (cf. [95, Prop. C.7]).

(c) charg(Z) = Anng(Z) if R is Gorenstein of dimension zero (see [94, Prop. 4.5]).

We will also use the following properties of characteristic ideals. In the sequel, for a finite group

A we set Na =) 5000 € Z[A].

(A.3) Lemma. Assume R is a Ga-ring, and let M be a finitely generated R-module.

(a) charg (M) C Anng (M)**.
(b) For any integers r > s > 0, any exact sequence of R-modules of the form

(fi)iels)

0 N M R — 5 7 — 0

and any a in the image of the map Nyep,y fi: r M — (g °N in (2.19), one has
r—s
im(a) = {p(a) | p € /\R N*} C charg(Z).
Moreover, if M contains a free direct summand F of rank t, then one has
Fitth (M*) - im(a) C Fitth (Z)**.
(c) For any submodule N C M, one has charg (M) C charg(N) N charg (M/N).

Proof. To prove (a), we let n be an integer that is large enough such that we can choose a
surjection f: R™ < M. Setting N = ker(f), we then have

charg (M) = im { ﬂnRN — ﬂ;; R = RY.

Write {b; }ic[, for the standard basis of R" and, for i € [n], write b;: R" — R for the dual of
b;. We then have a commutative diagram

ﬂ;N — ﬂ;R@"
T

n Nig[n]b;
ﬂRN —— R.
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Now, for each i € [n] the lower map factors as a composite (| N /\#—ZbJ} N** b—j> R, and so
charg (M) € (;ep, bi (V™). Recall that the cokernel of the natural map N — N** identifies
with Ext% (A, R) for some R-module A and hence, by assumption (G1) on R, is pseudo-null.
It follows that also the cokernel of the inclusion b(N) C bf(N**) is pseudo-null. It follows

that, for every prime ideal p € Spec=!(R), we have
charg (M), C ﬂie[n]b;(zv)p C Anng(M),.

Since reflexive ideals are uniquely determined by the localisations at prime ideals in Spec=!(R),
we deduce that charg (M) C Anng (M)**.
To prove (b), we fix b € (g M and set 0 := Ajc[q) fi- Then, for p € AL * M*, one has

p(0(b)) = (0N p)(b) = (=1) - (p AO) (D) = (=1)" - B(0(D))-
In particular, since ¢ is the composite [ M — Nz (M/N) = AR (R®%) =2 R (where the first
map is induced by the natural projection), and charg(Z) is, by definition, the image of the
second map in this composite, we have shown that

{p(6b)) | ¢ € /\;_5 M*} C charg(Z). (A.4)

To proceed, we note charg(Z) is a reflexive ideal of R and hence uniquely determined by its
localisations at p € Spec=1(R) (cf. [95, Prop. C.12 and Lem. C.13]). To conclude the proof of
(b), it is therefore sufficient to demonstrate that the first set in (A.4) is equal to im(6(b)) when
localised at a prime ideal in Spec=!(R). To do this, we use the commutative diagram

r—s % r—s %
Here the upper horizontal map is induced by restriction, the vertical arrows are the respective
canonical maps induced by (2.19) and the lower horizontal map is induced by the inclusion

= N = (g °M. In particular, since im(f) C (Vg °N (by Lemma 2.17 (b)), the above
diagram implies that, for ¢ € A% ° M* and a € im(0), one can compute ¢(a) as the value at a
of the image of ¢ in A% ° N*. Since, for z € (g * N = Homg (AR ° N*,R) and v € AR ° N*,
the value 1(z) € R is defined to be z(7)), the above discussion therefore shows that

{e0®) [0 e N\, M} o) [0 € N\, N}

To prove the first part of (b), it is therefore enough to show that the cokernel of this inclusion is
pseudo-null. Now, for p € Spec=!(R), the group Exti, (M/N7 R)p = Ext%p (Zp, Rp) vanishes
since, by assumption, R satisfies (G1) and so R, has injective dimension one. It follows
that coker{M* — N*}, = Extk (M/N,R), vanishes, and hence that the p-localisation of the
cokernel of Az™® M* — Az® N* also vanishes. Every ¢ € A * Ny can therefore be lifted to

an element ¢ € A\ ° My, and so the claimed result follows from

{eO®) o € N\ NJp ={e(6®) [0 € \[ " N;)

CLe60) o € N\ My} ={o00) [0 € N\~ MY,

We now prove the second part of (b). As Fitt%(Z)™ is a reflexive ideal of R, the discussion
above shows it is enough to prove Fitt% (Z) contains Fittl (M*) - {¢(0(b)) | ¢ € N} ° M*}.

By assumption, M has a free direct summand F' of rank at least s. Then F'* is a free direct sum-
mand of M* and the decomposition A% M* = @_ (Ne F*) ® (N5 ' M*/F*) implies the ker-
nel of the surjection A% M* — A% F* identifies with @ (A F*) @ Aj "(M*/F*). Lemma
2.11 (v) now implies that Fitt; "~ (M*/F*) annihilates A% ‘(M*/F*) for i € {0,...,s — 1}.
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Since Fitt?{i_l (M*/ F*) contains Fitt% (M*/F*) = Fitt;lgRF(M*), we deduce that Fitt;lgRF(M*)
annihilates the kernel of Az M* — A% F*. Upon dualising, we see that Fitt;la(RF(M *) anni-
hilates the cokernel of the natural map A F =g F — (x M.

Now let a = ¢(b) for some ¢ € A% ° M*. Then, for any z in Fitt;lgRF(M*), the element zp(b)
of N5 M belongs to A% F. Tt follows that z¢(a) = (¢ 0 0)(b) = (—1)"=9) . (x(xb)) belongs
to im{A\x M N R} = Fitth (Z), as claimed.

As for (c), we note Sakamoto has proved in [95, Th. C.8] that charg (M) C charg(N). For the
convenience of the reader, we provide a different argument for this inclusion in the course of the
proof of (c). For this, we fix surjections f: R¥" — N and g: R¥™ — M/N for large-enough
integers n and m. Since R®™ is projective, we can lift g to a map g: R®™ — M. The resulting
map f @ g: R®+m) 5 M is then surjective, and (writing K3, K2, and K3 for the relevant
kernels) we obtain an exact commutative diagram

K, « K; » Ko
\[(@i)ie[n] \[(%pi)ie[”-‘rm] \[(‘Pi)ie[n-}—m]\[n]
R s RI"@ RO — 5 RE™
Is s L
N < > M » M/N

From the above diagram we can deduce the exact sequence

0= K1 — Ky Phicminl, pom _ yriy ),

Now, if a € ﬂ?;rm K3, then Lemma 2.17 (b) (applied to the above exact sequence) implies that
(Nicam)\mwi) (@) € g K1, and so Lemma 2.17 (c) gives

(Niepnam)@i)(a) = (1) ((Niefmi) © (Niepmtmp\n)ei)) (@)
€ im ((Aigpnm\m)#i) (@) N (Aie[n]%)(ﬂR K))
C charg (M/N) N (/\z'e[n]%')(ﬂR K1).
The claimed inclusion is then true since
. n—+m n—+m ntm) ~o n—+m
charg (M) = 1m{ mR K3 — /\R RO(Mtm) o~ R} = (/\ie[n+m]80i)(mR

C charg(M/N) N (Aicp0i) (ﬂ; K1) = charg(M/N) N charg(N). O

K3)

A.2. The general formalism

Let (Q, <) be a totally ordered set, and regard its power set P := P(Q) as a partially ordered
set with respect to inclusion. If S € P is a finite set, then by Ayesv we mean vy A -+ A vg)
using a labelling S = {v1,...,v g} with vy < -+ < vg. If S’ € P is a further finite set with
S C S, then we define a ‘sign’ sgn(S’,S) € {£1} via the equality

(Avesns) v) A (Aves v) =sgn(S",5) - Avesv
in the exterior algebra A, Z[P].

We now suppose to be given an inductive system J = (Mg, 15,5 )sep of finitely generated
R-modules with the following properties:

(P1) The maps tgg: Mg — Mg are injective (and so will be suppressed from the notation).

(P2) For any element v of Q, there exists a specified map of R-modules f,: hﬂ SMS — R,
where the limit is over all elements S of P that contain v.

(P3) For all S and S” in P with S C S’, there exists a specified exact sequence of R-modules

Byes/\sfv
0 > MS MS’ e—) ®UES’\SR
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(A.5) Definition. For a non-negative integer v, an (abstract) ‘Stark system of rank r’ for J
is an element of the R-module
o s r+1S]
StS7(3) = lim_, ﬂR Mg
.. . . .. +157 +|S
where the transition morphisms in the limit are sgn(S’, S)-(\,egns fo): Ng S Mg — Nx 151 Mg
induced by the sequence in (Ps) (and Lemma 2.17(b)). Such a system is therefore an element

(cs)ser of [1gep ﬂ?‘s‘ Mg with sgn(S’,S) - (Ayesnsfo)(cs') = cg for S C 5.

We now further assume the existence of an inductive system B = P(J) = (Zg, ps,s')sep of

(finitely generated) R-modules with the following properties:

(P4) For v € Q and S € P, there exists a specified map of R-modules gg,: R — Zg with
PS5 © gsw = gsr,» for S € S’

(P5) For S and S’ in P with S C S’ there exists a specified exact sequence of R-modules

Bpesnsfv 2 vesi\s 98, Ps,s!
0 Mg y Mg =5 P R : Zg y Zor » 0.
veS\S

(A.6) Theorem. Fiz a Go-ring R and inductive systems of R-modules 3 and P as above.
Then, for each non-negative integer r, the following claims are valid.

(i) There exist S in P for which Fitt?‘SI(M;) annihilates the kernel of the map

rim S|
StS"(3) = (), Ms, (er)rep = cs.

(ii) For every system (cs)sep € StS"(J) the ideal im(cy) is contained in the characteristic
ideal (over R) of the image of the map ), co 9o from @,cq R to Zy.

Proof. Since R is noetherian, the ascending chain of ideals
O = ker(p®7z) g “ee g ker(p®7s) g “e .

must terminate. This implies the existence of S in P with ker(pg ) = ker(pg g/) for all S € P
with S C S’. From the exact sequence in (P3), it therefore follows that im(}", cg9o.0) =
im (), cq 9ov) and hence that ker(pg ) is equal to the kernel, Q say, of the map > 5 9z
that occurs in (ii). One therefore has an exact sequence

Dues fo > ves 920
0 —— My » Mg e1>690€SR < y > 0.

Claim (ii) follows by applying Lemma 2.17 (iii) to this sequence and noting cg = (A cg fv)(cs).
To finish the proof, we show that any set S chosen as above has the property stated in (i).
To do this, we fix such an S and a Stark system (cr)r with ¢g = 0, and need to show, for
every T € P, that cr is annihilated by FittTRHS'(M &). Now, after replacing T by T'U S, we can

assume 7" contains S, and hence that = (ker pg 5) = ker(pgy ). From the diagram

p

0 > Q) s Zy —25 Zg > 0
|, s
0 > Q b Ly —— LT > 0

we thus deduce pg 7 is bijective. In this case, therefore, (Ps5) gives a split-exact sequence

Boersfo
0 > Mg My _Bvense | pims) 0,

and hence an isomorphism M7 = Mg @ RIT\S|. This in turn induces an isomorphism

/\THT\ . @¢:|T\sw( /\r+|T|—z' M%) @ ( /\; RIT\SIy

R 1=0 R
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which, upon dualising, gives an exact sequence

P47 i r 47| Moervsfo  ~r+IS]
0 —— Mg —— Mp —MW— Msg.
@i:T-HSH-l ﬂR S ﬂR T mR S

In particular, since cr € ker(A,ep\gfv), one has cr € @:;E" 41 ﬂ% Mg. Thus, it suffices

to note that, by Lemma 2.11 (v), the ideal FittTRHSl(M;) annihilates /\3% Mg for each i €

{r+|S|+1,...,r+|T|}, and hence that Fitt;;'s'(M;) annihilates @::ﬁ”s‘ﬂ Nk Ms. O

(A.7) Example. Let K/k be a finite abelian group with Galois group G := Gal(K/k). Let
(S,V,T) be a Rubin datum for K /k, and suppose that the Rubin-Stark Conjecture holds for all
data (SUS’, VUS',T) as S’ ranges over P(Q) for a set Q of finite places of k that is disjoint from
T and comprises only places that split completely in K /k. Then the collection (5}/(75/& S,’T) S'ep

of Rubin-Stark elements is a Stark system in the above sense, with R = Z[G], Ms = O ¢
and Zg equal to the (Sk,Tk)-ray class group Clg g7 of K. Hence, in this case, Theorem
A.6 (ii) implies im(e}; Jk,s,7) is contained in the Z[G]-characteristic ideal of the subgroup of
Clk s generated by the classes of places w in Q. (See also [15, Th. 1.1] for an application
of this observation.)

A.3. The Eagon—Northcott complex

In this section we review a certain family of complexes introduced by Eagon and Northcott in
[33] (see also [36, App. 2, § A2H]). These complexes generalise the classical Koszul complex (see
[35, § A2.6] or [84, App. C] for unifying frameworks) and computes Fitting ideals. To explain
its construction, we fix a morphism ¢: Fy — Fi of free R-modules Fjy and F} of finite ranks d
and d — r, respectively. For i € {0,...,r — 1} we write Sym,_; F} for the (r — )-th symmetric
power of Fj. Then the dual of the multiplication map pu;: F1 ®pg (Sym,_;_; F1) — Sym,_; F}
is a map p!: (Sym,_; F1)* — F} ®r (Sym,_,;_; F1)* and we use this to define a composite

x d—i _ pi@elt=) . d—i—1
9+ (Sym,_; [1)" ®r /\R Fy ———— (Ff ®@r (Sym, ;1 F1)*) ®@r (F1 ®r /\R Fp)
. d—i—1
— (Sym,_;_, F1)" ®r /\R Fo.
Here ¢(d=9): ‘}{i Fy — F1 Qg /\dR_i_1 Fp is defined by means of

¢(d—i)(m1 A Amg_g) = Z

where we write m; to mean omission of theelement m;, and the second arrow is induced by
the canonical evaluation map F}" ®p F} — R.
It is proved in [35, Th. A2.10(a)] that the sequence

je[d—i](_l)j+1¢(mj) @miA--- A 77/1\] N ANmg_;,

« d 9 « d—i—1 9
(SymrFl) ®R/\RF0—O>(Sym7‘—i—1F1) ®R/\R F’O—l>
. d—r+1 A1 d—r AN "¢ pd—r
...—>F1®R/\R Fg—>/\R F0—>/\R )

constitutes a complex Chy(¢) of (finitely generated, free) R-modules in which the final term
/\jl{r F} is considered (by convention) as placed in degree zero.
The following well-known property of Cpy(¢) will play a crucial role in later arguments.

(A.8) Proposition. For every morphism ¢: Fy — Fy of free R-modules as above, one has that
Fitt%(coker ¢) annihilates H (Cpx(®)) for every i € Z.

Proof. This result is stated without proof in [36, Th. A2.59]. For completeness, we therefore
present a proof. For this, we follow an argument used by Buchsbaum and Rim [9] to prove the
analogous property for the Buchsbaum—Rim complex.
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Let S :== R[X;j |t € [d—r],j € [d]] be the polynomial ring in d(d — r) commuting variables
and consider the map ®: S®¢ — §®(@=") that is represented by the matrix (Xij)ij. It then is
a result of Northcott [83] that Fitt%(coker ®) is an ideal of grade d — (d —7) +1 =7 + 1. Tt
therefore follows from [35, Th. A2.10 (c)] that Cy(®) is acylic. (This is what is referred to as
the ‘generic case’ in loc. cit.). In particular, Cpy(®) furnishes a projective resolution of

d—r

d—r d-r
HO(Cin(®)) = coker { ] " 5% As 2, N\ 59U = 5/ Fittd (coker @),

Let ¢ be represented by a matrix A = (a;;);; and define S to be the quotient of S by the ideal
generated by X;; —a;; for 1 <¢ < d—-rand 1 < j < d. Since Eagon-Northcott complexes
behave well under base change, the isomorphism S 2 R that sends the class of X;; to a;;
induces an isomorphism Cy(¢) = Cpn(®) ®5 S. Tt follows that for every i > 0 one has

H(Cpn(¢)) = Tor? (S/ Fittd (coker @), S).
This description shows that H!(Cpy(¢)) is annihilated by the image of Fitt2(coker ®) under

S = R. By Lemma 2.11 (iv), this image is equal to Fitt%(S ®g coker ®) = Fitt%(coker ¢),
whence the claimed annihilation result follows. O

A.4. Determinants and biduals
We next prove a useful technical result that relates the determinant of a perfect complex to an

appropriate bidual of its cohomology.

(A.9) Proposition. Let R be a Go-ring, d a natural number and r a non-negative integer with

r <d. Let C* be a complex of R-modules Fy % Fy, in which the first term is a free R-module
of rank d that is placed in degree zero and Fy is a free R-module of rank d — r that is placed in
degree one. Then the following claims are valid.

(i) The image of the canonical map

d d—r r
ﬁd,: DetR(C') = (/\RFO) QR (/\R Fl*) — /\RFO’
a @ (Nieig—r f) = (1)) (Nigga—r (fi © 6)) (@)
is contained in (i HY(C*®), and there is also an inclusion of ideals of R
Fitt%(H'(C*®)) - Anng(Exth(R/ Fitt%h(H'(C*)), R)) C Anng( ﬂ; HY(C®)/(im¥y)).
(ii) We have an inclusion of ideals of R

Fitty (H'(C*)) C {f(a) | a € im(¥y), f € /\R H(C*)"}

with pseudo-null cokernel.

(iii) There exists a canonical injective map
9y: Fitth(H'(C*))* @ Detz(C*) — ﬂ; HO(C*),

that sends idgp ® a to ¥y. The cokernel of 1/9:5 is R-torsion-free and annihilated by

Fitt%(HY(C*)). In particular, ¥4 is bijective if H'(C®) is R-torsion.
(iv) Suppose D* is a perfect complex of R-modules that fits into an exact triangle of the form

c* » D*® » R"[0] —— . (A.10)

Then D* admits a representative RIT™ % RI=7 in which the first term is placed in degree
zero, and there is a commutative diagram

Detp(D*) —*= ()" HO(D*)
iﬁ D™ Ngm fi
Detp(C®) —s M, HC).
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Here the first vertical map is the isomorphism induced by (A.10) and the canonical identi-
fication Detr(R"™) = (R,n), and the second vertical map is induced, via Lemma 2.17 (b),
by the map (fi)iem): H°(D®) — R™ in the long exact cohomology sequence of (A.10).

Proof. The first part of (i) is proved by the argument of Lemma 2.37. As for the second part
of (i), it is convenient to first prove (ii) and (iii) and then complete the proof of (i).
The proof of [27, Prop. A.2 (ii)] shows that

{ fla) |a€im(@y), fe \| Fg} = Fittd,(H(C")), (A.11)

and so (ii) follows from the same argument as used in Lemma A.3 (b).

To prove (iii), we will first show that im(d4) C Fitt%(H'(C*))- A Fo (and hence the rule used
to define the map in claim (c) is well-defined). Choose an ordered basis {b;};c(q of Fo and
consider the basis of A\ Fy given by the family {A,; bi}s, where I runs through all (ordered)
subsets of [d] of cardinality r. Any element x of im(¥J4) is then equal to > (A, c; b7) () (N;cr bi)
and so, by (A.11), belongs to Fitt%(H(C*)) - AR Fo, as claimed.

To proceed, we recall the image of the map /\dR_r o: /\f.l%_r Fy — /\dR_r Fy is, by definition,
Fitt%(H(C*)) - ‘}i{r Fy. Hence, writing A for the kernel of this map, and B for the cokernel
of the map 0,_1: F}' ®g /\?{TH Fy — /\dR*T Fy, we obtain an exact commutative diagram

F g /\dR_T“FO N /\dR_ Fy N f
l l
A /\dR_ Fy — Fitth(HY(C*)) ®n /\dR_ b2}
l
H™H(Cin(9)),

where Cpy(¢) denotes the Eagon-Northcott complex that was introduced in § A.3. By applying
the Snake Lemma to this diagram, one then obtains an exact sequence

(A.12)

d—r
0 —— H (Cin(¢)) — B —— Fitth(H'(C*) or \, Fr — 0. (A.13)
Now, by dualising the top row of (A.12) we obtain the top row in the diagram

0 —— B*®g /\C;FO — (/\:T Fo)* ®r /\dRFo — 5 F\®g (/\j_j+1 F)* @r /\C};FO

F -

0—— ﬂ;HO(C) R /\ Fy y 1 ®r /\;_1 Fy,

where the bottom row is exact by Lemma 2.17 (a) and the vertical isomorphisms are instances
of the isomorphism

d—i * d ~ i
(/\R ) ®R/\RFU—>/\RFO, 0@z 0(z) (A.14)

that exists for every i € {0,...,d}. This shows that B* @z A% Fy identifies with (5, H°(C"®).
Tensoring the dual of (A.13) with /\% Fj therefore produces a canonical exact sequence

d—r d r d
Rt ()" o (NS B @r (NG F) = (), H(C?) » B (Cin(0)* 9r (N F).
In connection with this exact sequence we note that the first map is defined as the composite
of the dual map of /\‘;{T ¢ and the isomorphism (A.14) for i = r. If we define ¥4 to be this
map, then an explicit check therefore shows that %(idR ® a) = Yy(a), as claimed in (iii).

The above exact sequence then shows that the cokernel of ¥4 is isomorphic to a submodule of
HY(Cpn () @R (/\(1{3 Fy). As such, this cokernels must be R-torsion free.
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To further analyse H 1(Chy(9))* ®r (/\dR Fy), and thereby justify the rest of (iii), we note
Proposition A.8 implies Fitt%(coker ¢) annihilates the cohomology of Cy(¢) in every degree.
In particular, the module H~1(Cpx(¢)) is annihilated by Fitt%(H!(C*)). If HY(C®) is R-
torsion, then its Fitting ideal contains a nonzero divisor and so H 1(Cax(¢)) must be R-
torsion.

Returning now to the final claim of (i), we observe that a slight adaptation of (A.13) leads to
the exact sequence

0 —— B/H N (Cin(0) —— Ni i —— (®B/Fitsy(H () @r N\ Fi —— 0.

Dualising and tensoring with A’; Fy then similarly leads to a diagram of the form

(AL R or (NoR) — (B/H(Cin(6)" — Bxth((R/ Fidh (7' (C*), B

H |
(/\:T R) ®g (/\‘; R) — N, H#C*)
|
“H(CEn(9)*

in which all rows and columns are exact. Given this, the annihilation statement claimed in (i)
now follows from Proposition A.8.
To prove (iv), we write h = h®: R"[0] — C*[—1] for the morphism in D(R) that appears in the

triangle (A.10). One then has D® = cone(h)[1], and so D* is represented by [Py ¥ Py] with
Py =R"® Fy, P, .= I}, and ¢: Py — P; the map defined by sending a &b € R" & Fy to
hl(a) 4+ ¢(b). This verifies the first part of claim (d).

To proceed, we write {e; : i € [n]} for the standard basis of R™ (regarded as elements of P),
and e : R™ — R for the dual of ¢; for i € [n]. The isomorphism Detr(D*®) = Detr(C*®) induced
by the triangle (A.10) can then be explicitly described as

Detr(D*) = (A (R @ F)) o (N F§) = (N Fo) @r (), Fi) = Detr(C?)
h@g (1" (Nieei) (h) © g.
In addition, we may calculate that for g = Asc[,g; one has
(=1)" - Dy ((Niegmes) (@) @ g) = (=1)" - ((Niga—r (9i © 9)) © (Nicin)(¢f © b)) (a)
= (=" ((A ze[n]e i) A (Niea—r(9i © 9))) (a)
= (=)™ (Mg r](gw@ﬁ)) (Aiein)(ef o h'))(a)
= (=" (( icn)€;) © (Aie[d—r](gio¢)))(a)
= (=1 (Nigp) fi) © D) (@)
Here we have used for the last equality that 9, (a) belongs to ()™ H°(D®) and so its image
under Ajeppe; is equal to its image under Agp, fi- (Recall that each e; induces the map
fi: H°(D®) — R™ on cohomology). This concludes the proof of the Proposition. O
A.5. Algebraic Stark systems

Let Q be a set, and regard its power set P := P(Q) as a partially ordered set with respect to
inclusion. Let R be a Ga-ring and suppose to be given a family (Cg)sep of perfect complexes
of R-modules that satisfies the following hypotheses.

(A.15) Hypothesis. Assume the following conditions are valid.
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(a) C admits a representative of the form [Fy — Fj| with Fy and F} finitely generated free
R-modules. (Here the first term is placed in degree zero.)

(b) The integer r := rkg(Fp) — rkr(F1) is non-negative.
(¢c) For every pair of sets S, S’ € P with S C S’ there exists a specified exact triangle

Lo of Doesnsfst v
cy 25 o8, ES\SS’>@ R[0] —— (A.16)

vES\S
such that fsr, 015 s = fs,. We will therefore simply write f, instead of fo ,.

(A.17) Remark.

(i) If (C§)sep satisties Hypothesis A.15, then we obtain a system (Mg, Ug ¢/)sep as in § A.2
with Mg == H°(C?) and Ug g the map H%54): H(C?) — H°(CE,). In particular, we
obtain a module StS"({C%, 15,5/} sep) of Stark systems of rank r associated to (C%)sep.

(ii) Hypothesis A.15 and Proposition A.9 (d) combine to imply that C'g has a representative

[Py i P1] in which Py and P are free R-modules of ranks rkr(Fp) + |S| and rkr(F7).
We can now state our main result on Stark systems in this setting.

(A.18) Theorem. Let R be a Go-ring and (Cg)sep a family of perfect complexes of R-modules
satisfying Hypothesis A.15. Write Q for the image of the map Y gv: @,cqo R — HY(CY),
where each g,: R — HY(CY) is the boundary map in the long exact sequence in cohomology
associated with (A.16) for S" = {v} and S = @. Then the following claims are valid.
(i) There exist S € P with Q = im(}",cqgv), and for such S, the ideal Fitt}(H (Cg)) =
Fitth (H'(Cg)/Q) annihilates the kernel of the ‘projection map’

r ° r+[ S| °
prg: StS"({CS, ts s tsep) — ﬂR H(C3).
(ii) There exists a well-defined homomorphism of R-modules
F:limg o, Detp(C§) = StS"({C§, 15,5 }sep),  (as)sep = (Vg5 (as))sep,

where the transition maps on the left are the isomorphisms Detg(Cg)) = Detr(C8) in-
duced by (A.16). The kernel of this map is annihilated by Anng(Fitt% (H'(C%)/Q)*), and
its cokernel is annihilated by Fitth (H'(Cg)/Q)? - Anng(Extk(R/ Fitt%h (HY(C%)/Q), R)).

(iii) For every c € StS"({C%, ts.s'}sep), one has im(cy) C charg(Q), Fitth(H(C%)/Q)-co C
im(dy,) and Fitth(H(CY)/Q) - im(cz) C Fitth(H(Cg))*.

Proof. Theorem A.6 (i) implies both the existence of S € P with Q = im(}_, .gg,) and that
L(FittrRHS'(HO(C')*)) annihilates ker(prg). To finish the proof of (i), it is thus enough to note
that by Lemma 2.36 one has Fitt%(H'(C%)) C u(Fitt}; 1*I(HO(C*)")).

The first part of (ii) follows from Proposition A.9 (iv), and the second part (regarding the
kernel of F) follows from Proposition A.9 (iii). To prove the second part we fix a set S with
Q = ker(H(Cg) — HYC?)), and hence H'(C?) = H'(C%)/ (and note that any S’ that
contains S has the same property). We also fix ¢ = (cx)xep € StS"({C%, 15,5 }sep) and
z € Fitt?(HY(C?))- Anng(Exty(R/ Fitt%h(H(C?)), R)). Then Proposition A.9 (i) implies there
exists zg € Detr(Cg) with ¥44(25) = xcg. Since all transition maps in the inverse limit
im - Det r(Cg) are isomorphisms, we can then lift zg to an element z of said inverse limit.
Now, F(z) is a Stark system with ¥4(z5) = 225, and so hence F(z) —xc € ker(prg). By claim
(a) we therefore have yrz = yF(z) for any y € Fitt}(H(C%)). This implies that cok(F) is
annihilated by Fitt%(H(C?))? - Anng(Exth(R/ Fitth(H(C2)), R)), as claimed in the second
part of (ii).

Then the first part of (iii) is a special case of Theorem A.6 (ii), the second part is a consequence
of (ii), and and the third part follows from the second by Proposition A.9 (ii). O
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Part Il. Arithmetic applications

In the remainder of the article we apply the theory developed above to improve a range of
existing results concerning special value conjectures.

8. Relaxed Nekova¥ structures and Kato’s conjecture

In this section we explain how to apply Theorem 4.20 for suitably modified relaxed Nekovar
structures in order to study the ‘generalised Iwasawa main conjecture’ formulated by Kato in
[57, 58]. For brevity, in the sequel we shall refer to the latter conjecture as ‘Kato’s conjecture’.

8.1. The general strategy

We first review Kato’s conjecture. To do this, we fix a smooth projective variety X over k for
which the motive M = h*(X)(j) has coefficients in a semi-simple Q-algebra A. Then, for each
prime /, the (-adic realisation V(M) = H’ (Xge, Q/)(j) is a finitely generated module over the
semisimple Q-algebra A, := A ®q Q, that is endowed with a continuous commuting action of
Gy. It is conjectured that, for every finite prime q 1 ¢ of k, the characteristic polynomial

Euly(M, z) == det 4, (1 — Frobg 'z | Vo(M)*(1)'1) € Ay[z]

belongs to A[z] and is independent of ¢. Assuming this, for each finite set of places S of k
that contains both S7° and all places at which M has bad reduction, the S-truncated motivic
L-series of M is defined via the (A ®q C)-valued infinite product

Ls(M,s) = HqgsEulq(M, Frob, - Ng =),

This product converges if the real part of s is large-enough and we assume (as is conjectured)
it has a meromorphic continuation to s = 0 and write L (M, 0) for its leading term at s = 0.
It can be shown that L§(M,0) belongs to (R ®q A)* and to study this element one fixes a
prime number p together with a Gorenstein Z,-order A, in A, for which there exists a (full)
G-stable sublattice T' := T),(M) of V(M) for which T', and hence also Homz, (7', Z,(1)), is
free as an Aj-module. We assume Sg C S and use the complex

Cs(T) = C(Fra(T,S)) = RHomy, (Rl (O 5, T), Ap)[—2]

constructed in Proposition 3.45. Here %, (T, S) is the relaxed Nekovaf structure specified in
Example 3.15 (i) so that the second equality follows from Examples 3.33 and 3.15(iii).

Then, modulo standard conjectures, the theory developed by Bloch and Kato [5], as interpreted
and extended by Kato [57, 58] and Fontaine-Perrin-Riou [41], gives rise to a canonical rank-
one A-module Z(M), called the ‘fundamental line’ of M, as well as canonical ‘period-regulator’
isomorphisms of invertible R ®q A-modules, resp. A,-modules

A R®q A = R ®q E(M), resp. Ius: Qp Xz, DetAp(Cs(T)) = Q, ®q E(M).

Writing M*(1) for the Kummer dual of M, we can now recall Kato’s conjecture for M relative
to Ap. (This conjecture was first formulated in [57] and is shown in [19, § 2] to be equivalent,
in the subsequent terminology of [18], to the ‘equivariant Tamagawa number conjecture’ for
the pair (M, A,).)

(8.1) Conjecture (TNC(M, A,)). One has
A (Ls(M*(1),0)) € (M) and Ay - Ay (L§(M*(1),0)) = Iar,s(Deta, (Cs(T)))-

For each Galois extension F' of k we now consider the free A,[Gr]-module

Tpyy = IndGr (T) = T ®z Z[Gr)
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with Gg-action given by o - (a ®b) = (0a) ® (z5 1) for & € G the restriction of o € Gy, to F.
For each place v € 1I7° we also fix an extension of v to k¢ and write G, for the corresponding
decomposition subgroup of Gg. Given an abelian extension K of k, we denote the restriction
of 7, to K by 7k, and define an A,[(Tx ,)]-module by setting

T(-1)™=! if 7, = idg,

T(-1) if Tr # idg,

where M™=%1 denotes the maximal submodule of a Gi-module M on which 7, acts as +£1. We
may then define a subset of II7° as

V(K) ={v ell}’ | Yk (T,v) is a nonzero free A,[(Tx »)]-module}

Vi (T,v) = {

and, for every v € V(K), a natural number
TK(T, ’U) = rkAp (T(—l)Tv:l).

(8.2) Example. In the following examples we assume A, is the valuation ring O of a finite
extension of Q.

(i) If T = O(1), then V(K) is equal to the set of infinite places of k£ that split in K and
di(T,v) =1 for all v € V(K).

(ii) If T is self-dual (that is, 7" = T*(1) as Gy-modules) and p > 2, then V(K) = II?° and
dg(T,v) = (tkoT)/2 for all v € V(K). To justify this, we write p: G — GLyk,7(O) for a
realisation of the representation 7" and note self-duality implies Mp(7,)M 1 = —p(7; 1)t
for some M € GLy,7(0). Now, 7, = 7,7 ! since 72 = id and so we deduce that p(7,) has
vanishing trace. This implies that 1 and —1 appear with equal multiplicity among the
eigenvalues of p(7,), and hence that V(K) = II°. Indeed, if v € II2° splits in K, then
v € V(K) if and only if 1 is an eigenvalue of p(7,). If v does not split, on the other hand,
then v € V(K) if and only if rko(T(=1)™=1) = rkp(T(-1)™="1).

Assume p satisfies (3.1). Then, with H, denoting the fixed field of 7k ,, in K, the A}, [Gx]|-module

G
Vi(T) = @veV(K)IndeH“ (VK (T, v)) (8.3)
is a free quotient of Yy ye (T/x) of rank
ric(T) = ZUeV(K)dK(T, v). (8.4)

We define ek g7 to be the sum of all primitive idempotents in A[Gx] that annihilate each of
HY(Oks,V,(M)), H*(Ok,s,Vp(M)) and the kernel of the projection Yine (Tr /) — Vi (T).
We also write Qg and Qg g7 for the semisimple Cp-algebras (C, ®q A)[Gk| and Qxer s
Then the descriptions in Proposition 3.45 (ii) combine with Proposition 3.45 (i) to imply the
following: the Qk s 7-module

er,s7(Cp - H (Op s(x), T i) = ex,5.0(Cp - H (O s(), T))
is free of rank rx (7') and any choice of A, [Gk]-basis bx = {bK,i}iE[rK(T)] of Yk (T) induces a
composite homomorphism of Qg -modules
Oby : Cp - Det a6, (Cs(x) (T i) — Deto, (Cp - H (O 550y, T /1))

®oy Dete, () (Cp - H' (Cs i) (Tren))) ™ (8.5)
ri(T) 1
. H T)). .
— er,s7(Cp /\Ap[gx] (Ok sk T)) (8.6)
Here the first map is the canonical ‘passage-to-cohomology map’ and the second is obtained
by multiplying by ex s 7 and then evaluating elements of

excsr(Dete, 6)(Cp - H (Csgiey(Trepe) ™) = excsr (oo N\ g V(M)
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at eKﬁyT/\iE[rK(T)]bei’ We then write My for the motive M ®¢q h°(Spec(K)), regarded as
defined over k and with coefficients A[Gx|, and set

k= Oy ((191741}(,5(1() OAMK)(LE( )( k(1) 6 Cp /\ OKS( K)> ,T).

As in §4.1, we next fix an abelian pro-p extension K of k£ in Wthh all places in IIZ° split
completely, write €2 for the collection of finite extensions of k inside K and consider the family

Srel = (tgzrel(TK/k? S(K)))KGQ
of relaxed Nekovaf structures.
Then, assuming the rank r = rg(7T') defined above to be independent of the choice of field K
in Q, the result of Theorem 4.20 can be used to study TNC(M, A,) in the following way.

(8.7) Strategy.
(i) Identify a compatible choice of bases {bx}xecq such that the family 97 4, = (M )xen
defined above belongs to ES"(Frel)-

(ii) Apply Theorem 4.20 to the family 77, 4, and then derive from the conclusion of this result
consequences related to TNC(M, A,).

(8.8) Remark. There are perhaps good reasons to expect the existence of a family of bases
{bk } keq with the property stated in 8.7 (i) in many (and possibly even all) cases of interest.
In subsequent sections, we provide details in special cases.

8.2. Statement of the main result

In this section we explain how the theory of Euler systems developed in Part I of the present
article allows one to study an Iwasawa-theoretic variant of Conjecture 8.1. In § 10 and §9 this
will be used to obtain results towards Conjecture 8.1 itself in interesting new cases.

Let O be the ring of integers in a finite extension ® of Q, and with residue field x = O/(m),
and let T" be a finitely generated free O-module endowed with a continuous action of Gy that
is unramified outside a finite set S;am (T) of places of k.

As in §4.1, we fix a finite subset Sy C IIj, with II° UTI} C Sy and, for every finite abelian
extension K of k set

So(K) = SopU Spam(K/k) and S(K) = So(K) U Sram(T).

Given a subset ¥ of II; with ¥ N (So U Sram(T)) = @, we write K> for the composite of all
abelian extensions of k& which are unramified at ¥, and denote by Qy = Q(K*) the set of all
finite subextensions of X /k. We abbreviate Qg to (2.

For K € Qy, we write F1e15(Tx i) for the ‘Y-modification” Fre) (T /i, S(K))s (cf. Example
3.16) and, for each i € INg, we then set

Hy (O 50500, T) = Hi, 1y (kT 1)
We observe that this construction agrees with previous definitions of 3-modified cohomology

(as used, for example, in [27, §2.3]), and is motivated by constructions of Gross [47] and Rubin
[91] in the context of refinements of Stark’s conjectures.

(8.9) Definition. For each r € Ny and finite subset 3 of IIj, with XN (So U Sram (7)) = &, we
define ESY, g (T') to be the set of all elements

_ " 1
c=(ck)keny € HKGQE(HO[QK] Hs(Ok s),T))
that satisfy the following distribution relation: for all K, L € Qy, with K C L one has
—1 X
(HveSO(L)\SO(K)EUI”(Fmb” )) cx in ﬂ HZ Ok.s(L)s T).

Here cores’i/K denotes the morphism that is induced, via Lemma 2. 1’7(2) by the corestriction
map coresy, i : H%)(OK,S(K)aT) — Hl((’)KS (), T) (cf. [12, §3.2] for details).

coresy /p(cr) =
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(8.10) Remark. The link between the above notion of Euler system and that defined in §4.1
will be explained in §8.3.1.

We now fix a finite abelian extension K of k and a Z,-power extension ko, of k in which no
finite place splits completely, and set Ko = K - koo. We set Ag := O[Gk_ ] and write Qg for
its total quotient ring. We also use the fields

loo = k(1) - koo (ppeo 7(0 )1/p ) and loo(T) = (kC)ker(pT)

with pp the canonical homomorphism G; — Aut(T) (so that lo C l(T)). Finally, we fix a
natural number r (which is to be specified later on) and consider the following hypotheses on
the data (T, koo, ).

(8.11) Hypotheses. The following conditions are valid.
(i) The k[Gy]-module T := T ®p & is irreducible.
(ii) There exists 7 € G, such that dimy(T/(r — 1)T) = 1.
(ii*) If p = 2, then dimy(T) = 1.
(iii) The module H'(Ioo(T)/k, T (1)) vanishes.
)

(iv) If p € {2,3}, then the Z,[G]-modules T and T" (1) have no nonzero isomorphic subquo-
tients.

(v) HY(Ioo(T)/k,T) is a finitely generated k-vector space and
dimy (H'(Ioo(T) /k,T)) < 7+ dimy, (H°(k,T)) — Zvez dimy, (H° (ko, T7(1))).

(8.12) Remark. If the x[G}]-module T is irreducible, then so is T*(l). In particular, the valid-
ity of Hypotheses 8.11 (i) and (iii) combine to imply that the modules H%(k, T) and HO(k,T" (1))
must both vanish.

We consider the induced representation
T = Indgf"o (T) =T ®o Ak,

on which o € Gy, acts via 0 - (a ® b) == (0a) ® (bg~!) with & the image of o in Ag.
Write Fe1 (7)) for the X-modification of the relaxed Nekovér structure Zpe (7, S(K)) on T,
and denote by Frel x(7T) = h(Fe,x(T)) the induced Mazur-Rubin structure. We will also use
the complex

Csx),s(T) = C(Frax(T))
from Proposition 3.45. (If ¥ = &, then we will drop the subscript 3.) If we further assume that
H%(O;@S(K), T') is O-torsion free, then we may apply Lemma 2.35 to the complex Cgx) = (T)
to deduce it admits a resolution of the form P — P with P a finitely generated free A g-module
and the first term placed in degree zero. This combines with [95, Lem. B.9] to imply that, for
every integer r > 0, the natural map

ﬂ HE Ok JS(K)» )*> LKCECK ﬂ HE Ok JS(K)» T®O O[gE])

= Wy pepe ﬂo[gE] Hy(0g s(k):T)

is an isomorphism. (Here the second map is the isomorphism from Shapiro’s lemma.) For
every c € ES, g (T') we therefore obtain a well-defined element

CK.. = (CE)E € ﬂAK Hy (O 550, T)-

We next fix a Ag-free quotient Y of Yyreo (T), for example of the form obtained by passing to
the limit over the modules Vrx (T') defined in (8.3). Note that by the middle exact sequence
in Proposition 3.45 (v), the module Y is then also a free quotient of H'(Csx(T)). We set

r=rkp, (Y)
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and we assume throughout the sequel that » > 0 (or equivalently, that Y is non-zero).

We fix a splitting G, = Ax x I'x with ' = 7 for some n > 0 and A a finite group, we
also obtain an identification Ax = O[Ak|[T'k]. Given this, we may regard elements of ®[A]
as elements of the total ring of fractions Qg = Q(Ag) of Ag. With ®¢ a choice of algebraic
closure of ®, we then obtain an idempotent of ®[Ak] by setting

CK = Z¢e¢

where 1) runs over all characters Ag — ®%* for which the primitive idempotent e, annihilates
the kernel of the projection Qx @p, H(Ok s(k): T) = Qk Qax Y.

(8.13) Remark. Since no non-archimedean place of k splits completely in koo, the idempotent
e does not depend on ¥ (cf. [12, Lem. 4.12]). In addition, if ks is the cyclotomic Z,-extension
of k, then the weak Leopoldt conjecture (from [86, § 1.3]) predicts that Qx ®4 H%(Ohsm% T)
vanishes and so ex = 1.

We also define a further idempotent of Qk as the sum

€K = Zwew

over all characters ¢: Ag — ®* such that e, annihilates the kernel of the projection map
Qr AL YH?(T) — QK @, Y. In particular, this definition ensures that Qgeg is the kernel
of the latter projection map.
Fix a Ag-basis by = {b;};c[,] of Y. Then, since Q is a semisimple ring, there exists a composite
morphism of Qg-modules
Ok b0t Qi @ag Dot (Cor)x(T)) = Detgy (Qx @y H(Cs(x)x(T)))
®oy Deto, (Qx @n,e H' (Corrys(T))) ™
T
—>€K€KQK ®AK /\AK H§(0k7S(K),T), (8.14)

in which the first map is the canonical ‘passage-to-cohomology map’ and the second is induced
by first multiplying by exex and then evaluating elements of

exer (Deto, (Qx @a, H' (Csir)n(T))) ") = ex (Qx @ay Detay (V) ™)
on ex /\ie[r] b;. Our next result concerns the image under O _ s, of the Ag-submodule

Detp, (Csr),s(T)) of Ok ®a, Deta, (Csx) x(T)).
To state it, we use the canonical direct product decomposition

AKZVKXDK (815)

in which g and Vi are respectively the p-Sylow subgroup of Ag and the maximal subgroup
of Ag or order prime to p. We also set L = KU% and F = KVX. Given a character
x: Vg — ®9%, we write O, = O[im x] for the O-algebra generated by the values of x and
note that any O[V g]-module M decomposes as

M= @xeﬂhMX
with My == M ®p[v,] Ox. Given an element m € M, we denote by m, the image of m

in M,. Lastly, we write T'(x) for the module T'®p O, with ‘x-twisted’ G-action given by
o-a:=x(o)"'(ca) foralla € T.

(8.16) Theorem. Fiz a finite abelian extension K of k and a character x: Vg — ®*. Set
T =T Qo Ak, fix a non-zero free Ag-module quotient Y of YH?(T) of rank r, and assume
that all of the following conditions are valid.
(a) Everyv € Syam(TV(1))\So is finitely decomposed in koo and such that Do H(E,,T*(1))
vanishes for every intermediate field E of Ko /k.
(b) Hy(Ok s(k), T) is O-torsion free.
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(¢) Hypotheses 8.11 on (T(x), koo, T) are valid.
Then, for every c € ESY, g (T), the following claims are valid.
(i) For each Ak-basis be = {bi}icy) of Y one has

Fitth, (Xs,(7)) - (I] Eul, (Frob, 1)) - (cx..)x

€ Ok e (Detag (Csr),n(T)))x-
(ii) Ifp is a prime of Q¢ in the support of Qx@a, Hy | s (s TY(1))y, then (excr,,)p = 0.
(i1i) If p satisfies condition (3.1), then for all f € Hé((’)k,g(K),T)* one has
exc - flera )y € ex Fitt], (Hpv o (k, TV (1))7)Y"

The proof of this result will occupy the remainder of this section and is given in § 8.4 after we
have established a series of preliminary observations in §8.3.

We will discuss consequences of Theorem 8.16 towards Kato’s conjecture (8.1) in the settings
of both elliptic curves and the multiplicative group in §9 and § 10, respectively.

veS(K)\So(K)

8.3. Preliminary results

We first make several general observations that will be used in § 8.4 to prove Theorem 8.16.

8.3.1. Twisting Euler systems

Suppose R is an O-algebra endowed with a continuous action of G, and write 1: G — Aut(R)

for the induced character. We then define a Gi-module as T'(¢) := T ®p R with o € G}, acting

as 0- (x®y) = (0x) ® (67'y). As a special case, if K € Q and ¢x: G — O[Gk] is the

character defined by sending o € Gy, to its image in Gg, then T'(¢)k) agrees with the induced
. - Gr .

representation T, = Indg” (T') introduced before.

(8.17) Lemma. Assume that R satisfies condition (2.5), and that im+ is abelian and either
finite or a finitely generated Zy,-module. Let ¥ C Il be a finite set with ¥ N S(ky) = @
such that Cs,) s (Tk, /1) has a representative of the form [P — P] with P a finite-rank free
Ol Gk, [-module placed in degree 0.

1) Fiz an abelian pro-p extension E of k such that Gg is a finitely generated Z.,-module,
p
and assume that ¥ N S(E) = &. Then, for every integer v > 0, there are canonical
(-semilinear) morphisms

ro. r 1 r 1
Twh mougE,%]] Hy, (O, s(8k,), T) — ﬂR[[gE]] Hs (O s(Er,), T(¥))-

and

Twist,: Detogp, 1(Csary) (Ter, /) = Detrigp) (Csizr,) (Tr/k ()
that have the following properties.

(a) Let Y be a free O[Gpr,]-quotient of Yuge (Tgy, 1) of rank v with basis bs. Write b,
for the induced R[Gg|-basis of the free rank-r quotient Y' ==Y ®O[[gEkw]] R[GEg] of
Yiee (Tpyk(1)) = Yiee (TEkw/k) ®O[[9Ek¢1] R[GEg]. Then the following diagram com-
mutes.

r

Detoigu (Cs(er,),s(TEr, k) —r ﬂR[[gE]] Hé(OEk¢,S(Ekw)7T)

JTWC,;% lTWZW
Detogp)(Cs(ry),=(Tr/mw(¥))) 7 ﬂR[[gE]} H(Op,s(5k,), T(1))-

Here ¥ and ¢ are the maps from Lemma 2.37 (i) for the data (CS(Ekw),E(TEkw/k)a be)
and (Cs(gr,),s(Te/m)), bs), respectively.
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(b) Tw§', sends an O[Gpy,]-basis to an R[Gp]-basis.
(ii) Write KK™P for the composite of all p-power degree extensions of k contained in K>,
and let Q(K*P) C Qyx, denote the subset of fields contained in K¥P. Then Frax(T(1)) =

(Fran(T (V) k) Beqcmr) Satisfies Hypothesis 4.1 and, moreover, there exists a 1-semilinear
map of O[Gx]-modules

ESS 5, (T) = ESg (Sran(T(¥))), ¢ = (Twh y(cEr,)) penics»)-

Proof. Tt follows from Lemma 3.3 that §F(7'(¢)) satisfies Hypothesis 4.1, as claimed in (ii).
The remaining claims are proved by the argument of [10, Lem. A.8] and are induced by the
isomorphism CS(Ekw),E(TEkw/k) ®OugEk¢,ﬂ R[GE] = CS(Ekw),Z(T(Qb)E/k) that follows from Pro-
position 3.45 (iii). (See also [11, Lem. 3.9] for (i) and [92, § 2.4 and Ch. 6] for the second claim
in (ii).) O

(8.18) Remark. Fix x: Ag — ®%* and write O, for the extension of O generated by the
values of x. We then obtain a character ¢: G, = O, [Gr] and the construction of Lemma 8.17
defines a morphism ESY, ¢ (T') — ESY, (Srel,2(Tr/x(x))). This provides a precise link between
the notion of Euler system in Definition 8.9 and that used in §4.1.

8.3.2. Torsion subgroups

The following result clarifies the condition in Theorem 8.16 (b).

(8.19) Lemma. Suppose Hypotheses 8.11 (i) (ii) and Hypothesis 4.16 (ii) are valid for T (with
R = O). Then the following assertions are equivalent for every finite set ¥ C Il with ¥NS (k) =
@, field F € Q(K>P), and finite set U C I}, with U D S(F).

(i) Hy(Oru,T) #0,

(i) H:(Opy,T) is not O-torsion free,
(iii) ¥ = @, tko(T) = 1, and Gy, acts trivially on T.

Proof. At the outset we define V := ® ®» T. The long exact sequence in cohomology arising
from the short exact sequence 0 — T — V — V/T — 0 then combines with the vanishing of
TG (that follows from Hypothesis 4.16 (ii)) to give the exact sequence

0 —— H%(ORU,V/T) — HXI;(ORU,T) —_— Hé(OF,U,V).

Since Hy(Opy, V) = ® @0 HL(Opy, T) by Proposition 3.45 (iii), we deduce an identification
HL(Opy,T)ior 2 HA(Opy, V/T). The latter is non-trivial if and only if HX(Ok.v, V/T) # 0
because F' is a p-extension of k (cf. [82, Cor. 1.6.13]). Writing 7 for a uniformiser of O, we have
an isomorphism (V/T)[r] 2 T, hence HX(Oy. 7, V/T) # 0 is also equivalent to H (O, T) # 0.
This proves the equivalence of conditions (ii) and (i).

Now, the triangle (3.17) implies that H2(O s, T) is equal to the kernel of the diagonal map
HO(k,T) — @,e5, H(kv, T). Since the latter is injective as soon ¥ # @, we conclude that
(i) implies ¥ = @. In addition, T is an irreducible k[G]-module by Hypothesis 8.11 (ii), and
so H%(Og,T) must be equal to T if it is nonzero. By Hypothesis 8.11 (i) we then have that
T is a one-dimensional k-vector space, which implies that rkp(7) = 1 by Nakayama’s
lemma. This shows that (i) implies (iii), and since (iii) clearly implies (i), this proves the
lemma. O

8.3.3. Core ranks

We next clarify Hypothesis 4.14 (vi) in the case of relaxed Nekovar structures. To do this, we
use the notation specified in (5.1). In particular, we now write A and A for R; and T ®% A, so
that A k=T.
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We fix finite subsets S and ¥ of II;, with S(k) C S and ¥ NS = @ and recall that, if p verifies
(3.1), then the ¥-modified relaxed Nekovar structure % (A, S)y on A coincides with both of
the induced structures Ze (7T, )y @r A and Zo(T @r R4, S)x @r, A (cf. Example 3.18 (iv)).
We also recall that a finitely generated A-module M, with m := dimy (M ®4 k), is said to be
‘quadratically-presented’ if there exists an exact sequence of A-modules of the form

AP 5 AP M — 0.
(8.20) Lemma. Fiz finite subsets S and ¥ of I}, with S(k) C S and X NS = &. Write F for

the Mazur—Rubin structure h(Fe1(A, S)s) on A and F for the structure that it induces on T.
Then, if p verifies (3.1), the following claims are valid.

(i) The integer x(F,7) is equal to
dimy (H°(k, T)) + dimg (Xs(T)) +d1m]k( 7 (T (1)) — dimy (111 ,(T))
+ Z dimy, (HO (ky, T +Z . dimy, (Tory (HO (k,, A*(1))%, K)).

(ii) If the A-module H?(k,, A) is quadratically presented for every v € S\ II5°, then x(F,j)
is at least

Zvenzo dimy, (HO(kU,T*(l))) + dimy (mf*,j (T*(l))) — dimy (LHF,J' (T))
+ dimge (H(k, T)) — dimge (HO(k,T(1))) =D dimg (H (o, T7(1))).

Proof. We write Fy for the Mazur—Rubin structure h(% (4, S)s @4 k) on T. Then, by using
Theorem 3.43 (ii) to compare Fy with F, one finds that

X(Fv.]) :X(Foaj) - ZUES(}') dim]k( /F(kva))
= dimy (H°(k, T')) + dimy (X7 (T)) — Zvesm dim]k(H/%(kv, T))
+ D, oy ik (HO(k, 7)) + dimy (Il ;(T7(1))) — dimye (II (7).

In this computation we have also used Proposition 3.45 (v) and the equality xx(Csx(T)) = 0
that follows from Proposition 3.45 (i) and Lemma 3.3.
Now, by the definition of induced Mazur—Rubin structure, one has

/F(kv,T) = coker { H}(ky, A) C H' (ky, A) = H' (ky, T)}.

In addition, for v € ¥, one has H: 7k, A) =0, s0 H/IF(k:U,T) = H'(k,,T) and hence

dimy (H 5 (ky, T)) = dimg(H' (ky, T))

= dimy (H"(ky, T)) + dimy (H*(k,, T))

= dimy (H° (ky, T)) + dimy (H (ko, T"(1))).
It remains to consider the case v € S. In this case H/lf(k:,T) is defined to be the cokernel of
the natural map p, : H'(ky, A) = H'(k,,T). In addition, the spectral sequence

E% = Tor® ,(H (ky, A), k) = E™ = H™V (k,, T)
induces an the exact sequence
Tor} (H?(ky, A), k) — H" (ky, A) @ k — H' (ky,T) — Tor} (H?(ky, A), k) — 0.

in which the second arrow is induced by p,. In particular, since we are assuming p verifies (3.1),
it follows that H/lF(kv, T) = (0) for each v € IIY°. In addition, for v € S\II°, the above sequence
combines with local duality to imply that H /lf(kv,T) is isomorphic to Tory (HO(k,, A*(1))*, k),

as required to complete the proof of (i).
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Before turning to the proof of (ii), we note that dimy (Tor/l\(M ,k)) < dimy (M @4 k) for every
quadratically presented A-module M. To justify this, we fix a presentation

A®n Lypen ar g
with n = dimg (M ®4 k). Setting I := ker(f), we thereby obtain an induced exact sequence
0 = Tor} (A®", k) — Tord (M, k) — I @, k,

from which it follows that dimy(Tory (M, k)) < dimy (I ®4 k) < n since I is a quotient of A®"™.
This proves the claim.

Then, by applying this observation with M = H?(k,, A) = H(k,, A*(1))* for each v € S\ II5°,
and noting H2(k,, A) @ k identifies with H2(k,,T) = H(k,, T (1))*, we obtain an inequality

Zvesmw(dimﬂ‘ (H%(ky, T" (1)) — dimy (Tory (H(ky, A*(1))*, k))) > 0.
k
From the definition of Xg(T') it therefore follows that

dimy (X (7)) —|—d1m]k(H0(k T(1 )))

=3 Hoodlm]k(HO(k:U,T +Z S\Hoodlm]k( O(k,, T"(1)))

> Z dun]k O(ky, T ( )+ ZveS\HOO dimy (Tor1 (H(ky, A*(1))*, k).
The result of (11) is now obtained by substituting this inequality into the formula of (i). O

(8.21) Remark. The condition of quadratic-presentability is automatic in the following cases.
(i) Let A == (Z/p'Z)[G] withi € N and G a finite abelian group. Then any G-cohomologically
trivial finitely generated A-module is quadratically presented.
(ii) If A is a principal ideal ring, then every A-module is quadratically presented. Indeed, as
a local principal ideal ring, A is isomorphic to a quotient of a discrete valuation ring A’
and since the claim is true over A’, base-changing to A gives the desired presentation.

8.3.4. Localisation, Euler factors, and Fitting ideals

We recall (from [23, §3C1]) that a prime p in Spec!(Af) is said to be ‘regular’ if it does not
contain the order of the torsion subgroup of Gx_ . For such p, the localisation Axp of Ax is
a discrete valuation ring and there exists a character x = xp: Ax — ®“* and a height-one
prime p, of A, := O,[I'kx] for which there is an identification Axp = A o .

If p is not regular, then it is said to be ‘singular’. If p is any such prime, then p € p, and there
exists a character x: Vg — ®“* together with a height-one prime ideal p, of (Ax)y = Ay [Ok]
such that Ak y = (Ak)y,e,- There is then also the following useful localisation criterion from
[20, Lem. 6.3] (see also [40, Lem. 5.6]).

(8.22) Lemma. Fiz a character x: Vi — ®* and a prime o € Spec' (A, [Ok]) with p € p.
Then for every finitely generated torsion Ay [Og]-module with vanishing Iwasawa p-invariant
(as a Ay-module), one has M, = 0.

The following result is useful in the computation of the ideal Fitt} (Xg(7)).

(8.23) Lemma. For every v € I, \ II2® and p € Spec' (Ak), the following claims are valid.

(i) Assume v € II} and either v & Sram(TV (1)) or both v is finitely decomposed in koo and
HO(ky, Tg/k( )) = (0) for all finite extensions E of k in Ko. Then, if p ¢ p, and we
write x for the character x, defined above, one has

Eul, (Frob, DA ] am (K
Fitt} (O (b, TV(1))")y = 50D DM bon 08 Sram (/).
Ak, o0 if v € Sram (K /k).

(ii) If v is finitely decomposed in koo and p € p, then HO(k,, TV(1)V), = (0).
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Proof. To prove (i), we assume that p ¢ p. In this case there are isomorphisms

(HO (e, TV (1) )y = H? (e, Thp = H (ko T, ) = HOCko T (L)Y

and so it suffices to investigate Fitt%KX (HO(k,, Tl\éx,m/k(l))v). In the remainder of this argu-
ment we will therefore assume that K = K, .

To discuss the case v € Spam(K/k), we write I for the inertia subgroup of Gx and regard the
trace element N; as an element of Ag in the natural way. By assumption, x(/) # 1 and so in
Ak one has Ny = x(N7) = 0. On the other hand, Ny acts as multiplication by |I| € AIXQp on
HO(k,, TV (1)) = Sy HO(Koow, TV(1))V and so we conclude that, in this case, the localisa-
tion of H®(k,, T (1))V at p vanishes. This proves the claim if v € Siam(K/k), and so it remains
to consider the case v ¢ Syam(K/k).

Let us first assume that, in addition, v € Syam (7Y (1)) so that the action of Gy, is unramified
on 7V (1). Taking Matlis duals of the exact sequence

0 —— HOk,, TV(1)) — T(1) —22=1 7V(1),
we obtain an identification H(k,, 7V(1))" = coker{7 (1) Trobo 1, T(-1)}. As such, we

obtain the required equality via the computation
Fitt}  (H"(ky, T"(1))") = A - dety, (Frob, — 1 | T(—1))
= Af - dety . (Frob, ' — 1| 7%(1))
= Ak - Eul,(Frob, b).

We finally assume that v is finitely decomposed in koo and that HO(k,, T} /k(l)) vanishes for
all finite extensions of ' of k contained in K. Set V := T ®¢ ®, then the exact sequence
0—T*(1) = V*(1) - V*(1)/T*(1) — 0 combines with the assumption to imply the exactness
of the sequence

0 —— Ho(kvaVE*/k(l)/TE/k(l)) — Hl(kaE/k(l)) E— Hl(kvaVE/k(l))

for every finite extension E of k contained in K. We conclude that one has an identification
Ho(kv,Tg/k(l)) = Ho(kv,Vg/k(l)/Tg/k(l)) = Hl(kv,Tg/k(l))tor. Writing I, for the residue
field of k, and I, C Gk, for the inertia subgroup, the inflation-restriction sequence gives

Gkv /Iv
tor .

0 —— Hl(Fvag/k(l)L})tor — Hl(k‘vaTE/k(l))tor I Hl(IvaTE/k(l))

In addition, the assumption also implies that we have the exact sequence

0 — Tp(1)'s ot

T (D) —— H'Y(F,, Tjy (1)) —— 0 (8.24)

which, by comparing O-ranks, shows that H'(IF,, T o /k(l)I”) is finite and, in particular, equal

to its O-torsion submodule.

We now claim that H'(I,, Ty /k(l))g)’;“/ " is a finite group of cardinality bounded independently
H'(1,,,T*(1))

is a finitely generated O-module of rank bounded independently of E, and so H'(I,,, T}, Ik (1))5)1;v / Iv’

which identifies with (@wlv H'(Iy, T*(1))tor)©#»/1» by Shapiro’s lemma, is finite of order bounded
independently of F.

Passing to the limit over E in the exact sequence (8.24), we then deduce from the previous
discussion that

HO (ko TV (1) = (lim B (ko T e (1)) 2 (i, B (B T (1)) ).

Note that 7*(1)! is a free Ax-module of finite rank since v is assumed to be unramified in
K. Taking O-linear duals of (8.24) and passing to the limit (over F), we obtain an exact

of E. Indeed, our assumption that v is finitely decomposed in ko, implies that 5

w|v
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sequence
Frob, —1
%

0 — (T*(1)")" (T (") — Lim, HY(Fy, Ty, (1)) — 0

which we may use to calculate that
Fitt]  (lim, H' (Fo, Tjs . (1)7)") = Ak - deta (Frob, — 1| (T*(1)™)*)
= Af - dety . (Frob, ! — 1| 7*(1)™)
= Ak - Bul,(Frob; 1),

as required to conclude the proof of (i).

As for (ii), taking the Matlis dual of the inclusion HO(Kog ., TV (1)) C TV (1) for every w | v
gives a surjection @, T(—1) = D, HY (Koo, TV(1))Y = HO(ky, TV(1))V. If v is finitely
decomposed in koo, then the latter is therefore a finitely generated O-module and so, by Lemma
8.22, vanishes after localising at any prime in Spec!(Af) that contains p. O

(8.25) Remark. In many arithmetic examples, there is a useful replacement for Lemma 8.23 (i)
for p-adic places v. To be precise, we suppose T = H} (Xge, O)(1) for an odd integer i and a
proper smooth variety X that is defined over k and has potentially good reduction at a p-adic
place v. If koo is the cyclotomic Z,-extension of k, then H(k,, Ty / (1)) is finite by a result of
Kubo and Taguchi [66, Th. 1.1] (if X is an elliptic curve, this is a classical result of Imai [50]).
In addition, if X is an abelian variety, i = 1, and K, is a Lubin—Tate extension, then criteria
for finiteness have also been obtained by Ozeki in [85]. If T is the representation attached to
a cuspidal newform, then a similar result is obtained by Kato in [60, (12.5.1)].

8.4. The proof of Theorem 8.16

We first deduce the following intermediate result from Theorem 4.20.

(8.26) Proposition. Fiz c € ESY, g (T,K). Then, under the hypotheses of Theorem 8.16, one
has FittTAK (XS(K) (T)) : (CKOO)X - G)Koo,E,b. (DetAK (CS,E(T)))X'

Proof. Set Ty, = T(x) ®o Ak and write Tw": ES5, g (T, K) — ESg (Fre,n(Ty)) for the map
arising from Lemma 8.17 (ii). We then aim to apply Theorem 4.20 to the Euler system Tw"(c).
To do this, we must specify the data for and verify the hypotheses of Theorem 4.20.

Firstly, K> clearly satisfies Hypothesis 4.16 (i). As for Hypothesis 4.16 (ii), we note that in
order to prove the claimed result we may replace T'(x) and ¢ by T'(xp) and Twy(c) for a char-
acter p: G — Z; without loss of generality. Indeed, since I, contains ks and 7 € Gg__,
one has p(7) = 1 so that Hypothesis 8.11 (ii) is unaffected. Moreover, Gi__ being pro-p implies
that the image of p is contained in 1+ pZ, so that p(c) =1 mod p for all o € G;__. As a

consequence, T'(x) and T'(xp) agree, hence the validity of Hypotheses 8.11 for T'(x) imply their
validity also for T'(xp).

In addition, the commutative square in Lemma 8.17 (i) (a) shows that the conclusion of Pro-
position 8.26 holds for ¢ if and only if it holds for Twy(c).

Now [92, Lem. 6.1.3 (i)] ensures the existence of a p such that T'(xp) satisfies Hypothesis
4.16 (ii). The latter being a quotient of 7, (p) == T'(xp) ®o A, it follows that also T, (p) satis-
fies Hypothesis 4.16 (ii).

In the notation of §7 we now take R = Ar so that K = O/(r). In particular, 7, = T(x)
and so the validity of the parts of Hypotheses 4.14 (i) and (iv) that concern 7, follows from
the assumed validity of Hypotheses 8.11 for T'(x). In addition, Hypothesis 4.14 (v) is valid by
Lemma 8.19 and the assumption Hy,(Og g, T') is O-torsion free.

Next we note that the field ko from §7 is a subfield of I, and the field k(7y)s from §7
agrees with o (T'(x)). Given this, the validity of Hypotheses 4.14 (vii) in this case is clear (cf.
Remark 4.15 (vi)) and that of Hypotheses 4.14 (ii) and (iii) follows from the assumed validity
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of Hypotheses 8.11 for T'(x).

It still remains for us to specify the data of a morphism g: R — R of the form required for an
application of Theorem 4.20. Before doing this, however, we observe that the claimed result
will follow if we can prove an inclusion

Fitt), (Xs)(T)) - (eka)x € Oy (Detay (Coir),n(T)))x- (8.27)

Indeed, the claimed inclusion follows directly from this after recalling that the maps vy
and O »p, coincide as a consequence of [27, Prop. A.11(ii)]. Further, the Ag-module
Yy (Deta (Csx),s(T)))y is reflexive (since Deta, (Cs(x)x(T))y is invertible and hence re-
flexive) and so Lemma 2.4 (ii) implies it is enough to verify (8.27) after localising at each prime
in Spec!((Ak)y). For the remainder of the proof we shall therefore fix p € Spec! ((Af)y). It is
then convenient to separate the discussion into two cases.

(1) The case p€p

We first claim that ko contains a Z,-extension k., of k in which no finite place contained
in S(K) splits completely. Writing G, C Gy for the decomposition group of v € S(K)gy, it
suffices to find a direct summand H C Gy, of Z,-corank one that does not contain any of the
Gy for v € S(K)g,. Indeed, the fixed field k. = kX of H then has the required property. By
assumption, no finite place splits completely in ko, and so each G, is a Z,-module of rank at
least one. We can therefore pick a nonzero element z, € G, for every finite v € S(K) and will
now construct by induction on 0 < s < rkZp(gkw) a direct summand Hy; C Gy of Z,-rank
s that does not contain any of the z,. If s = 0, then we may take H = (0) because all x,
are nonzero. Now assume s > 1 and the claim is already proved for s — 1. Then all z, are
nonzero in the quotient Gy, /H,_1. In addition, this quotient has Z,-rank at least two because
s < 1kz,(Gk., ), and hence contains infinitely many direct summands of Z,-rank one. Since the
x, are only contained in finitely many of these, we can choose an element y € G__/Hs_1 such
that Zpy is a direct summand that does not contain any of the x,. Given this, we may then
define H, := H,_1 + Zpy to conclude the inductive step.

Writing & for the i-th layer of kL /k, we set U] := Gal(koo/k;). We can then fix a basis
{Ui}iew of open neighbourhoods of the identity of Gy in such a way that U; C U] for every
i. As in Remark 2.7 (iii), we now take R = Ax and a; := (7*,I(U;)) with the augmenta-
tion ideal I(U;) so that R; = (O/(«"))[I'/U;][Ok]. We further take R := (O/(r))[Gx._ ] and
R; == (0/(m))[Gr] = (O/(7))[Gk../Uj]. In particular, the residue field of R is also O/() so
that T =T in this case. We therefore see that the validity of Hypothesis 4.14 (i) (iii) (iv) for T
follows from Hypothesis 8.11. Similarly, Hypothesis 4.14 (ii*) follows from Hypothesis 8.11 (ii*).
Furthermore, each R; is a principal local ring because, as a power series ring over a field, R is
a principal ideal domain. Given this, Lemma 8.20 applies to imply an inequality

X(F;, (i) > dimg (Yirge () + dimg (g0 (T (1)) — dimg (U (T))
+ dimy, (H(k,T)) — dimy (HO(k,T"(1))) — ZUGEHO(kU,T*(l)).

Now, Hypothesis 8.11 (iii) implies the vanishing of H%(k,T" (1)) via Remark 8.12. In addition,
Lemma 6.1 (i) asserts that Iz~ j(i)(T*(l))) is a submodule of H'(Ioo(T)/k, T (1)) and so

vanishes by Hypothesis 8.11 (iii). Similarly, Il ;) (T) is a submodule of H'(loo(T)/k,T) by
Lemma 6.1 (i). Given this, Hypothesis 8.11 (v) now ensures that x(F;) > 0, as required to
verify Hypothesis 4.14 (vi).

We further take p: R — R to be the natural surjective projection map, and write 3 for the
prime ideal ker(g) of R. Then oy is surjective and nonzero, as required by condition (i) in
Theorem 4.20. To verify condition (ii) in Theorem 4.20, we note that since no finite place in
S(K) splits completely in &, the module Xg(x)(7T) @, OlGr..] = Xsi)(T @0 OlGk..]) is
finitely generated over O. As a consequence of Lemma 8.22; this module is therefore annihilated
by an element x € O[Gk_ ] that does not belong to the ideal (7) = ker(O[Gx..] — R). It
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follows that Xg(x)(T) ®ax R is an R-torsion module and hence vanishes when localised at
(0) as an R-module (respectively, at B as an R-module). This shows, in particular, that
Tor?(XS(K) (T), R)g = 0 and so implies that

Fitt (Torf (X (k) (T), R))gp = Fitt,, (Tort (Xg(x)(T), R)p) = Fitty, (0) = Ry,

as required by condition (ii) in Theorem 4.20. In this case, therefore, the latter result can
be applied in order to deduce that, for every Euler system c¢ in ESy, ¢ (7), the element (cx)p
belongs to ¥y (Detr (Cs(x),5(T)))p- Since p is contained in %, this in turn implies that (c), €
Yy (Detr (Cs(k)x(T)))p and hence verifies the p-localisation of (8.27).

(2) The case p ¢ p
In this case, Ak can be identified with the localisation A,y , of A,y at a height-one prime
o C Ay for some character ¢: Og — ®“*. As a consequence, one also has an identification

Ok 2be (Deta, (Csx) =(T)))p = OK, 4 oo B ibyy.e (Dt (Csx) = (T (XY) ®0,, Ap)))ps
where K, o = K,y - koo With K,y = K (ker(x¥)) ig the field cut out by xv¥, we have denoted
by byy,e the basis of Y ®@p, Ayy induced by be, and Tyy = T(x¥) ®0,,, Ayy-

On the other hand, using the twisting map Tw) ,: ES3(T) — ESH(T'(xv), K*) from Lemma
8.17 one has an equality Tw},,(¢)k.. = D _,en, (X¥)(0)ock,, in

(ﬂTAK Hy,(Ops(x): T)), = (ﬂlw H3(Ok,s(6): Tw)),,

by [92, Lem. 4.3]. Now in Af, the element } ., (x¥)(0)o acts as multiplication by the
unit [Ag| of Agp. Since Fitty, (Xg(x)(T))p identifies with Fitt)  (Xg(r)(Tyw))e, the claimed
result will follow if we can show that

Fitt)  (Xs) (Tyw)) - TWiy (Okoe € Ok yy oo Siby e (Deta, (Cs i) 5 (Tiw))) -
By replacing ¢ by Tw,(c) and T by T'(x¢), we may thereby reduce to the case K = k and

R = O[im x][I']. Indeed, since 9 is a character of p-power order, one has that O, is a totally
ramified extension of O, with residue field equal to the residue field x of O,. Writing 7y, for a

uniformiser of Oy, one has ¥(0) =1 mod m,, for every o € Gj, and so T'(x) = T'(x2). This
shows that the assumed validity of Hypotheses 8.11 for the representation 7'(x) implies their
validity also for T'(x)).

Now, since R is a factorial ring, the prime p is principal and generated by a nonzero divisor
f € R\ (m), say. We can then extend (m, f) to a regular sequence o := (m, f,z1,...,Tp—1) with
n :=rkz,I'. We write I and J for the ideals of R generated by o and o \ {n} respectively and
fix a minimal prime P containing J. For each natural number ¢ we set a; := I and R; := R/a;.
Then, since o is an R-regular sequence, each R; is a zero-dimensional Gorenstein ring and
P has height n (by Krull’s height theorem). In particular, since R/I = (O/7) ®0 (R/J) is
finite, the ring R/J is finitely generated over Z, by Nakayama’s lemma. The integral domain
R /B is therefore a non-zero, finitely generated Z,-algebra that is Z,-free (since 7 ¢ *B) and
so spans a finite field extension F' = Ry /PRy of Q,. The integral closure R of R/P in F'
is then a discrete valuation domain and, for each i, we set R; := R/7’. We write ¢ for the
natural map R — R and note that ker(p) = P so that the localised map op: Ry — Rp = F'is
non-zero and surjective (since p ¢ ), as required to verify condition (i) in Theorem 4.20. In
addition, Lemma 8.20 applies because each R; is a principal ideal ring and so, just as in case
(i), Hypotheses 8.11 (iii) and (v) combine to imply x(F;) > 0. Theorem 4.20 can therefore be
applied in this context to deduce that, for all elements z and y of Fitt% (Xg(x) (7)), one has

ay™ - (ex )y € YN - Iy (Detr (Csirey s(T)))gp.

Since p C ‘B, this inclusion remains valid if one replaces ¢ by p. To cancel the term y'v
from the resulting inclusion, and hence verify the p-localisation of (8.27), it is then enough to
ensure that y is a nonzero divisor in Ax. In addition, the assumption that no finite place of
k splits completely in koo ensures that Xgx)(T) = Dupes(i) HOY(Koow, TV(1))Y is finitely
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generated over a power series ring in d — 1 variables, and so is a Ag-torsion module. The ideal
Fitt) , (Xs(x)(T)) therefore contains nonzero divisors and so it is enough to take y to be one
of these elements.

This concludes the proof of Proposition 8.26. O

To prove Theorem 8.16 (i), it is now enough to show that the conclusion of Proposition 8.26
remains valid if one replaces the term Fitt)  (Xgx) (7)) by Fitty  (Xs,(7)). To do this, we
can argue locally at each p € Spec!(Ag).

If firstly p € p, then one has Fitt} (Xgx)(T))y = Fitty, (Xs,(T))p = Akyp. Indeed, the
modules Xg(x)(7) and Xg,(7T) are both finitely generated over a power series ring in d — 1
variables (as already observed above) and hence vanish when localised at p as a consequence of
Lemma 8.22. We can therefore assume p ¢ p. In this case Axp identifies with A by for some
character ¢: Ag — ®* and prime py, € Specl(AKw) (with p ¢ py) and the trace element
NK.o/Ky.oo Of O[Ak]is a unit in Agp. We set Ty == T(¢) ®o, Ay.

Now, if v belongs to S(K) \ Sy, then Lemma 8.23 (i) asserts that Fitt%Kw (HO(k,, Ty (1)Y)p,,
is equal to Ag, p, if v is in So(Ky) (because v € Sram(Ky/k) in this case) and is generated by
Eul,(Frob, ') otherwise. As a consequence, we have

Fitth e (Xs(ao)(T))p, = Fitth, (Xso(Ty))p, - Fittd o Vsaonso (To))o,
= FlttAKw (Xs, (%))Pqp ) ( H Eul, (Fr0b171>)a (8.28)
vES(K)\So(Ky)

where the first equality follows as a consequence of the exact sequence
0 —— X0 (Ty) — Xs)(Ty) —— Ysmnso(Ty) — 0.

The p-component of the inclusion in Theorem 8.16 (i) therefore follows from the computation
Fitth, (Xeso(T)p- ( J[  Pulu(Frob,h)) - ex.,

vES(K)\So(K)

= Fitth, (X5, (T - ([ Bub(Frob") - (N, ec)
vES(K)\So(K)
= FittrAKw (Xk,50(Te))p,, - ( H Eul, (Frob, 1)) - CK oo
vESH(K)\So(Ky)

= Fitth . (Xs() (To))py - Cry o
C Ok, . mbe (Detag (Cor) n(Te))p,

= Ok 2. (Deta, (Csx)(T)))p-

Here the first equality holds because Ng__, Kyoo 1S @ unit in Ak p, the second equality is by
the Euler system norm relations, the third equahty is by (8.28), and the inclusion follows from
Proposition 8.26 with K replaced by K.
This concludes the proof of claim (i) of Theorem 8.16.
To prove (ii), we first make the general observation that for any subring R of Qg that contains
Ak, subsequent applications of Lemma 2.11 (iii) and (v) shows that
Fitth(R ®a, Yie (T)) = Fitt (R ©a, ker(Yie (T) = Y))

C Anng, (QK Qg ker(YHzo (T) — Y))

= QK€K (8.29)
with equality if R = Q. Now, Xg(k),,(T) is a Ax-torsion module because no finite place of
k splits completely in k... It follows that

Ok O Fitt] . (Xs(r)g, (T)) = Fittd, (Qx ®n, Xs(r)s, (T)) = Fitt] . (0) = Ok,
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and this combines with the exact sequence 0 — Xg(x), (T) = Xsx)(T) = Y= (T) — 0
and (8.29) to imply that

Qk @y Fitt), (Xsi)(T)) = Qrex.

From Proposition 8.26 we therefore obtain
,
ek (Cio)x € Qk - Ok mpa (Deta (Coxn(T))) = (Qrerer) @y () Ax Hy, (055 T,

where the equality is by definition of the map O, 5 5,. This shows that ek acts as the identity
on ex(ck.. )y and so, because ex annihilates Qx @4, H%(Okys(K),T) by definition of ex, we
see that Qg ®a, H%(O&S(K), T )y can only be supported on primes p of Qg for which e(ck . )y
vanishes. Now, Proposition 3.45 (v) gives an exact sequence

0 —— H}:Clx(k,”fv(l))v ——— Hi(Oks,T) —— Xy (T) —— 0. (8.30)

which combines with the vanishing of Qx @5, Xg(k),, (T) to imply that Q@ H%(Ok7S(K), T)
Ok Qnax H }*lz(k, TV (1))". This discussion therefore proves claim (ii) of Theorem 8.16.
’ 1

To prove (iii), we note Proposition A.9 (ii) implies, for every p € Spec’ (Ax), an equality
{f(a) |a € im(Ok_xp.), f € /\AK H{(Oks,T)*}p = Fitth, (H (Csx(T)))p. (8.31)
In addition, from Proposition 5.9 one has an exact sequence
0 —— H%(Ok’S(K),T) e Hl(Cs(K)yz(T)) — YH,;“(T) — 0, (8.32)

which is split-exact if (as we are assuming) p satisfies condition (3.1).
Now, if p € Spec!'(Ak,,) C Spec!(Ax) with p & p, then A, is a discrete valuation ring and
so Ak p-Fitting ideals are multiplicative on short exact sequences. Hence, in this case, for
fe /\RK Hé((’)k,g(K),T)*, one has that
Fitth, (Xs()(T))p - ferw)p C Fitth  (H (Cs() (T)))p
= Fitt}, (Yire (T))p - Fitt]  (H3 (O, 5(): 7))y
C ex Fitt}  (H(Og 5(5), T))s
= ex Fitt], (Xgaonme (T))p - Fittﬁ{K(H}:eLE(k, TV(1))Y)p
= ex Fitth o (X (7)) - Fitt (HE. (k. T(1)");.
Here the first inclusion is by Proposition 8.26 and (8.31), the first equality is by the exact

sequence (8.32), the second inclusion is by (8.29), the second equality by (8.30), and the final
equality follows from (8.30). By cancellation, we can therefore deduce the required containment

ex f(ck)p € ex Fitt} (H}:el’z(k, TV ())Y)y. (8.33)

We next prove the same result for p € Spec! (Ak,) with p € p. For this, we note the assumption
that no finite place splits completely in ks, combines with Lemma 8.22 to imply, for each
such p, that Xgx)\mee(7)p = (0). In this case, it thus follows that Fitt]  (Xs(x)a (T))p =
Ak p, and the sequence (8.30) implies H'(Cg ()5 (T))p is isomorphic to the direct sum of
(Hjl_-:elyz(k,Tv(l))V)p and Ype (7). Combining this with (8.29), we then see that the ideal
Fitth (H'(Csx)s(T)))p is contained in EKle*el . (k, TV(1))Y)y. For each such p, the required
containment therefore follows directly from Propbsition 8.26 and the equality (8.31).

At this stage, we have proved (8.33) for every p € Spec!(Af ). From Lemma 2.4 (i), we can
therefore deduce that ex f(ck)y € €x 131‘51:9\}{(157}:el E(k;, TVY(1))V)**, as required to prove (iii).
This concludes the proof of Theorem 8.16. ’ O
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9. Elliptic curves

In this section we let E be an elliptic curve defined over @ and of conductor N := Ng. We
then consider the integral and rational p-adic Tate modules of E defined as

T,E = l'glne]NE[p"] and V,E = Q,®z, T,E.

We fix a Zy-basis of T, and hence identify Autz,(1,E) with GLa(Z,) (the precise choice of
this basis will not matter to our arguments). In this way, the natural action of Gq on T,E
gives rise to a homomorphism pg ,: Go — GL2(Z,).

For any subfield K of Q¢ we write Q(K) for the set of finite abelian extensions of @ in K. For
K in Q(Q°), we set Gk = Gal(K/Q) and G = Homyz(Gx, Q%™).

9.1. Kato’s Euler system of zeta elements

We review the Euler system for T, E constructed by Kato in [60]. To do this, we fix a minimal
Weierstrass model of E over Z and write w € H{(E,Q /Q) for the corresponding Néron
differential. Write ¢ € {1,2} for the number of connected components of E(R), and define
periods of E by setting

Q+—QZ77:—/ ]w\—coo-/w and Q—QWW:—/ w,
E(R) - -

where vt and 7~ are generators of the subgroups Hy (E(C),Z)" and Hy(E(C),Z)~ of H1(E(C),Z)
on which complex conjugation acts by +1 and —1, respectively, that are chosen in such a way
that the real numbers QO and (—i)Q2~ are positive.

Fix an embedding ¢: Q° < C and, given a number field K, write w, := w, g for the place of
K corresponding with the restriction tx of ¢ to K.

For each place v € IT%., Kato [57, Ch. II, §1.2.4] defines a ‘dual exponential map’

expy,: H'(Ky, V,E) = Fil’ Dy i, (V, E). (9.1)

We set So = {p,w, @} and S; .= SU{¢| N}. For each K € Q(Q°) we then also set Sy(K) :=
So U Sram (K/Q) and S(K) :== 51 U Sram (K/Q).

(9.2) Theorem (Kato). There exists a collection of elements
Kato ._ ¢ Kat 1
ZRA0 = (ZRAO) - € HKEQ(QC)H (Ok,s(k), Vo E)

with the following properties.
(a) For all L and K in .7 (Q°) such that K C L, one has

Eulg(FFObZl)) . ZKato,

CoresL/K(zIEam)

(HeeS(L)\S(K)
where Coresy, : HY(L,V,E) — HY(K,V,E) denotes the corestriction map.
(b) Set

Kato

YRr1© = Eul,(Frob, ")) _12?“0.

(HZES(K)\SO(K)
If E[p] is irreducible as an Fp[Ggq|-module, then cooyx™ (and hence also cooz?° ) belongs
to H Ok s(xy, TpE). In particular, the collections z5*° and y"*° = (yE'°) e 7 qe)
respctively belong to ES%S(TPE) and ES%’S1 (TLE).

(c) For every K € #(Q°), one has an equality

ex) O WE

L (E -1 1)
* Katoy __ S(K) X
(Dyemr, exp, ) (2"°) = (er@; Qsen(x)

in @venﬁ FﬂgR,K,,(V}vE) = Q, ®q HiR(E, Q}E/K) = (Qp ®q K) ®q HJR(E, QJIE/Q)‘
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Proof. The elements z}?ato and yﬁato are defined by slightly modifying the elements constructed

by Kato in [60, (8.1.3)]. The integrality property in claim (b) is proved by the argument of
[60, §12.6], and the ‘explicit reciprocity law’ in claim (c) is a consequence of [60, Th. 9.7 and
12.5]. If p is an odd prime of good reduction, then the details for this argument are given by
Kataoka in [54, Th. 6.1], and this extends to any prime p for which E[p] is irreducible as in [25,
§6.3]. (One only has to replace the application of [114, Prop. 8] by the representation-theoretic
observation in [25, Rk. 6.9].) O

(9.3) Remark. (a) Regarding Theorem 9.2 (b), it can be shown that, if SLo(Z,,) C im(pg,p),
then E[p] is an irreducible I, [Gg]-module and also E(K)[p] = (0) for every K € Q(Q°).

(b) An analogue of the integrality property in Theorem 9.2 (b) also holds when E[p] is a
reducible IF,[Gq]-representation. However, such an extension of Theorem 9.2 requires a
detailed discussion of Kato’s argument in [60, § 12.6] and so, since it is outside the scope

of Euler system theory developed in the present article, this will be discussed elsewhere.

9.2. Kato's lwasawa main conjecture

Given a finite abelian extension K of Q, we write Ko = U,y Kn for its cyclotomic Z,-
extension. We let Ag = Z,[Gal(K/Q)] denote the associated Iwasawa algebra, and Q its
total ring of fractions.

Define the representation T := (I, E)®z, Ak and note that H'(Ogq g(k), T) equals the Iwasawa
cohomology group Hllw((’)Kys(K),TpE) = @nHl(OKn7S(K),TpE) (with the limit taken with

0 = (238M) e therefore defines an element of

respect to corestriction maps). The family z Ko
i, (Ok 5(x0): T E).

Denote by 7 € Gq the unique element with the property that o7 equals complex conjugation,
and write 7 € G for its restriction to K. For every n € IN, we may then define a Z[1/2][Gk,, |-

basis of
Hi((E x Spec K,)(C), Z[1/2))* = (Z[Gx, ) ©z Hi(E'(C), Z[1/2]))
by means of
Vi = (L4 7,) @77+ (1= 7x,) ®77)/2
For an odd prime p, we will regard vk, as a basis of Y, (T, E) via the comparison isomorphism
Z, @7z Hi((E x Spec K,,)(C), Z)* = Yk, (T,E). Taking the limit over n, we obtain a A-basis
YKo of Yo (7). We will then use the map

Ok o S(K) = Ok 5(K) it Det (Csr)(T)) = Qk ®ay Hiy(Ok (k) ThE).
that was defined in (8.14).

(9.4) Theorem. Fiz p > 3 with SLy(Z,) C im(pg,p) and, if E does not have potentially good

reduction at p, also pg[p] = (0). Then one has 25" € Ok s(x)(Csx)(T)).-

(9.5) Remark. If E' does not have CM, then Serre has proved in [100] that pg ), is surjective
for all but finitely many prime numbers p, and asked if in fact pg,, is surjective when p > 37.
It is conjectured that surjectivity is implied by p & {2,3,5,11,13,17,37} and the following is
known in this direction.
e Zywina has proved in [115, Th. 1.10] that a prime that fails surjectivity is bounded from
above by max{37, Ng}.
e If E is a semi-stable elliptic curve, then pg ), is surjective if p > 11 by a result of Mazur
[73, Th. 4].
e Zywina has proved in [115, Th. 1.5] that if pg, is not surjective (with p > 13) and ¢ # p
is a prime at which E does not have potentially good reduction, then £ = +1 mod p and
p divides the Tamagawa number Tamy at £.
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Theorem 9.4 will be proved in §9.3. However, we first record the following consequence that
involves the induced representation Ty /q = T, F ®7, Zy[Gk| and the map

Ok.5(K) = Ok S(K) i * Detz, o) (Csx)(Tryq)) — H' (Ok sk, Vo )
defined via (8.6).

(9.6) Corollary. Fiz p > 3 with SLy(Z,) C im(pg,) and, if E does not have potentially good
reduction at p, also pilp] = (0).
(i) zKa© is contained in the image of OK,s(K)-
(i) Assume the p-part of the Birch—Swinnerton-Dyer Congjecture holds for all subfields F' of
K with p{ [F : Q). Then X% generates the image of Ok s(k) over ZplGx].

Proof. At the outset we note that K, contains a p-th root of unity if and only if K does. Given

this, the first claim is immediate from Theorem 9.4 and the fact that O g(x) -, and z?ﬁo

K
are the limits (over n) of O, g(r)y, and zlfg‘zto, respectively.
To prove the second claim, we write eg g, = Zx e, with the sum over all characters x: G, —
C* with L(E, x,1) # 0. A well-known application of Nakayama’s lemma via the argument
of [10, Prop. 3.6] (with the Birch—-Swinnerton-Dyer conjecture playing the role of the analytic

class number formula in loc. cit.) then shows that e , 7, [gn]zgito = €0k, MOk, 5(K)qx, -

Set G,, = Gk, and suppose ag = O g, () does not belong to the image of Zp[G]zIIgatO.
By lifting o to an element @ = (ap)pen of DetAK(C’L;(K)(’T)), we may then regard ag
as the bottom class of the family a = (an)new = (Ok, 5(K)~x, (@n))new. Moreover, the
discussion above shows that eg g, annihilates the class [a,] of a, in the quotient Z, =
(im O, 5(K)vw, )/ (Zp[Gn)zi™°) for all n € N. Now, a famous result of Rohrlich [90, Th.
1] that L(E, x, 1) = 0 only for finitely many characters x that are unramified outside S(K). In
particular, any character x: Gal(K~/Q) — C* with eyeg, o = 0 must factor through a finite
extension F' of Q. Hence, for every o € Gal(K/F'), one has

(0 =1)-[an] = (0 = 1)(1 = eo,x,) - [an] = 0 - [an],
which shows that [ay] is fixed by . We have therefore proved that ([a,])new belongs to

(limne]NZn)Gal(Koo/ F) and so in order to conclude that [ag] is trivial it is enough to prove

that lim . 7, = (im @KOO,S(K))/(AKZ[I?:EO) has no non-trivial Gal(K/F)-invariant elements.

Since Gal(K /F) is an open subgroup of Gal(K.,/Q), this will follow (see, for example, [82,

Prop. 5.3.19(i)]) if we can show that im ©k_ g(x) and AKzIIgifo are both Ag-free modules.

To justify this, we first note that zﬁim and Im O, (), are cyclic Ag-modules and that
their annihilators are contained in Z,[Gy][eo K, | for every n € IN. Indeed, this follows directly
from Kato’s explicit reciprocity law in Theorem 9.2 (c) and the definition of O, g K) vk, Upon
noting that ex, - eok, = eok, (cf. [25, Lem. 6.1 (iii)]), respectively. It therefore suffices to
prove that lim = 7,[Gy][eo,x,] vanishes. Now, as above it follows Rohrlich’s result [90] that
Y&lnemZp[gn][eo,Kn] is a submodule of Ax that is fixed by Gal(K/F). However, Gal(K/F)
is an open subgroup of Gal(K/Q) and so Ax has no non-trivial elements that are fixed by

it. This shows that lim _ 7, [Gn]l€o,K,,] vanishes, as required. O

(9.7) Remark. The result of Corollary 9.6 is related to TNC(h'(E/K)(1),Z,[G]). Indeed,
the ‘analytic-rank-0 component’ of the latter conjecture asseerts that e Z,[G] - 253t =
€0,k im O g and, assuming a natural generalisation of a conjecture of Perrin-Riou, the ‘analytic-
rank-at-most-one component’ is equivalent to the statement that zllgato generates the image of

Ok,s(k) (see [25, §6.2] for more details).

(9.8) Remark. Due to important work of many authors including Coates—Wiles, Kolyvagin,
Rubin, Kato, Skinner-Urban, and others, there is by now a range of results regarding the
validity of the Birch—Swinnerton-Dyer conjecture. We restrict ourselves here to only stating
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the recent main result of Burungale—Castella—Skinner in [29, Cor. 1.3.1]: The p-part of the
Birch—Swinnerton-Dyer conjecture for E/Q holds if p > 3 is a prime number at which F has
good ordinary reduction (so p { a,), the image of pg ;, contains SLy(Z,), and ords—; L(E,s) < 1.

Corollary 9.6 also has the following consequence towards the conjecture of Birch and Swinnerton-
Dyer in analytic rank zero for abelian number fields.

(9.9) Corollary. Assume p > 3 is a prime number as in Corollary 9.6. If L(E/K,1) # 0,

then one divisibility in the ‘p-part’ of the Birch—Swinnerton-Dyer Conjecture holds for E/K.
That is, Mg, i [p™] is finite and one has

L(E/K,1)

dp <_—

|dK‘ 1/2 . %

where dx denotes the discriminant of K, Qi = (Q1)172(Q7)"2 with r1 and ro the number

of real and complex places of K, and Tampg g the product of Tamagawa numbers of E over K.

In addition, equality holds in the above display if the Birch—Swinnerton-Dyer Conjecture for
holds for all subfields F' of K with pt[F : Q).

) > ord, (g, [p™]| - Tamp k),

Proof. Corollary 9.6 verifies one inclusion in the ‘analytic-rank-zero component’ of the conjec-
ture TNC(h'(E/K)(1), Z,[G]). The claimed result therefore follows from the well-known func-
toriality properties of Kato’s conjecture and the fact that TNC(h'(E/K)(1),Z,) is equivalent
to the p-part of the Birch-Swinnerton-Dyer conjecture (cf. [62, 108, 30]). For the convenience
of the reader, we provide details for how to deduce the claim from results in the literature.
The assumption L(E/K, 1) # 0 implies that ep x = 1 and so Corollary 9.6 implies that there
is a unique element a € Detz g, 1(Cs(x)(Tk/q)) With O 5k)(a) = 2Rato and a is a Z,[Gk]-
basis if the the Birch—Swinnerton-Dyer conjecture for E holds for all subfields F' of K with
p1[F : Q]. In addition, the assumption also implies that H?(O K,5(K), VpE) vanishes and hence
we obtain a composite isomorphism

. OK,s(K

Jp: Detq, ] (Csiio)(Ti/q)) — oot HY Ok sk Vo) —=— D, H' (K, V,E)
©o|p XP, wp—1
T Qg HO(E, Qi) —5"— Q,®q K.

From Kato’s explicit reciprocity law in Theorem 9.2 (c) it then follows that we have

. Lsroy(E, x4, 1)
]p(a) = eré Q) €x-

Now, ‘forgetting’ the Z,[Gx]-module structure, j, also induces an isomorphism

jp: Detz, (Csx)(Tk/q)) — Qp.
We also have a forgetful map Dety g,(Cs(x)(Tk/q)) — Detz,(Csx)(Tk/q)) (see, for ex-
ample, [10, Lem. 3.7 (b)]), and if we write @ for the image of a under this map, then [6, Ch. III,
§ 9.6, Prop. 3| (see also [10, Lem. 3.7 (b)]) implies that

Lgy(E, x5 1) Ly (B/K,1)

Jp(@) = N(q,uqK)/q, (ip(a)) = erg; 000 - O '

The claim then follows by combining this with the equality
Jp(Detz, (Cs o) (Tiejq)) = ldic| /2 [1[p™]| - Tampype - (I g

that follows from [30, Prop. 2.1]. O

Eul,(1)) - Z,

9.3. The proof of Theorem 9.4

We begin by establishing a useful preliminary result.
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(9.10) Lemma. ,,(E(Ko,)tor @z Zy)" is a finitely generated Zy,-module that is finite if E
has potentially good reduction at p. If it is infinite, then each (E(Kooy)tor @z Zp)" has Zy-rank
one and the induced character

'l/}: GQP — Aut((E(Koo7’U)tOr ®Z Zp)z/f) = Z;;

s equal to w - Xc_ylc with a character w: G, — Z, of order at most two.

Proof. At the outset we recall (from §8.3.4) that, for any p € Specll),(A K ), there exists a char-

acter x = xp: Axg — Q" such that Ak p coincides with the localisation of Ay = Z,[im x|[I'k]
at a suitable prime o, € Specl(AX). We set A, :=kerx and K, = K2x and identify A, with
Zp[im x][Gal(Ky,c0/ Ky )]

To justify the first claim, we note the obvious injective homomorphism

E(Koow)tor ®7 Zp = E(Qp)tor ¥z Zp = (T,E)'(1)

induces a surjective map
@vapE(—l) - @vlé(E(Koo,v)tor ®Z Zp)v‘ (9.11)

This shows that the right hand module in (9.11) is a finitely generated Z,-module (because p
is finitely decomposed in K).

The finiteness claim, in turn, is a classical result of Imai [50] (cf. also Remark 8.25). To prove
the remaining claim, we may assume that E does not have potentially good reduction at p. In
this case there then exists a quadratic extension L of Q) such that E has split-multiplicative
reduction at p (see [103, Th. 5.3]). Fix a p-adic place v of K and set Fu, = L(up) Ko, the
(local) cyclotomic Zjy-extension of the composite F' of L(j,) with the completion K, of K at
the restriction of v to K. Then E(F.) contains E(Ks ) and so (E(Keop)tor @z Zp)Y is a
quotient of (E(Fuo)tor @z Zp)" .

Recall that Tate’s uniformisation theorem [103, Ch. V, Cor. 5.4] gives a G, = Gal(Qj;/L)-
equivariant isomorphism E(Qj) = o/ q% with the Tate period ¢g € Or, \ Of of E. Taking
Gr,, = Gal(Q,/Fx)-invariants, we obtain an isomorphism

E(Fx)tor 7 Zp = {Cu+ ¢% | ¢ € ppe,uP” = qp for some s € N},

Suppose (u represents a G _-invariant class in the right hand set. Since Fi, contains fipeo,
it then follows that (¢ — 1)u = (¢ — 1)(Cu) belongs to g%. On the other hand, we know that
(0 — 1)u € ppe because u is a root of XP* — qp for some s € IN, and so (¢ — 1)u = 1 as
q% N pyeo = {1}. This shows that u belongs to Fi.

We next prove that there is a natural number a such that gg is not a p°-th power in F for
any s > a. In combination with the discussion above, this then shows that the cokernel of
the map (Qp/Zp)(1) — E(Fx)tor @7 Zy, is finite, from which it follows by taking duals that
the torsion-free quotient of (E(Fx)tor ®z Zp)" is isomorphic to Zy(—1). This isomorphism is
Gr-equivariant and so ¢ xcyc must factor through the group Gal(L/Q),) of order two. From
this we deduce that v is of the claimed form wxgylc.

To prove the remaining claim, suppose that ¢g = u?” for some s € IN and u € F. Then u is a
root of X?° — qg and so [F(u) : F] < p*. We may therefore assume that u belongs to F(jps).
In particular, gg belongs to the kernel of the restriction map

FXJ(FX) = H G, ppe) = H Gy, tp) = F(ape) /(F(ppe) )P
By the inflation-restriction sequence, the kernel of this map identifies with the cohomology
group H'(Gal(F(ups)/F), ips) and hence vanishes because p is odd (see, for example, [81,

Satz (4.8)]). This shows that ¢p is a p°-th power in F, and hence that s is bounded, as
required to prove the claim. O

Turning now to the proof of Theorem 9.4, we first verify that Hypotheses 8.11 are satisfied for
(T, koo, 1) with T := T, E(x) for a character x: Gq — C* of order prime to p.
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Note that parts (ii*) and (iv) of Hypotheses 8.11 are vacuous because we are assuming that
p > 3. To proceed, we note that the existence of the Weil pairing implies that the full preimage
of SLy(Zyp) under pg is equal to Gy, ). Since we are assuming that SLa(Zp) C im(pg ), it
follows that the map pgp(Gq(u,..)) = SL2(Zy) is surjective. Now, SL2(Z,) is a perfect group
(because p > 3) and so also pg (G = SLy(Z,). Since the natural action of SLy(IF,)
on ]F;‘? is irreducible, this implies that 7" is an irreducible k[Ggl-representation, as required by
Hypothesis 8.11 (i). In addition, Hypothesis 8.11 (ii) is satisfied with 7 € G¢(,,_ ) taken to be

Mpoo)>

a preimage of <(1) 1) Moreover, Hypothesis 8.11 (iii) follows from H'(SLy(Z,), F?) = (0)

as in [25, Lem. 6.17 (ii)]. Finally, since also HOQC,T) vanishes and we are taking ¥ = &, part
(v) is satisfied because r = 1 and H'(Ioo(T)/k, T) = (0) (as follows from [25, Lem. 6.17]).
We may therefore now apply Theorem 8.16 (i) to the Euler system 3% from Theorem 9.2 to

deduce (because z*° = (Ieesx)s0(x) Eulg(Frobz_l))yIIgizo) that

Fitt?\K(@vlp(E(Koom)tor Kz, ZP)V))** ’ ZIIEZEO

= FittOAK(@vlp(E(Koo,v)mr 2z%)")" - ( J[  Eul(Frob,")))-uk..
LeS(K)\So(K)

€ Ok...5(x)(Csi)(T))
In addition, Lemma 9.10 shows that if M = (E(Ky co)tor @z Zyp)" is not finite for some v | p,
then E does not have potentially good reduction at p, M has Z,-rank one, and Ggq, acts on
the torsion-free quotient M;r via a character of the form wycye with w of order at most two. By
assumption, K does not contain a primitive p-th root of unity in this case, and so the same is
true for K, , for every n. It follows that there is a subgroup of Gal(K+ ,,/Qp) of index at most
two that acts trivially on My;. However, E has only finite many torsion points over any finite
extension of Q, and so this shows that My must be trivial. We have thereby proved that M
is finite so that Fitt%K(M )**, which is uniquely determined by its localisations at height-one
primes by Lemma 2.4 (ii), is equal to Ag.
This concludes the proof of Theorem 9.4. O

10. Tate motives

In the sequel, for a number field F and integer a we write Qz(a) for the motive h%(Spec F)(a).
In particular, for a finite abelian extension K of k we regard each Qg (a) as defined over k and
with coefficients Q[Gx]. Our aim in this section is to derive consequences of Theorem 8.16 in
the setting of such motives.

10.1. Main conjectures of higher-rank lwasawa theory

With K/k as above, we write V(K) C II3° for the subset of II% comprising places that split
in K. For a fixed subset V of II3° we then write 2V for the collection of K with V(K) = V.
Fix a labelling II?° := {v1,...,v,} and, for every i € {1,...,n}, fix an extension wye; of v; to
k¢ and write wg ; for the restriction of wye ; to K. Then by = b e = (wk,; : v; € V(K)) is an
ordered basis of the free Z,|Gx|-module Yy (i) (Zp(1) g /k)-

For any finite subset S of IIj, that contains II° UTIY and finite subset ¥ of I \ S(K), one can
use the values at 0 of the |V |-th derivatives of Dirichlet L-series over k to define a ‘Rubin-Stark
element’ (depending on b, )

v VI
€k /ks(r0)s € C®z /\Z[gK] Ok s(x)
(for details see [22, §5.1]). After fixing an isomorphism C = C,,, we can regard a}/{/kﬁs(K)’E as

v }HI(OKS(K), Z,(1)) and the ‘p-component’ of the Rubin-Stark

an element of C), ®z, /\Zp[gK
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conjecture (from [91]) predicts that if H(Ok g(k), Zp(1)) is Z-torsion free (or, as is equivalent
by Lemma 8.19, the group H (O s(x), (Q p/Z )(1)) vanishes), then one has

5K/k S(K),2 ﬂ OKS(K)a p(1))-

Assuming this conjecture, [91, Prop. 6.1] then shows that we obtain an Euler system

€k = (EK/k sk)x)keav € ESE o(Zp(1))

with r == |V].

Let ko be a Z,-power extension of k in which no finite place splits completely, and set K, =
K - koo. Fix a splitting Gk, & Ag X I' with I'y = Z for some n > 0 and A a finite
abelian group, and a direct product decomposition Ax = Vi X Ox as in (8.15). Setting
L= KE%UK) and F o= KTk VK) we then also have a decomposition K'x = L - F. Fix a
character xy: Vg — @X and choose an unramified extension O of Z, that contains the values
of x. We consider the representations

Ty =0)(x) and Ty =Ar(1)(Xx)-
Writing A :== O[Gk. ], we then have the ‘projection map’
O ke /k.5) e+ DA (CEn(T)) = (), H(Oks(x) Ty)

from (8.14). Since g4 belongs to ESY, ¢(Zp(1)), we obtain an element
o = (exEh k. 5(50),5) BCK o elimp HO[gE] Hy:(Ok sy Ty)

= ﬂAF Hy:(Ok s(r)y Ty)-

We can now state the equivariant Iwasawa Main Conjecture for T .
(10.1) Conjecture. There is a Ap-basis 3F S(K)S 5. of Deta, (Csk)=(Ty)) such that
5KOO,E = O Koo /k.S(K) b (5KOO,S(K),E)‘

(10.2) Remark. The validity of Conjecture 10.1 for all x in A is equivalent to the validity of
the ‘rank-r component’ of the central conjecture that is formulated by Kurihara, Sano and the
second author in [23].

For every finite subextension E of K, /k, we write Ag S(K),s = Clg s(x),x ®2zZyp for the ‘p-
part’ of the S(K)pg-ray class group mod X of E, and then set Ax__ gx) 5 = @E AR s(K),s
where the limit is taken with respect to norm maps.

To state our main result towards Conjecture 10.1, we write w,: Gy — pp—1 C Z,; for the
p-adic Teichmiiller character of k. We remark that in certain situations one can even deduce
the validity of the relevant case of Kato’s conjecture 8.1 from this result, and we will discuss
two such examples in §10.2 and §10.3.

(10.3) Theorem. Assume p > 3, that Hé((’)KS(K),Zp(l)) is Zy-torsion free, that the p-
component of the rank-r Rubin—Stark conjecture holds for all finite abelian extensions of k,
and that x & {1,wp}. Then one has

Fitt} . <Ext1AF ((ﬂ;F Hé((’)K’S(K),7;<))/(AF5}<(OO’E),AF)> C Fitty, (A}C(oo,S(K)g)**
and

Fitt},. (Ve 1m0 (T))™ - €k v € Ok /h,5(5) b0 (et (Ciy 5(Ty)))-

Proof. To prove this result we need to verify Hypotheses 8.11 for (T, koo, ). Firstly, parts (i)
and (ii) of Hypothesis 8.11 are clearly satisfied because T, is one-dimensional (in particular, we
may take 7 to be trivial in (ii)). Furthermore, it is proved in [25, Lem. 5.4] that the condition
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X € {1,w,} implies the vanishing of both H'(loo(Ty)/k, Ty, (1)) and H'(Is(Ty)/k, Ty). This
shows that condition (iii) in Hypothesis 8.11 is valid, and that condition (v) is always valid if
|¥| < 1. Since Conjecture 10.1 is independent of ¥ (cf. the argument of [22, Prop. 3.4]) and
Hé(OK’S(K), Z,(1)) is automatically Z,-torsion free if ¥ # &, we may reduce to the case that
|X| <1 and thereby Hypothesis 8.11 (v) is valid. Finally, the conditions of Hypothesis 8.11 (ii*)
and (iv) are satisfied trivially since we assume p > 3.

Having verified the validity of condition (c) in Theorem 8.16, we next note that condition (b)
is valid by the assumption that HL (O K,5(K)s Zp(1)) is Zy-torsion free. To also verify condition
(a) in Theorem 8.16, we take S = Sy so that Sram(Z,(1)) \ So is empty and condition (a)
therefore vacuous.

Note that the idempotent ex from §8.2 (when taking Y = Yy (g)(7y)) is equal to exy =
Hve(Sw\V) (1—egg ) Ilvey €gk..» and hence acts trivially on ek, ;. In light of this observation,
we now deduce from Theorem 8.16 (iii) with 7" := Z,(1) an inclusion

FittOAF (EXt/le (( mTAF H%)(OK,S(Kﬁ R))/(AFE}%OO’E), AF))

= {fE) | T € N H' Oks00: T}
C Fitt}, (Hr o (b, 7 (1))"

: .0 ok

= Fitty, (A}({oo,S(K),Z) :
(Here the first equality is by [10, Lem. A.10] and the final equality by [92, Prop. 1.6.2].) This
proves the first claim in 10.3, and the second claim follows from Theorem 8.16 (i) upon noting
that Fitt} (YHZUHZO (Ty)) = ek,v Fitt%K(YHZ (Ty)) and eg,v acts as the identity on ex_y. O

10.2. Consequences over imaginary quadratic fields

Throughout this subsection, we assume k is imaginary quadratic and p is odd. We shall
first show that if p > 3, then Theorem 10.3 implies the validity of Kato’s conjecture for
(Qr(0),Z,[GK]) for every finite abelian extensions K of k. We shall then explain how this
result can be combined with the general approach of §8.3.1 to derive the validity of Kato’s
Conjecture in other cases. In this way, we realise the strategy discussed by Kato [58, Ch. I,
§3.3] (where the case of motives of the form Q(0)r is referred to as ‘the universal case’) and
in a more general context by Huber and Kings [49]. We recall that this approach has already
been used extensively in the literature (for more detailed discussion see, for example, [11] and
the references therein).

10.2.1. Kato's conjecture for Tate motives

The following consequence of Theorem 10.3 extends the main result of Bley [4].

(10.4) Theorem. Ifp > 3, then TNC(Qx (0), Zp[GK]) is valid for every finite abelian extension
K of k.

Proof. The Conjecture TNC(Qx (0), Zy[Gx]) decomposes into the collection of corresponding
conjectures for (h°(Spec(L, F)), O(x)[P]) as x ranging over the characters of A. If y € {1,w,},
then the validity of the latter conjecture was proven by Hofer and the first author in [13, Th. BJ.
(Note that the vanishing of the classical p-invariant for F', which the result of [13, Th. B] is
conditional on, is known as a consequence of the Ferrero-Washington theorem and the fact
that [F : k] is a power of p, cf. [13, Prop. 6.7 (b)].) In the following we may therefore assume
that x & {1, wp}. We similarly may assume that p does not split in k since otherwise the result
of [13, Th. B] applies again.

In the remaining case, then, the second claim of Theorem 10.3 (b) can be improved to give the
full Conjecture 10.1. To explain this, we first recall that the rank-1 Rubin—Stark conjecture
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holds for all finite abelian extensions of k since the relevant Rubin-Stark elements admit a
description in terms of elliptic units (cf. [104, Ch. IV, Prop. 3.9)).

Further, taking k. to be the full Zg—extension of k, the module YKO@,Hﬁ becomes pseudo-null
over Ag (cf. [10, Lem. 6.6 (c)]). A standard argument via localising at height-one primes of
Ak therefore removes the factor Fitt%K (YKoo,Hi) from the second claim in Theorem 10.3 and
the resulting inclusion must be an equality by the analytic class number formula (see [10,
Prop. 6.4 (b) (ii)] for details). Having established the equivariant Iwasawa main conjecture
(Conjecture 10.1) in this way, the validity of (h®(Spec(L,F)), O(x)[P]) then follows from the
descent formalism developed in [23] combined with [13, Th. A] (see the proof of [13, Th. 6.9]
for details). O

The following consequence of Theorem 10.4 strengthens the main result of Johnson-Leung in
[52] and itself has a variety of interesting consequences, including the verification of the Quillen—
Lichtenbaum Conjecture in a new family of cases (for details of which, see Remark 10.8 below).

(10.5) Corollary. TNC(Qxk (1 — j),Zp[GK]) is valid for every finite abelian extension K of k
and every integer j with j > 1.

Proof. Throughout this argument we fix j > 1 and, as a first step, we explicate the conjecture
TNC(Qx(1—j), Zy[GK]). To do this, we fix a finite set S C IIj, containing II7° UII} U Syam (K /k)
and recall that the ‘Chern class character’ map

chicj: K2j-1(Ok) @z Zy — H' (Ok.s,Zy(1 — )

is an isomorphism if p is odd. (This is a consequence of the validity of the Bloch—Kato conjecture
that follows from work of Voevodsky and Rost, and completed by Weibel in [112].) Next we
fix an embedding ¢o: k < C and recall the ‘Beilinson regulator’ map (as defined, for example,
in [16, §10.3))

PBeiK,;: K2j—1(Or) = R®z (K ®j H((Spec k)™ (C), Q(—4)))-
Fix a Z[G|-basis n of K @) H°((Spec k)*(C), Z(—3))), which amounts to fixing an embedding
t: Q° — C that extends ¢, and write d(n) for the image of n under the comparison isomorphism

Zy @ (K @ HO((Speck)*(C), Zy(—j))) = Vi (Zy(1 = 5)) = D H(Kuw, Zp(—1)).

Then, since HQ(OK,S(K), Z,(1 — 7)) is finite (by Soulé [82, Th. 10.3.27]), the construction of
(8.6) specialises to the composite map

OK,55: Detq, g, (Cs(Qp(l — f)rr) = H (Ok,5, Qp(1 = 5)) @7, 6] Vi (Zp(1 — j))

= H' Ok, Qp(1 - ),

where the first arrow is the natural ‘passage-to-cohomology’ map and the second arrow is
induced by sending 6(n) +— 1. Now, the assumption j > 1 implies that, for any finite set
¥ C Iy with ¥ N S(K) = @, one has that 6 x(j) = [[,ex(1 — Nv!'=IFrob; 1) is a nonzero
divisor in Zp[Gk]. It follows that the map Csx(Qp(1—7)) = Cs(Qp(1—)) is an isomorphism
in D(Qp[Gk]) and this allows us to regard Dety, g,](Csx(Zp(1 — j))) as a submodule of the
domain of the map O g ;. Moreover, the proof of [22, Prop. 3.4] shows that the statement of
TNC(Qxk (1 — j), Zp|GK]) is equivalent to asserting the existence of a Z,[Gk|-basis 3k »(j) of
Detyz, 1g,)(Css(Zp(1 — j)k/k)) with both of the following properties

(chi,j 0 Ok,5;)(3xx())) € Q @z K1-2;(Ok);
(PBei kg © chi; 0 OK,5,) r,2 (1) = x5 (5) - (X eqn Ls(X 1= d)ey) - .
To construct such a basis, we denote by m the conductor of K, and write wy, for the number of

roots of unity in k£ that are congruent to 1 mod m (so wy | 12). Writing {m(j) € K1-2;(Ok)
for the element constructed by Johnson-Leung in [52, Th. 3.3|, we then define

ek (§) = coresg pnm)/ ik (W' @ &n(f)) € Z[1/wn] @z K2j—1(Ok)

wellF

(10.6)
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with n big enough such that K(p"m)/k is ramified at all p | p. Results of Deninger [31], as
adapted by Johnson-Leung in [52, Th. 3.3], then show that one has

1
phoses (ex(3) = (—1)149 (QN‘“ Y Hs 1 e
XEgK

with S = II° U Hﬁ U Sram (K /k) and ppo k; the Borel regulator map.
We now write K, for the cyclotomic Z,-extension of K and set A =7Z,[Gk.]. Using our fixed
choice of embedding ¢: Q¢ — C we can deﬁne a basis of Zy( L fpr aS = (62“/ P" .
Choose a prime ideal a { 6pm and set ¥ = {a}. We then obtaln a map

® N .
Tw;: Hsy(Op,s,A(1)) =, H(Op,5, A1) ®a Zp(—§) ki = Hsy(Ok,5, Zp(1 — ),

where the isomorphism is induced by Proposition 3.45 (d).
Write ex 5 = (¢}, n o)) FCK for the family of Rubin-Stark elements with V' = II3°. Since

Rubin-Stark elements in this context admit a description in terms of elliptic units (cf. [13
Ex. 2.3 (¢)]), results of Kings [61] show (cf. [52, Th. 3.6]) that

(=2))! - Sk n()) - chc (e (7)) = =Nm~ ) Twj (e 5),
from which we conclude (because ppo k,j = 2 - pBei,k,; @ proved in [16]) that
(i3 © TS (e (o) = 27 - b5() - (Y T 1= fhey) - (10.7)

By Theorem 10.4, there exists a A-basis 3k (0) of Deta (Cs x(A(1))) such that Ok 51(3xx(0)) =
£k, 5. Now, from Lemma 8.17 (i) (a) we have a commutative diagram

Detp (Css(A(1))) Hy(Op,s,A(1))

lTW?et \LTWJ.

) OK.5,; )
Dety, 6, (Cs,s(Zp(1 = j)kjk)) —— 22— HE(Ok,s, Zp(1 — 7))

OK,s,1

and so we see from (10.7) that 35 n(j) = F27 - nget (3x,x(0)) has both of the properties in

(10.6). In addition, since p is odd, 3x,x(j) is also a Z,[Gk]-basis and so this concludes the
proof of the claimed result. O

(10.8) Remark. Corollary 10.5 has a variety of explicit consequences, including the following.

(i) The validity of TNC(Qx (1 — j), Zp[Gk]) implies that of TNC(Qx (1 — j),Z,). Hence,
upon combining Theorem 10.5 with the result of [21, Th. 2.3], one deduces an equality

ord (76((1 _j,) ) = ord (—‘K%_Q(OK)‘ >
Rg(1-) [ K2j1(OK )tor|
Here (- (1 —j) denotes the leading term at s = 1 — j of the Dedekind (-function of K and
Ri (1 — j) the Borel regulator of K at 1 — j (as recalled explicitly in [21, Th. 2.1 (iv)]).
In particular the displayed equality verifies the Quillen—Lichtenbaum Conjecture (as for-
mulated originally in [69]) in a new family of cases.

(ii) It follows directly from Corollary 10.5 that the main result of El Boukhari in [37] is
unconditionally valid for all p > 3. From the results obtained in loc. cit. one can therefore
immediately derive several concrete consequences of Theorem 10.5 (the details of which
we leave to the reader).

(10.9) Remark. While it does not affect the validity of Theorem 10.5 (since p is odd), com-
patibility requirements on TNC(Qx (1 — j), Z2[Gk]) suggest that there should not be a factor
277 in the formula (10.7).
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10.2.2. Kato's conjecture for elliptic curves with complex multiplication

We now derive from Theorem 10.4 an equivariant version of the main result of Burungale and
Flach in [30]. To do this we fix an elliptic curve E that is defined over a number field F
containing k and has complex multiplication by the ring of integers Oy of k. We assume that
F(Eiors)/k is abelian. This implies that the Weil restriction B := Res! (E) of E is an abelian
variety of dimension [F' : k] defined over k with the property that

AZ:Endk(B)(X)ZQngX“'XLt,

where each L; is a CM field that contains k and one has >.'_|[L; : k] = [F : k] (cf. [30,
Prop. 3.2]). We also fix an odd prime p and set O, = Z, ®z Oy and A, := Endy(B) ®z Z,.

(10.10) Lemma. There is an isomorphism A, = O,[GF| of rings and an isomorphism T),B =

Indg’; (T,E) of Gi-modules. In particular, A, is Gorenstein and TpB is a free Ay-module of
rank one.

Proof. For every o € Gr we denote by E° the o-conjugate of E. Then ¢ induces an isomorphism
of abelian groups E(Q°) — E7(Q°). From the decomposition B(Q°) = [[, ¢, £°(Q°) we then
see that 1,8 = [[ g, TpE° = Indg’; (T,E), as claimed (cf. also [79, (a) on p. 178]).

Label the elements of G as &1,...,0, and, for every i, fix 0; € G} that restricts to &;. These
choices then define an isomorphism

[ dGh (T,E) = T,E @y, 1) ZolGi] = TyE ®2z, Z,[Gr), a®@oih (h-a)® 5

of Z,-modules (here h € Gp). We claim that this isomorphism is compatible with the action
of Zy[Gy] when acting T,E ®z, Zy[Gr] via the isomorphism Z,[Gy] = Z,[GF][Gr]. To do
this, we suppose to be given an element of the form g;h’ € Gj, and compute that

flo;h -a®oih) = f(a® ojoi(o; ' W ah)) = (o, W oh - a) @ 0jo; = (Wh-a) @ 001,
where the last equality uses that o; acts trivially (by conjugation) on Gal(F (Eses)/F') because
F(Eios)/k is assumed to be abelian.
Write ¢: Gp — Aut(T,E) = O, for the character induced by the action of Gr on T}, E, then
the action of Z,[GFr][Gr] on T,E ®z, Z,|Gr] factors through the morphism Z,[G] — O,[GF]
induced by .
To investigate A, we use that the known validity of the Tate conjecture for abelian varieties
over number fields (by Faltings [38]) implies that we have an isomorphism of rings A, =
Ende[[Gk]](TpB). Writing R C O,, for the Z,-order generated by the image of v, we therefore
have that

Endg, g, (TpB) = Endgg,. (T, E ®z, Zp|Gr]) = Endo, g, (TpE ®z, Zy(Gr]) = OplGr],

where the second equality holds because R is of finite index in Z, ®z O}, (as the cokernel of 9
is finite) and T}, B is Z-torsion free, and the last isomorphism holds because T, E ®z, Z,[GF]
is a free O,[Gp]-module (cf. also [101, Rk. on p. 502]). O

Before stating our main result, we now quickly review the precise formulation of the ‘analytic-
rank-zero’ component of TNC(h!(B/K)(1), Ay[Gal(K/F))).
We begin by recalling the (C ®q A)[Gk|-valued L-function attached to the motive My =
h'(Bg)(1). Fix an isogeny B — Hle B; with each B; a simple abelian variety defined over
k with Q ®z Endg(B;) = L;. Attached to each B; is then an algebraic Hecke character (the
‘Serre-Tate character’ of B;) ¢;: A — L of infinity type (—1,0), which gives rise, for every
7 € Hom(L;, C), to a Hecke character

Qir: AL /K — C*
(see [101, Th. 10] for details). Setting S = II2° U Syam (K /k) U Stam(B), one then has

Ls(Mg,s) = (ZXGQLS(WJX”?S +1ey), €@ 1o ClOK] = (€ ®q Li)[Gk].
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To describe the period map, it is convenient to fix an embedding ¢: & < C so that one
has an identification (P, . ..c H'(B(C),Q))" = H'(B*(C),Q). Using the isomorphism
HY(EY(C),Q) = H1(E*(C),Q)* from Poincaré duality, we may define the period map of By as

perp,c: K 1 HO(B. Q)  (Rog K) 0 H'(B(©, Q) wo [y [l
Y

Next we note that if L(B/K,1) # 0, then B(K) and I,k are known to both be finite (cf.
[30, Th. 1.2], and this implies that H?(O g, V,B) vanishes in this case.

Let v denote a choice of A := Endy(B)-basis of H!(B*(C),Z), and write §(v) for the image
of v under the comparison isomorphism Z, @z H'(B*(C),Z) = H'(B,Z,) = (T,B)*. Setting
T = Indg‘; (T, B), the construction of (8.6) defines a map

OK.55(v): Qp @z, Det g, g, (Cs(T)) = H'(Ok.s5,VpB) ®(q,e0a)0x] (VoB)"
= HY(Oks,V,B),

where the first arrow is the natural ‘passage-to-cohomology’ map and the second arrow is
induced by sending () — 1. We also define the composite map

ABK,S: }{l(C)KQSaL%IB) — €£)Um]]1(}(v,vglg)

exp™
— Dir,q,eqx (VpB)

= (Qp ®q K) ©q H(B, Q)
with the first arrow the natural localisation morphism, the second arrow the dual exponential
map of V,B [57, Ch. II, §1.2.4], and the last arrow the arrow the comparison isomorphism

from p-adic Hodge theory.
We also fix a finite set X C Il that is disjoint from S and define the element

Src,0(X) = det g g, (1 — Frob, ' X | T, B) € Ap[X]
for every v € ¥. Since H?(K,, T, B) vanishes for all w € Y, the element 0x » = [, cx 5K71,(Fr0b;1)
is a nonzero divisor in A,[Gx] and, as a consequence, the argument of [22, Prop. 3.4] shows
that TNC(h!(B/K)(1), Ap[Gal(K/k)]) is equivalent to the existence of an A,[Gr]-basis 35/ 5
of Det 4,(g,](Csx(T)) that has both of the following properties
(AB,K,s © Ok 5,5(v) 3/ 5) € K @ HY(B, Qp, 1 );
(Perp i © ABK,5 © Ok 551))(3B/Kx) = 0k, - Ls(M,0) - 7.

We now state the main result of this section.

(10.11)

(10.12) Theorem. Fiz data E/F and B as above and let K be a finite abelian extension of k
for which L(B/K,1) # 0. Then TNC(h'(B/K)(1), A,[Gal(K/k)]) is valid.

Proof. This argument is a special case of the general strategy described in [11, Th. 3.22].
Consider the character

p: Gr — Aut(T) = A [Gk|*
and write L := (k¢)k°"? for the field cut out by p. (This is an abelian extension of k which
contains K and a Zy-extension of k.) We also set A = Z,[G], take S C IIj to be a finite set
that contains II}° U I} U Sram (TpB) U Sram(K/k), and let 3 := {a} with a a prime ideal of k
that does not belong to S.
To construct 3, , we will use that by Theorem 10.4 we have a A-basis 3¢, , /1,5 of Deta(Cs s (A(1)))
with the property that the map

Det (Csx(A(1))) = Hu(Ors, A1)

sends 3q,,/z,x to the family of Rubin-Stark elements e, »» = (5%0/2}32)ng.
Now, the isomorphism A(1) ®, ,-1 A, = T*(1) = T of Gj-representations combines with
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Proposition 3.45 (iv) to give an isomorphism Csx(A(1)) ®% A, 2 Cs5(T), and from this we
deduce the existence of a morphism of A-modules

Twiet: Dety(Css(A(1))) — Deta(Csx(A(1))) @a Ap = Det g, (Cs5(T))

that, by Lemma 8.17 (i) (a), lies in a commutative diagram

Det (Cs,n(A(1)) ——— H(Ops,A(1))

ldeet \LTW

Det.a, (Cs(T)) — 2205 HL(Ox 5.V, B).
Here we write Tw for the map
Tw: Hs;(Ok,5,A(1)) = Hy(Os, A1) @4 (V,B)"
= Hy(Ok.s, (V,B)*(1)),

where the first arrow is induced by sending 1 +— d(7) and the second is the isomorphism that
arises from Proposition 3.45 (iv).

By Lemma 8.17 (i) (b) the element 35/ 5 == Twdet (3¢,,/1,5) is an Ap-basis of Det 4, (Cs 5 (T),
and so it suffices to verify that this element also has both of the properties in (10.11). Given the
above commutative diagram, we can therefore verify the latter properties after replacing the
element O g 5(1)(38/k,=) by Tw(eL,x), and to do this we use the reciprocity law of Kato-Wiles.
Specifically, after taking account of [30, proof of Prop. 3.3|, which compares the spaces Vi, (¢;)
and S(y;) introduced in [60, § 15.8] with H!(B*, Q) and H°(B, QlB/K), this reciprocity law [60,
Prop. 15.9] asserts that (A ks o Tw)(e x) belongs to K ®q H°(B, Q%/k) and satisfies

ZaegKX(U) -perg(o - (Apx,s o Tw)(ers)) = (T @ x ) (0kz) - (Ls(@- - X, 1)) @ 7.

Here 7 ranges over the elements of Hom(L;, C) with 7), = ¢ so that (Ls(®,-x, 1)) is an element
of L; ®q R. The required result then follows directly from the fact that

Ls(M,0) =3 373"~ Ls(@x Deyr € (Rog A)lGx) =

(10.13) Remark. (i) If L(B/K,1) = 0, then the argument of Theorem 10.12 proves the
‘analytic-rank-zero’ component of TNC(h(B/K)(1), A,[Gal(K/F))).

(ii) Since T),B = Indg’; (T,E) by Lemma 10.10, standard functoriality properties of Kato’s
conjecture combine with Theorem 10.12 to imply the validity of the Birch—-Swinnerton-
Dyer Conjecture for E/F. This recovers the main result of Burungale and Flach in [30],
and is indeed very close in spirit to the strategy employed in loc. cit.

10.3. More general cases

Theorem 10.4, and its method of proof, have consequences well beyond the case of abelian
extensions of imaginary fields. As an example, we offer the following result which is derived by
incorporating the general approach developed by Daoud, Seo and the present authors in [10].
For an abelian extension K of k, we set S*(K) = II° U Sram (K /k).

(10.14) Theorem. Assume p > 3 is a prime number that is inert in k and does not divide the
class number of k. Fiz a non-empty subset V' of II?° and assume the Rubin-Stark conjecture
to be valid for all data (K/k,S*(K),Xk,V) with K a finite abelian extension of k and ¥ a
finite subset of IIj, \ S*(K). Then TNC(Qg(0),ex,vZy|Gk]) is valid for every finite abelian
extension K of k with ug[p] = (0).

Proof. We write Q" for the collection of all finite abelian extensions K of k such that V(K) =
V, and wy: Gy — Z, for the p-adic Teichmiiller character of k. Then the proof of [10,
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Th. 6.1 (a) (i)] shows that TNC(Qx(0), (1 — ew,)ex,vZy[Gk]) is valid for every finite abelian

extension K of k if Conjecture 10.1 is valid for all K € Q" and characters x € ﬂ \ {wp}
with ko taken to be the cyclotomic Z,-extension of k. (Note that, since our formulation
of Conjecture 10.1 is explicitly in terms of the determinant functor and perfect complexes,
we do not need to assume condition (ii) of [10, Th. 6.1(a) (i)].) In particular, in this case,
TNC(Qk(0), ex,vZp[GK]) is valid for every finite abelian extension K of k with pg[p] = (0).
To verify the validity of Conjecture 10.1 in the required cases, we then proceed similarly as
in Theorem 10.4. To be precise, we claim ﬁrst/i\t suffices to prove, for all K € QV, finite sets
Yk C Iy \ (S*(K)UILY), and characters x € Vi \ {wp}, that there is an inclusion

Fitth,, (Ve 12 (T))™ - €5 s © Oke/ks(6) .00 (Detar (C(x0) 5 (), (10.15)

with T, = Ap(1)(x).

To show Conjecture 10.1 is indeed implied by these inclusions, we may work locally at a fixed
height-one prime p of Ap. If p € p, then one has Fitt%F (YFoo,Hﬁ (Ty))p = Arp by Lemma 8.22,
and so the above inclusion implies

sy € OKu/k5(K) b0 (Detar (Cs) 55 (Tx))p- (10.16)
To prove the same containment also holds if p ¢ p, we recall the module Ax_ (k) x, defined
just before the statement of Theorem 10.3, and then note that the argument of Theorem
8.16 (iii) shows that (10.15) implies an inclusion

. )
1m(5§(m7ZK)p C FlttAF(A);(OQ,S(K),EK)p'

(10.17)
Next, we note that, since the given assumptions imply |H§| = 1, the ‘Gross—Kuz’min conjecture’
for K is known to be valid by a result of Maksoud [71, Th. 4.3.2(b)]. As a consequence, we

may combine the results of [10, Lem. 6.6 (b) and (d)] with (10.17) to deduce that

im(ee s, e € Fitth, (A% g0 )p - FIE6R (X (T30
Since this inclusion holds for all K € X that are unramified at > we may then use the
argument of [10, Lem. 6.6 (a)] to deduce that

im(‘g)[((oo,EK)p < Fitt?\F (A)jc(oo,s(]()gK)p ’ FittOAF (XFOO,S(K)ﬁn (7;())13

By [10, Prop. 6.4 (b) (i)] this then implies (10.16) for p. Having now verified that the latter
inclusion is valid for every height-one prime ideal of Ap, the analytic class number formula
allows us to deduce the validity of Conjecture 10.1 (cf. the argument of [10, Prop. 6.4 (b) (ii)]).
At this stage, it therefore only remains for us to justify the inclusions (10.15). In addition, this
inclusion follows directly from Theorem 9.4 in the case x # 1, and so it is enough for us to
prove it in the case y = 1.

To this end, we first recall the well-known fact that the p-adic Iwasawa p-invariant of k vanishes
since |II;| = 1 and p does not divide the class number of k (see [110, Prop. 13.22]). By a
standard argument (cf. [23, Prop. 3.15]), the proof of (10.15) is therefore reduced to showing,
for every ¢ € i;, that there is an inclusion of characteristic ideals

chary, ((ﬂAw H,, (O sy A (1D (@) /(Ayele _s,.)) € chara, (A}, SUO.Sx )

If ¢ # 1, then one can use Proposition 5.28 to directly deduce this from [92, Th. 2.3.3]. The
remaining case of ¢ = 1 (which might not validate the hypothesis Hyp (K~ /K) in [92] and so
has to be considered separately) is trivial because the assumptions that k is a field with only
one p-adic place and of class number not divisible by p implies that Ay s(x) vanishes (cf. [110,
Prop. 13.22]). O

(10.18) Remark. Fix a non-empty subset V of II° and a subset X' of 2V that satisfies the
‘closure hypothesis’ of [10, Hyp. 4.5]. Also fix a Z,-power extension ko of k in which no finite
place splits completely, and consider the following conditions.

(i) p > 3 is a prime number that is unramified in k.
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(ii) If K € X, then the Rubin-Stark conjecture holds for all data (K/k,S*(K),%,V) as
described in the statement of Theorem 10.14.
(iii) Conjecture 10.1 holds if K € X and x € {1, wp}.
(iv) One has im(s%m?z) - Fitt%K (XKOO,HZ)** for all K € X.
(v) The supports of Xy, v and Ak s(k) are disjoint.
Then a more careful use of the argument proving Theorem 10.14 shows that, in any situation

in which all of the above conditions are satisfied, the conjecture TNC(Qx (0), ex,vZ,[GK]) is
valid for every finite (abelian) extension K of k in X.

(10.19) Example. Suppose k is a complex cubic number field and V' C II?° is the singleton
comprising the complex place of k. In this setting Bergeron-Charollois—Garcia [2] have recently
provided strong evidence for the Rubin-Stark conjecture for the data (K/k, S*(K),X,V). As-
suming the latter conjecture to be valid, there is then a positive-density set of primes p for
which Theorem 10.14 can be applied. Indeed, since the normal closure k of k has Galois group
Gal(%/ k) = Ss, the Cebotarev density theorem provides us with a positive-density set of primes
p such that the alternating group Ajs is generated by the conjugacy class of Frob, for any prime
of k lying above p. In particular, any prime in this set that does not divide the class number
of k satisfies the assumptions of Theorem 10.14.
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